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PREFACE. 


To  preserve  Euclid's  order,  to  supply  omissions,  to 
remove  defects,  to  give  brief  notes  of  explanation  and 
simpler  methods  of  proof  in  cases  of  acknowledged 
difficulty — such  are  the  main  objects  of  this  Edition  of 
the  Elements. 

The  work  is  based  on  the  Greek  text,  as  it  is  given 
in  the  Editions  of  August  and  Peyrard.  To  the 
suggestions  of  the  late  Professor  Do  Morgan,  published 
in  the  Companion  to  the  British  Almanack  for  18  49, 
I  have  paid  constant  deference. 

A  limited  use  of  symbolic  representation,  wherein 
the  symbols  stand  for  words  and  not  for  operations, 
is  generally  regarded  as  desirable,  and  I  have  been 
assured,  by  the  highest  authorities  on  this  point,  that 
the  symbols  employed  in  this  book  are  admissible  in 
the  Examinations  at  Oxford  and  Cambridge.^ 

I  have  generally  followed  Euclid's  method  of  proof, 
but  not  to  the  exclusion   of  other   methods    recom- 

*  I  regard  this  point  as  completely  settled  in  Cambridge  by 
the  following  notices  prefixed  to  the  papers  on  Euclid  set  in 
the  Senate-House  Examinations : 

I.  In  the  Previous  Examination : 

In  amwcra  to  these  questions  any  intelligible  symbols  and  abbre" 
viations  may  be  used. 

II.  In  the  Mathematical  Tripos  : 

In  ansioers  to  (he  qucsllons  on  Eudhl  the  symbol  —  must  not 
be  U'ted.  The  only  abbreviation  admitted  for  t lie  S'/itare  on  AB 
is  ".S7.  on  AB,"  and  for  the  rectangle  contained  by  AB  and  (JP, 
*'rcc^  AB^gp," 


v!!l 


PREFACE. 


mended  by  their  simplicity,  sucli  as  the  di^monstrations 
by  which  I  propose  to  replace  (at  least  for  a  first  read- 
ing) the  diflicult  'riaorems  5  and  7  in  the  First  IJoolc 
I  have  also  attempted  to  render  many  of  the  ])roofs,  as 
for  instance  Propositions  2,  13,  and  35  in  Book  I.,  and 
Proposition  13  in  Book  XL,  less  confnsing  to  tho 
learn  (T. 

In  Propositions  4,  5,  6,  7,  and  8  of  the  Second 
Book  I  have  ventured  to  make  an  important  change  in 
Euclid's  mode  of  exposition,  by  omitting  tho  diagonals 
from  the  diagrams  and  the  gnomons  from  the  text. 

In  the  Third  Book  I  have  deviated  with  even 
greater  boldness  from  the  precis-e  line  of  Euclid's 
method.  For  it  is  in  treating  of  the  properties  of  the 
circle  that  the  importance  of  certain  matters,  to  which 
reference  is  made  in  the  Notes  of  the  present  volume, 
is  fully  brought  out.  I  allude  especially  to  the  appli- 
cation of  Superposition  as  a  test  of  equality,  to  the 
(jonception  of  an  Angle  as  a  magnitude  capable  of 
unlimited  increase,  and  to  the  development  of  the 
methods  connected  with  Loci  and  Symmetry. 

The  Exercises  have  been  selected  with  considerable 
care,  chiefly  from  the  Senate  House  Examination 
Papers.  They  are  intended  to  be  progressive  and  easy, 
80  that  a  learner  may  from  the  first  be  induced  to 
work  out  something  for  himself. 

I  desire  to  express  my  thanks  to  the  friends  who 
have  improved  this  work  by  their  suggestions,  and  to 
beg  for  further  help  of  the  same  kind. 

J.  HAMBLIN  SMITH. 


Cambridge,  1S79L 
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ELEMENTS    OF    GEOMETRY. 


INTRODUCTORY   REMARKS. 

When  a  block  of  stone  is  hewn  from  the  rock,  we  call  it  a 
Solid  Body.  The  stone-cutter  shapes  it,  and  brings  it  into 
that  which  we  call  regulariti/  of  form ;  and  then  it  becomes 
a  Solid  Figure. 

Now  suppose  the  figure  to  be  such  that  the 
block  has  six  flat  sides,  eacli  the  exact  counter^ 
part  of  the  others  ;  so  that,  to  one  who  stands 
facing  a  corner  of  the  block,  the  three  sides 
which  are  visible  present  the  appearance  re- 
presented in  this  diagram. 

Each  side  of  the  fig-ire  is  called  a  Surface;  and  when 
smoothed  and  polished,  it  is  called  a  Plane  Surface. 

The  sharp  and  well-defined  edges,  in  which  each  pair  of 
sides  meets,  are  called  Lines. 

The  place,  at  which  any  three  of  the  edges  meet,  is  ciUed 
a  Point. 

A  Magnitude  is  anything  which  is  made  up  of  parts  in  any 
way  like  itself.  Thus,  a  line  is  a  magnitude  ;  because  we  may 
regard  it  as  made  up  of  parts  which  are  themselves  lines. 

The  properties  Length,  Breadth  (or  Width),  and  Thickness 
(or  Depth  or  Heiglit)  of  a  body  are  called  its  Dimensions. 

We  make  the  following  distinction  between  Solids,  Surfaces, 
Lines,  and  Points : 

A  Solid  has  three  dimensions,  Length,  Breadth,  Thickness. 
A  Surface  has  two  dimensions.  Length,  Breadth,      ,    • 
A  Line  has  one  dimension,  Length. 
A  point  had  no  dimensions,  >jf*" 
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I.  A  Point  is  that  which  has  no  parts. 

This  is  equivalent  to  saying  that  a  Point  has  no  magnitnde, 
since  we  define  it  as  that  which  cannot  be  divided  into  smaller 
parts. 

II.  A  L"^NE  is  length  without  breadth.  ) 

We  cannot  conceive  a  visible  line  without  breadth ;  but 
we  can  reason  about  lines  as  if  they  had  no  breadth,  and  this 
is  what  Euclid  requires  us  to  do. 

III.  The  Extremities  of  finite  Lines  are  points. 

A  point  marks  positioyiy  as  for  instance,  the  place  where  a 
line  bef^iiis  or  ends,  or  meets  or  crosses  another  line.  ■ 

IV.  A  Straight  Line  is  one  which  lies  in  the  same  direction 
from  point  to  point  throughout  its  length. 

v.  A  Surface  is  that  which  has  length  and  breadth  only. 

VI.  The  Extremities  of  a  Surface  are  lines. 

VII.  A  Plane  Surface  is  one  in  which,  if  any  two  points 
be  taken,  the  straight  line  between  them  lies  wholly  in  that 
surface.  •  "     ■ 

Thus  the  ends  of  an  uncut  cedar-pencil  are  plane  surfaces  ; 
but  the  rest  of  the  surface  of  the  pencil  is  not  a  plane  surface, 
since  two  points  may  be  taken  in  it  such  that  the  straight  line 
joining  them  will  not  lie  on  the  surface  of  the  pencil 

In  our  introductory  remarks  we  gave  examples  of  a  Surface, 
a  Line,  and  a  Point,  as  we  know  them  through  the  evidence 
of  the  senses, 
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Tlie  Surfaces,  Tiines,  and  Points  of  Geometry  niny  be  U'j^'arded 
as  mental  pictures  of  the  surfaces,  linos,  /"^d  points  Mliich  we 
know  from  experience. 

It  is,  liowever,  to  be  observed  that  Geometry  requires  us  to 
conceive  the  possibility  of  the  existence 

ot  a  Surface  apart  from  a  Solid  body, 
of  a  Line  apart  from  a  Surface. 
of  a  Point  apart  from  a  Line. 

VIII.  When  two  straight  lines  meet  one  another,  the  inclina- 
tion of  the  lines  to  one  another  is  called  an  Angle. 

When  two  straight  lines  have  one  point  common  to  both, 
they  are  said  to  form  an  angle  (or  angles)  at  that  point.  The 
point  is  called  the  vertex  of  the  angle  (or  angles),  and  the  lines 
are  called  the  arim  of  the  angle  (or  anglf  A 


/ 
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Thus,  if  the  linos  OA,  OB  are  terminated  at  the  same 
point  0,  they  form  an  angle,  which  is  called  the  angle  at  0,  or 
the  angle  AOB,  or  the  angle  BOA, -the  letter  which  marks 
the  vertex  being  put  between  those  that  mark  the  arms. 

Again,  if  the  line  ( V  ?neets  the  lino  DU  at  a  point  in  the 
line  DBy  so  that  0  is  a  point  comnKjii  to  both  lines,  CO  is  said 
to  make  withi>^  the  angles  COD,  COE ;  and  these  (as  having 
one  arm,  CO,  common  to  both)  are  called  adjacent  angles. 

Lastly, if  the  lines  FG,  HK  cut  each  other  in  the  point  0, 
the  lines  make  with  each  other  four  angles  FOII,  HOG,  GOK, 
KOF;  and  of  these  GOH,  FOK  ure  called  vertically  opposite 
angles,  as  also  are  FOH  and  GOK. 
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\\'licn  ihrce  or  more  straight  lines  as  OA,  OB,  00,  OD  h.ive 
a  point  0  common  to  all,  the  angle  formed  by  one  of  them,  Ob, 


with  OA  may  he  rej^'ardt  d  as  beitiff  made  up  of  the  an^Jcs  AO'.^, 
HOC,  (JOB ;  that  is,  we  may  speak  of  the  angle  AOD  as  ;i 
whole,  of  which  the  parts  are  the  angles  AOD,  BOC,  and  COlf- 
Hence  we  may  regard  an  angle  as  a  Magnitude,  inasmuch 
as  any  angle  may  be  regarded  as  being  made  up  of  parts  which 
are  themselves  angles. 

The  si/e  of  an  angle  depends  in  no  way  on  the  length  of 
the  arms  by  which  it  is  bounded. 

We  shall  explain  hereafter  the  restriction  on  the  magnitude 
of  angles  enforced  by  Euclid's  definition,  and  the  important 
results  that  follow  an  extension  of  the  definition. 

IX.  When  a  straight  line  (as  AB)  meeting  another  straight 
line  (as  CD)  makes  the  adjacent 
angles  {ABC  and  ABD)  equal 
to  one  another,  each  of  the  angles 
is  called  a  Right  Angle  ;  and 
each  line  is  said  to  be  a  Per- 
pendicular to  the  other.  C* 

X.  An  Obtuse  Angle  is  one 
which  is  greater  than  a  right 
ansrle. 


A 
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XI.  An  Acute  Angle  is  one  '^ 
which  is  less  than  a  right  angle. 

XII.  A  Figure  is  that  which  is  enclosed  by  one  or  more 
boundaries. 
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XIII.  A  Circle  is  a  pliino  H;j;nru  contiiined  by  one  line, 
kvliich   is   called   tho   Circitmfkkknce,  and  is   such,    that   ull 

Btrai'dit  lines  drawn  to  tho  circmuference  from  a  certain  point 
(called  tho  Centre)  within  tho  figure  are  equal  to  one 
I  another. 

XIV.  Any  straight  line  drawn  from  the  centre  of  a  circle  to 
I  the  circumference  is  called  a  Radius. 

XV.  A  Diameter  of  a  circle  is  a  straif^ht  line  drawn  thmu^li 
the  centre  and  terminated  both  ways  by  the  circumference. 


^e  or  more 


Thus,  in  the  diajrram,  0  is  the  centre  of  the  circle  ABCD^ 
OA,  OB,  0C\  OD  are  Radii  of  the  circle,  and  the  strai«,dit  line 
ADD  is  a  Diameter.  Hence  the  radius  of  a  circle  is  half  tho 
diameter. 

XVI.  A  Semicircle  is  the  figure  contained  by  a  diametci 
land  the  part  of  the  circumference  cut  off  by  the  diameter. 

XVII.  Rectilinear  figures  are  those  which  are  contained 
by  straight  line.s.  ' 

The  Perimeter  (or  Periphery)  of  a  rectilinear  figure  is  tho 

!sum  of  its  siilt's. 

XVIII.  A  Triaxgle  is  a  plane  figure  contained  by  three 
[straiglit  lines. 

XIX.  A  Quadrilateral  is  a  plane  figure  contained  by 
[four  straight  lines. 

XX.  A  Polygon  is  a  plane  figure  contained  by  more  than 
I  four  straight  lines. 

When  a  polygon  has  all  its  sides  equal  and  all  its  angles 
I  equal  it  is  called  a  regular  polygon. 
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XXI.  An  EgiJiLATKRAL  Triangle  ia  one  which 

has  all  its  sides  equal. 

XXII.  All  Isosceles  Triangle  is  one  which 
has  two  sides  equal. 

T.io  third  side  is  often  called  the  haac  of  the      / 
triangle.  /_ 


The  term  hasic  is  applied  to  any  one  of  the  sides  of  a 
triangle  to  distinguish  it  from  the  other  two,  especially  when 
they  have  been  previously  mentioned.  ,  ' 

XXIII.  A  IliGHT-ANULED  Triangle  is 
one  in  whieli  one  of  the  angles  is  a  right 
angle. 

The  side  .vihtnuling,  that  is,  ichich  is  oj^poHte  the  right  ancle, 
is  called  the  Hypotenuse. 


i 
h 
!  i 
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XXIV.  An  Obtuse-angled  Triangle  is 
one  in  which  one  of  the  angles  is  ohtuse. 


It  will  be  shewn  hereafter  that  a  triangle  can  have  onlv 
one  of  its  angles  either  equal  to,  or  greater  than,  a  right  angle. 

XXV.  An  Acute-angled  Triangle  is  one  in 
which  ALL  the  angles  are  acute. 

XXVI.  Parallel  Stratoht  Lines  are  such 

as,  being  in  the  same  plane,  never  meet  when  .~ 

continually  produced  in  both  directioiis. 

Euclid  proceeds  to  put  forward  Six  Postages,  or  Requests, 
that  he  may  be  allowed  to  make  certain  assumptions  on  the 
construction  of  fignres  and  the  properties  of  geometrical  mag- 
nitudes. 
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Postulates 
Let  it  be  granted — 

I.  That  a  straight  line  may  be  drawn  from  any  one  point  to 
any  other  point. 

II.  That  a  terminated  straight  line  may  be  produced  to  any 
length  in  a  straight  line. 

III.  That  a  circle  may  be  described  from  any  centre  at  any 
distance  from  that  centre. 

IV.  That  all  right  angles  are  equal  to  one  another. 

V.  That  two  straight  lines  cannot  enclose  a  space. 

VI.  That  if  a  straight  line  meet  two  other  straight  lines, 
so  as  to  make  the  two  interior  angles  on  the  same  side  of  it, 
taken  together,  less  than  two  right  angles,  these  straight 
lines  being  continually  produced  shall  at  length  meet  upon 
that  side,  on  which  are  the  angles,  which  mq  together  less 
than  two  right  angles. 

The  word  rendered  "Postulates"  is  in  the  original 
cuT^/xara,  "  requests."  > 

In  the  first  three  Postulates  Euclid  states  the  use,  under 
certain  restrictions,  which  he  desires  to  make  of  certain  in- 
struments for  the  construction  of  lines  and  circles. 

In  Post.  I.  and  ii.  he  asks  for  the  use  of  the  straight  ruler, 
wherewith  to  draw  straight  lines.  The  restriction  is,  that  the 
ruler  is  not  supposed  to  be  marked  with  divisions  so  as  to 
measure  lines. 

In  Post  III.  he  asks  for  the  use  of  a  pair  of  compasses, 
wherewith  to  describe  a  circle,  whose  centre  is  at  one  extremity 
of  a  given  line,  and  whose  circumference  pusses  through  the 
other  extremity  of  that  line.  The  restriction  is,  that 
the  compasses  are  not  supposed  to  be  capable  of  conveying 
distances. 

Post.  IV.  and  v.  refer  to  simple  geometrical  facts,  which 
Euclid  desires  to  take  for  granted. 

Post.  VI.  may,,  as  we  shall  shew  hereafter,  be  deduced 
from  a  more  simple  Postulate.  The  student  must  defer 
the  consideration  of  this  Postulate,  till  he  has  reached  the 
17th  Proposition  of  Book  I. 

Sudid  next  enumerates,  as  statements  of  fact,  nine  Axioms 
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or,  as  he  cidls  them,  Common  Notions,  applicable  (with  the 
exception  of  tho  eif^hth)  to  all  kinds*  of  niaj^nitudes,  and  not 
necessarily  restricted,  as   are   the  Postulates,   to  geometrical 

iiiafjnitudcs. 

Axioms. 

I.  Things  which  are  equal  to  the  same  thing  are  equal  to 
OHO  another. 

II.  If  equals  he  added  to  equals,  the  wholes  are  equal. 

III.  If  equals  be  taken  from  equals,  the  remainders  are 
C'iMal. 

IV.  If  equals  and  unequals  be  added  together,  the  wholes 
are  unequal. 

V.  If  equals  be  taken  from  unequals,  or  unequals  from 
equals,  tho  remainders  are  unequal. 

VI.  Things  which  are  double  of  the  same  thing,  or  of  equal 
things,  are  equal  to  one  another. 

VII.  Things  which  are  halves  of  the  same  thing,  or  of  equal 
things,  are  equal  to  one  another. 

VIII.  Magnitudes  which  coincide  with  one  another  are 
equal  to  one  another. 

IX.  The  whole  is  greater  than  its  part. 

With  his  Common  Notions  Euclid  takes  the  ground  of 
authority,  saying  in  effect,  **  To  my  Postulates  I  request,  to 
my  Common  Notions  I  claim,  your  assent." 

Euclid  develops  the  science  of  Geometry  in  a  series  of 
Propositions,  some  of  which  are  called  Theorems  and  the  rest 
Pioblems,  though  Euclid  himself  makes  no  such  distinction. 

]jy  the  name  Theorem  we  understand  a  truth,  capable  of 
demonstration  or  proof  by  deduction  from  truths  previously 
admitted  or  proved. 

By  the  name  Problem  we  understand  a  construction,  capable 
of  being  effected  by  the  employment  of  principles  of  construc- 
tion previously  admitted  or  proved. 

A  Corollary  is  a  Theorem  or  Problem  easily  deduced  from, 
or  effected  by  means  of,  a  Proposition  to  which  it  is  attached. 

Wc  shall  divide  the  First  Book  of  the  Elements  into  three 
sections.  The  reason  for  this  division  will  appear  in  the  course 
of  the  work. 
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SYMBOLS  AND  ABBREVIATIONS  USED  IN  BOOK  I.     - 


for      because 

.• tlieicfore 

= is  (or  are)  equal  to 

L jin^^le 

A • triangle 


®       for       circle 

09© circumference 

II   parallel 

O  parallelogram 

±     perpendicular 


equilat equilateral 

extr exterior 

intr interior 

pt point 


rectil. 


,  .rectilinear 


reqd ...required 

rt right 

sq square 

sqq squares 

st straight 


It  is  well  known  that  one  of  the  chief  difficulties  with 
learners  of  Euclid  is  to  distinguish  between  what  is  assumed, 
or  given,  and  what  has  to  be  proved  in  some  of  the  Pro- 
positions. To  make  the  distinction  clearer  we  shall  put  in 
italics  the  statements  of  what  has  to  be  done  in  a  Problem, 
and  what  has  to  be  proved  in  a  Theorem.  The  last  line  in  the 
proof  of  every  Proposition  states,  that  what  had  to  be  done 
or  proved  has  been  done  or  proved. 

The  letters  q.  e.  f.  at  the  end  of  a  Problem  stand  for  Quod 
erat  faciendum.  ^ 

The  letters  q.  e.  d.  at  the  end  of  a  Theorem  stand  for  Quod 
erat  demonstrandum. 

In  the  marginal  references  : 

Post,  stands  for  Postulate.  * 

Def. Definition, 

Ax Axiom. 

I.  1 Book  I.  Proposition  1. 

Hyp.  stands  for  Hypothesis,  suitpm^ition^  and  refers  to 
something  granted,  or  assumed  to  be  true. 
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On  the  Properties  of  Triangles, 


Proposition  I.    Problem. 

To  describe   an  eqtiilateral  triangle    on  a  given   siraignt 
lim. 


^ 


Let  ^B  be  the  given  st.  line. 

It  is  required  to  describe  an  equilat.  A  on  AB, 

With  centre  A  and  distance  AB  describe  ©  BCD.    Post.  3. 
With  centre  B  and  distance  BA  describe  ©  ACE.    Post.  3. 

From  the  pt.  0,  in  which  the  ©  s  cut  one  another, 

draw  the  St.  lines  (LI,  C!B.  Post.  1. 

Then  will  ABC  be  an  equilat.  A .  .     > 

For  •/ ^  is  the  centre  of  ©  BCD, 

.-.  AC==AB.  '         Def.  13. 

And  %•  B  is  the  centre  of  ©  ACE, 

.-.  BC=AB.  Bef.  13. 

Now  V  ^(7,  BOareeach^^B, 

/.  AC=-BC.  Ax.  1. 

Thus  ACf  AB,  BC  are  all  equal,  and  an  equilat.  A  ABC 
hat  been  described  on  AB. 

Q.  E.  F. 
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given   straignt 


pROPosiTioy  TI.    ProHf  em. 

From  a  t/inn  point  to  draw  a  tlraight  line  e^ual  to  a 
givtn  straight  line. 


Let  A  be  the  given  pt.,  and  BC  the  given  st.  line. 
It  is  reqnired  to  draw  from  A  a  st.  line  equal  to  BC, 

From  A  to  B  draw  the  st.  line  AB.  Post.  1. 

On  AB  describe  the  (?qiiilat.  A  ABD.  I.  1. 

With  centre  B  and  distnnce  BC  describe  ©  CGH.     Post.  3. 

Produce  DB  to  meet  the  Qce  CGII  in  G. 
With  centre  D  and  distance  DG  describe  ©  GKL.     Post.  3. 

Produce  DA  to  meet  the  Qce  GKL  in  L. 

Then  willJ  L=i;a 

For  *.•  B  is  the  centre  of  ©  CGHy 

.'.  BC==BG.  •        Def.  13. 

And  *.-  D  is  the  centre  of  ©  GKL, 

.'.  DL=DG.  Def.  13. 

And  parts  of  these,  DA  and  DB,  are  equal.  Def.  21. 

.*.  remainder  ^i(= remainder  BG.  Ax.  3. 

But  BC=BG ; 

.-.  AL=BC.  Ax.  1. 

Tlius  from  pt.  A  a  st.  line  AL  has  been  drawn  a. BC 

<2.  E.  F. 
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Proposition  III.    Puoblkm. 

From  the  greater  of   two   given  straight   lines   to  cut  off 
a  part  equal  to  the  less. 


I.  2. 


Let  ABhe  the  greater  of  the  two  given  st.  lines  AB,  CD.    • 
It  is  required  to  cut  off  from  AB  a  part=  CD. 
From  A  draw  the  st.  line  AE=CD. 

With  centre  A  and  distance  AE  describe  ©  EFE, 
cutting  ^J5  in  J^. 

Then  will  ^i^=OD. 

For  ".•  A  is  the  centre  of  ©  EFHy 

,'.  AF=AE. 
But  AE=CD;  . 

.-.  AF=CD. 
Thus  from  AB  a  part  AF  has  been  cut  off=  CD. 


Ax.  1. 

Q.  E.  F. 


Exercises. 

1.  Shew  that  if  straight  lines  be  drawn  from  A  and  B  in 
the  diagram  of  Prop.  i.  to  the  other  point  in  which  the  circles 
intersect,  another  equilateral  triangle  will  be  described  on 
AB. 

2.  Bj  a  construction  similar  to  that  in  Prop.  iii.  produce 
the  less  of  two  given  straight  lines  that  it  mt  y  be  equal  to  tho 
greater. 

3.  Draw  a  figure  for  the  case  in  Prop,  ii.,  in  which  the 
given  point  coincides  with  i^.  .  "^ 

4.  By  a  similar  construction  to  that  in  Prop.  i.  describe 
on  a  given  straight  line  an  isosceles  triangle,  whose  equal  sides 
shall  be  each  equal  to  another  given  straight  line. 
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Proposition  IV.    Theorem. 


If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides 
of  the  other,  each  to  each,  and  have  likewise  tfie  angles  contained 
by  those  sides  equal  to  one  another,  they  must  have  their  third 
sides  equal ;  and  the  two  triangles  must  be  equal,  and  the  other 
angles  must  be  equalj  each  to  each,  viz.  those  to  which  the  equal 
sides  are  opposite. 


0 
JB  c   JS  JP 

In  the  L^  ABC,DEF, 
let  AB=DE,  and  AC=DF,  and  z  BAC=  l  EDF. 
Then  7nust  BC=EF  and  A  ABC  =  A  DEF,  and  the  other 
L  s,  to  which  the  equal  sides  are  opposite,  must  be  equal,  that 
is,  L  ABC=  L  DEF  and  z  ACB=  l  DFE. 

For,  if  A  ABC  be  applied  to  A  DEF, 
so  that  A  coincides  with  D,  and  AB  falls  on  DE, 
then  •/  AB=DE,  .;  B  will  coincide  with  E. 

And  -.'  AB  coincides  with  DE,  and  z  BAC=  z  EDF,  Hyp. 
.-.  .4CwillfullonDF. 
Then  '.•  AC=DF,  .:  C  will  coincide  with  F. 
And  *.•  B  will  coincide  witli  E,  and  C  with  F, 
.'.  BC  will  coincide  wiih  EF ; 
for  if  not,  let  it  fall  otherwise  as  EOF :   then  the  two  st. 
lines  BC,  EF  will  enclose  a  space,  which  is  impossible.     Post.  5. 

.'.  BC  will  coincide  with  and  .'.  is  equal  to  EF,    Ax.  8. 

and  A  ABC A  DEF, 

and  z  ABC z  DEF, 

and  z  ACB z  DFE. 

q.  E.  D- 
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.   ■  Note  1.  On  the  Method  of  Sxiperposition.  ' 

Two  geometrical  magnitudes  are  said,  in  accordance  with 
Ax.  VIII.  to  be  equal,  when  they  can  be  so  placed  that  the 
boundaries  of  the  one  coincide  with  the  boundaries  of  the 
other.  ""  f. 

Thus,  two  straight  lines  are  equal,  if  they  can  be  so  placed 
that  the  points  at  their  extremities  coincide  :  and  two  angles 
are  equal,  if  they  can  be  so  placed  that  their  vertices  coincide 
in  position  and  their  arms  in  direction  :  and  two  triangles  are 
equal,  if  they  can  be  so  placed  that  their  sides  coincide  in 
direction  and  magnitude. 

In  the  application  of  the  test  of  equality  by  this  Method  of 
Superpositioriy  we  assume  that  an  angle  or  a  triangle  may  be 
moved  from  one  place,  turned  over,  and  put  down  in  another 
place,  without  altering  the  relative  positions  of  its  boundaries. 

We  also  assume  that  if  one  part  of  a  straight  line  coincide 
with  one  part  of  another  straight  line,  the  other  parts  of  the 
lines  also  coincide  in  direction  ;  or,  that  straight  lines,  which 
coincide  in  two  points,^  coincide  when  produced. 

The  method  of  Superposition  enables  us  also  to  compare 
magnitudes  of  the  same  kind  that  are  unequal.  For  example, 
suppose  ABC  and  DEF  to  be  two  given  angles. 


Suppose  the  arm  BO  to  be  placed  on  the  arm  EFy  and  the 
vertex  B  on  the  vertex  E. 

Then,  if  the  arm  BA  coincide  in  direction  with  the  arm  ED, 
the  angle  ABC  is  equal  to  DEF. 

If  BA  fall  between  ED  and  EF  in  the  direction  EP, 
ABC  is  less  than  DEF.  '^ 

If  BA  fall  in  the  direction  EQ  so  that  ED  is  between 
EQ  and  EF,  ABC  is  greater  than  DEF. 
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Note  2.  On  the  Conditions  of  Equality  of  two  Triangles. 

A  Triangle  is  composed  of  six  parts,  three  sides  and  tliree 
angles. 

When  the  six  parts  of  one  triangle  are  equal  to  the  six 
parts  of  another  triangle,  each  to  each,  the  Triangles  are  said 
to  be  equal  in  all  respects. 

There  are  four  cases  in  which  Euclid  proves  that  two  tri- 
angles are  equal  in  all  respects  ;  viz.,  when  the  following  parts 
are  equal  in  the  two  triangles. 

1.  Two  sides  and  the  angle  between  them. .  I.  4. 

2.  Two  angles  and  the  side  between  them.  I.  26. 

3.  The  three  sides  of  each.  I.  8. 

4.  Two  angles  and  the  side  opposite  one  of  them.      I.  26. 

The  Propositions,  in  which  these  cases  are  proved,  are  the 
most  important  in  our  First  Section.  > 

The  first  case  we  have  proved  in  Prop.  nr. 

Availing  ourselves  of  the  method  of  superposition,  we  can 
prove  Cases  2  and  3  by  a  process  more  simple  than  that  em- 
ployed by  Euclid,  and  with  the  further  advantage  of  bringing 
them  into  closer  connexion  with  Case  1.  We  shall  therefore 
give  three  Propositions,  which  we  designate  A,  B,  and  C,  in 
the  Place  of  Euclid's  Props,  v.  vi.  vii.  viii. 

The  displaced  Propositions  will  be  found  on  pp.  108-112, 

Proposition  A  corresponds  with  Euclid  I.  6. 

B I.  26,  first  part 

0 I.  8. 
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Proposition  A.     Theorem. 

If  two  sides  of  a  triangle  be  equals  the  angles  opiiosite  those 
sides  must  also  be  equal. 


C        C 


In  the  isosceles  triangle  ABC,  let  AC=AB.     (Fig.  1.) 

Then  must  i  ABC=  l  ACB. 

Imagine  the  A  ABG  to  be  taken  up,  turned  round,  and  set 
down  again  in  a  reversed  position  as  in  Fig.  2,  and  designate 

the  angular  points  A',  B',  C. 

^      _ '  ' '' 

Then  in  As  ABC,  A'CB\  ' 

V  AB=^AV,  and  AC=A'B\  and  z  BAC=  L  CA'B\ 

:,  lABC^  LA'CfB'.  1.4. 

But  lA'CB'^  I  ACB; 

/.  /.ABC=  I  ACB.  AX.  1. 

Q.E.D. 

Cor.  Hence  every  equilateral  triangle  is  also  equiangular. 

Note.  When  one  side  of  a  triangle  is  distinguished  from 
the  other  sides  by  being  called  the  Bai^e,  the  angular  point  op- 
posite to  that  side  is  called  the  Vertex  of  the  triangle. 
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Proposition  B.     Theorem. 

If  tiro  triangles  have  two  angles  of  the  one  equal  to  two 
angles  of  the  other ,  each  to  each,  and  the  sides  adjacent  to 
the  equal  angles  in  each  also  equal ;  then  must  th  triangles 
he  equal  in  all  respects. 


C  -E 

In  ^sABC,DEF, 
lec  I  ABC=  I  DBF,  and  z  ACB=  l  DFE,  and  BC=EF. 
Then  must  AB=DE,  and  AC=DF,  and  l  BAC=  l  EDF.  ' 

For  if  A  BEF  be  applied  to   a  ABG^  so  thab  E  coincides 
with  5,  and  Ei^  falls  on  jBO  ; 

then  •••  EF=BC,  .:  F  will  coincide  with  0 ; 

and  •.•  z  DEF=  z  ABC, .'.  ED  will  fall  on  BA  ; 

.*.  D  will  fall  on  BA  or  BA  produced. 

Again,  •.•  z  DFE=  z  ACB, .:  FD  will  fall  on  CA  ;  '    ' 

.'.  D  will  fall  on  CA  or  CA  produced. 

.'.  D  must  coincide  with  -4,  the  only  pt.  common  to  BA 

and  CA.  ^  .    ^    ' 

.'.  DE  will  coincide  with  and  .'.  is  equal  to  AB,  ^ 

andZ)# ACy 

and  I  EDF lBAC, 

and  i:.DEF lABC\ 

and  .*.  the  triangles  are  equal  in  all  respects. 

Q.  E.  D. 

Cor.  Hence,  by  a  process  like  that  in  Prop.  A,  we  can  prove 
the  following  theorem : 

If  two  angles  of  a,  triangle  he  egtiatthe  sides  which  subtend 
them  are  also  equal     i^Cucl.  I.  6.) 
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•       Proposition -C.   Theorem. 

If  two  triangles  have  the  three  sides  of  the  one  equal  to  the 
three  sides  of  the  other ^  each  to  eachj  the  trianglet  must  he  equal 
in  all  respects. 


OK  Jf 

Let  the  three  sides  of  the   A  s  ABC^  DEF  be  equal,  each 
to  each,  that  is,  AB=DE,  AC=])F,  and  BC=EF.      '   ^. 
TJien  must  the  triangles  be  equal  in  all  respects.         -         ; 

Imagine  the  A  BEF  to  be  turned  over  and  applied  to  the 
A  ABCy  in  such  a  way  that  EF  coincides  with  BC,  and  the 
vertex  2>  falls  on  the  side  of  BG  opposite  to  the  side  on  which 
A  falls  ;  and  join  AD. 

Case  I.  When  AD  passes  through  BG» 


•'  > 


Then  in  A  ABD,  '.'  BD=BA, .:  L  BAD==  L  BDa,  i.  A. 
And  in   ^ACD,  V  CD=CA, .'.  l  CAD=  l  CDA,  I.  A. 
.*.  sura  of  1 8  BAD,  CAD = mm  of  z  s  BDA,  CDA,    Ax.  2. 
that  is,        .  z  BAC=  l  BDC. 

Hence  we  see,  referring  to  the  original  triangles,  that 

z  BAC^  L  BDF. 
•*.)  by  Prop.  4,  the  triangles  are  equal  >   "ill  respects. 


Book  L] 


PROPOSITIOM  C. 


I^ 


Case  II.  When  the  line  joining  the  vertices  does  not  pass 
through  BQ. 


Then  in  lABD,  v  BD=BA,  :.  z  BAD=  L  BDA,    I.  A. 
And  in  lACB,  v  CD=CA,  .:  l  CAD=  l  CD  A,    I.  A. 
Hence  since  the  whole  angles  BAD,  BDA  are  equal, 
and  parts  of  these  CAD,  CD  A  are  equal. 
.'.  the  remainders  BAC,  BDC  &Te  equal.         Ax.  3. 
Then,  as  in  Case  I.,  the  equality  of  the  original  triangles 
may  be  proved. 


^ 


i 


Case  III.  When  AC  and   CD  are  in  the  same  straight 

line. 

_     .  .  -  A 


Then  in  a  ABD,  v  BD=BA,  .-.  z  BAD=  z  BDA,     I.  A. 
that  is,  iBAC=  lBDC. 

Then,  as  in  Case  I.,  the  equality  of  the  original  triangles 
may  be  proved. 

^  Q.  E.  D. 
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l:*ROP08iTioN  IX.    Problem. 
To  bisect  a  given  angle. 


0  ^  -<7  ' 

.V  Let  BAChe  the  given  angle. 

It  is  required  to  bisect  i  BAG. 
In  AB  take  any  pt.  D. 

In  ^0  make -4^=^i),  and  join  D^. 

On  DE,  on  the  side  remote  from  A,  describe  an 
equilat.  AD^i7.  I.  1. 

Join^^.    Then  ^F  will  bisect  z  5^0.      . 

Forin  As^i^D,  ^^^, 

•.•  AD=AE,  and  AF  is  common,  and  FD=FE, 

.'.  L  DAF=  L  EAF,  I.  c. 

that  is,  L  BAG  is  bisected  by  AF, 

Q.  E.  F. 

Ex.  I.  Shew  that  we  can  prove  this  Proposition  by  means 
of  Prop.  IV.  and  Prop.  A.,  without  applying  Prop.  C. 

Ex.  2.  If  the  equilateral  triangle,  employed  in  the  construc- 
tion, be  described  with  its  vertex  towards  the  given  angle  ; 
shew  that  there  is  one  case  in  which  the  construction  will  fail, 
and  two  in  which  it  will  hold  good. 

Note.— The  line  dividing  an  angle  into  two  equal  parts  ia 
called  the  Bisector  of  the  anj];le. 
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Proposition  X.     Puohlkm. 


2^0  hiatd  u  r/ivenjinite  straight  line. 


m 


Let  J.5  be  the  gi yen  at.  line. 
It  is  required  to  bisect  AB. 

On  AB  describe  an  equilat.  aACB.  1. 1. 

Bisect  z  ACB  by  the  st.  line  CD  meeting  AB  in  D  ;      I.  9. 
then  AB  shall  be  bisected  in  X>. 

Form  A9  ACD,  BCD,  _'  - 

'.•  AC=BC,  and  CD  is  common,  and  i  ACD^  L  BCD, 

.-.  AD=BD  ;  I.  4. 

.*.  AB  is  bisected  in  1>. 

Q.  E.  F. 

Ex.  1.  The  straight  line,  drawn  to  bisect  the  vertical  angle 
of  an  isosceles  triangle,  also  bisects  the  base. 

Ex.  2.  The  straight  line,  drawn  from  the  vertex  of  an 
isosceles  triangle  to  bisect  the  base,  also  bisects  the  vertical 
angle. 

Ex.  3.  Produce  a  given  finite  straight  line  to  a  point,  such 
that  the  part  produced  may  be  one-third  of  the  line,  which  ia 
made  up  of  the  whole  and  the  part  produced. 
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PuoPosiTioN  XI.     Problem. 

To  drato  a  straight  line  at  riyht  angles  to  a  given  straight 
line  from  a  given  point  in  the  same. 


J) 


V 
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^  I  I  Let  AB  be  the  given  st.  line,  and  C  a  given  pt.  in  it. 

;  'll|jji  '  It  is  required  to  draw  from  C  a  st.  line  ±  to  AB.    . 

Take  any  pt.  D  in  AC,  and  in  CB  make  CE=CD. 

On  DE  describe  an  equilat.  A  DFE.  I.  1. 

Join  FC.    FC  shall  be  ±  to  AB. 

Ijili    ^  For  in  AS  DCF,  ECF, 

llliji  -    •••  DC=CE,  and  CF  is  common,  anr:  FT)^FEy 

-^  .:  iDCF=lECF\  I.  c. 

-    ■  and .-.  J^Y;  is  ±  to  ^5.  De^  9. 

*  *  -  Q.  E.  p. 

Cor.  To  draw  a  straight  line  at  right  angles  to  a  given 
•    straight  line  ^Ofrom  one  extremity,  C,  take  any  point  J)  in 
AC,  produce  ^C  to  E,  making  CE=CD,  and  proceed  as  in 
the  proposition. 

Ex.  1.  Shew  that  in  the  diagram  of  Prop.  ix.  AF  &nd  ED 
intersect  each  other  at  right  angles,  and  that  ED  is  bisected 
hjAF. 

If  lit!  Ex.  2.  If  Obe  the  point  in  which  two  lines,  bisecting  AB 

and  AG,  two  sides  of  an  equilateral  triangle,  at  right  angles, 

I  njlrllj  meet ;  shew  that  OA,  OB,  00  are  all  equal. 

'"  '  I'lii' 

I  Ex.  3.  Shew  that  Prop.  xi.  is  a  particular  case  of  Prop.  iz» 
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Proposition  XII.    Problem. 

To  draw  a  straight  line  per2)en(Ucular  to  a  given  straight 
line  of  an  unlimited  length  Jroin  a  given  point  wiViout  it. 


H' 


— 75 


Let  AB  be  the  given  st.  line  of  unlimited  length  j   C  the 
given  pt.  without  it. 

It  is  required  to  draw  from  G  a  st,  line  1.  to  AB. 

Take  any  pt.  D  on  the  other  side  of  AB. 

AVith  centre  C  and  distance  CD  describe  a  ©  cutting  A I 
ii)  E  and  F. 

Bisect  EF  in  0,  and  join  CE,  CO,  CF.  I.  10 

Then  CO  shaU  be  J.  to  AB. 

For  in  L^  COE,  COF, 

'.'  EO=FO,  and  CO  is  common,  and  CE=CF, 

.'.  L  COE^  L  COF  ;  I.  c. 

.-.  CO  is  ±  to  AB.  Def.  9. 

Q.  E.  p. 

Ex.  1.  If  the  straight  line  were  not  of  unlimited  length, 
how  might  the  construction  fail  ?       _ 

Ex.  2.  If  in  a  triangle  the  perpendicular  from  the  vertex 
on  the  base  bisect  the  base,  the  triangle  is  isosceles. 

Ex.  3.  The  lines  drawn  from  the  angular  points  of  an 
equilateral  triangle  to  the  middle  points  of  the  opposite  side9 
we  equal. 
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Misrcllmu'mDt  Ernrines  on  Props.  I.  to  XII. 

1.  Draw  u  figure  for  Prop.  n.  for  the.  case  when  the  givcQ 
point  ^1  is 

(a)  below  the  line  BC  and  to  the  ri^ht  of  it. 
(^)  below  the  line  BC  and  to  the  left  of  it. 

2.  Divide  a  jjiven  angle  into  four  equal  parts. 

3.  The  angles  B,  C,  at  the  base  of  an  isosceles  triangle,  are 
bisected  by  the  straight  lines  BD,  CD,  meeting  in  D  ;  shew 
that  BDC  is  an  isosceles  triangle. 

4.  D,  E,  F  are  points  taken  hi  the  sides  BC,  CA,  AB,  of 
an  equilateral  triangle,  so  that  BD=CE=AF.  Shew  that 
the  triangle  DEF  is  equilateral. 

T).  In  a  given  straight  line  find  a  point  equidistant  from 
two  given  points  ;  Tst,  on  the  same  side  of  it  ;  2d,  on  opposite 
sides  of  it. 

6.  ABC  is  a  triangle  having  the  angle  J  J5(7  acute.     In  BA, 
)r  BA  produced,  find  a  point  D  such  that  BD=CD. 

7.  The  equal  sides  AB,  AC,  of  an  isosceles  triangle  ABC 
ire  produced  to  points  i^  and  G,  so  that  AF—AG.  BG  and 
CF  are  joined,  and  H  is  the  point  of  their  intersection.  Prove 
that  BII=CH,  and  also  that  the  angle  at  A  is  bisected 
by^ff. 

8.  BAC,  BDC  are  isosceles  triangles,  standing  on  oppo- 
site sides  of  the  same  base  BC.  Prove  that  the  straight  line 
from  -4  to  Z>  bisects  BC  at  right  angles. 

9.  In  how  many  directions  may  the  line  AE  hQ  drawn  in 
Prop.  III.  ? 

10.  The  two  sides  of  a  triangle  being  produced,  if  the 
angles  on  the  other  side  of  the  base  be  equal,  shew  that  the 
triangle  is  isosceles. 

11.  ABC,  ABD  are  two  triangles  on  the  same  base  AB 
and  on  the  same  side  of  it,  the  vertex  of  each  triangle  being 
outside  the  other.     If  AC=AD,  shew  that  BC  cannot  =BD. 

12.  Fi'om  0  any  point  in  a  straight  line  AB,  CD  is  drawn 
at  right  angles  to  AB,  meeting  a  circle  described  with  centre 
A  and  distance  AB  in  D;  and  froui  A  D,  AE  is  cut  off  =4C ; 
nhew  that  4^i?  is  a  right  angle, 
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PkoI'OSITION  XIII.      TIIKOUKM. 

T)\c  angh'^<  whirh  one  siravjht  Ii)ic  malcM  with  another  itpnn, 
one.  side  of  it  urn  tiihcr  tico  rujhi  anylcs,  or  together  equal  to  two 
rifjhl  angles. 

*ig.  1.  Fig.  2. 


B 


« 


D 


Let  AB  make  with  CD  upon  one  side  of  it  the  z  s  ABC, 

ABD. 

Thui  mud  thcM  he  either  tiro  rf.  is, 

or  together  equal  to  two  rt.  ^  ,'>• 
First,  if  z  ABC=^  l  AMD  as  in  Fig.  1, 

each  of  them  is  a  rt.  z  .  Def.  0. 

Secondly,  if  z  ABC  be  not=  z  ABD,  as  in  Fig.  2, 

from  B  draw  BJ^J  ±  to  CD.  I.  11. 

Then  sum  of  z  s  ABC,  ABD=smn  of  z  s  EBC,  EBA,  ABU, 
and  sum  of  z  s  EBC,  iJBD^mm  of  z  s  EBC,  EBA,  ABD  ; 
.'.  sum  of  z  s  ABC,  ABD=mm  of  z  s  EBC,  EBD ; 

Ax.  1. 
.'.  sum  of  z  s  ABC,  .^jBD=sum  of  a  rt.  z  and  a  rt.  z  ; 
.    .'.  z  s  J. J5C, -4 jBD  are  together = two  rt.  z  s. 

Q.  E.  D. 

Ex.  Straight  lines  drawn  connecting  the  opposite  angular 
points  of  a  quadrilateral  figure  intersect  each  other  in  (). 
Shew  that  the  angles  at  0  are  together  equal  to  four  right 
angles. 

Note  (1.)  If  two  angr  3  together  make  up  a  right  angle, 
each  is  called  the  Complement  of  the  other.  Thus,  in  fig.  2, 
z  ABD  is  the  complement  of  z  ABE. 

\^,  xi  wo  angles  together  make  up  two  right  angles,  each 
IS  called  the  Supplement  of  the  other.  Thus,  in  both  figures, 
iABDi&  the  supplement  of  z  ABO, 
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Proposition  XIV.    Theorem. 

J/,  ai  a  point  in  a  straight  line,  two  otJier  straight  lines,  upon 
the  opposite  sides  of  it,  make  the  adjacent  angles  together  equal 
*,o  two  right  angles,  these  two  straight  lines  must  he  in  one  and 
the  sarne  straight  line. 


|i!iiip'"!l! 


Mil    HI  l!  : 


At  the  pt.  B  in  the  st.  line  AB  let  the  st.  lines  BC,  BD, 
on  opposite  sides  of  AB,  make  z  s  ABG,  ABD  together=two 
rt.  anc/Ies. 


I.  13. 

Hyp. 


Then  BD  must  he  in  the  same  st.  line  with  BG. 

For  if  not,  let  BE  be  in  the  same  st.  line  with  BC. 

Then         z  s  ABC,  ABE  together=two  rt.  z  s. 

And  z  s  ABC,  ABD  together = two  rt.  z  a. 

-    .*.  sum  of  z  s  ABC,  ABE=s\im  of  z  s  ABC,  ABD. 

Take  away  from  each  of  these  equals  the  z  ABG ; 

then  z  ABE=^  z  ABD,  Ax.  8. 

that  is,  the  less=the  greater  ;  which  is  impossible, 

•.  BE  is  not  in  the  same  st.  line  with  BC. 

Similarly  it  may  be  shewn  that  no  other  line  but  BD  is  in 
the  same  St.  line  with  ^0. 

•*.  BD  is  in  the  same  sc.  line  with  BC. 

Q.  B.  D. 

Ex.  Shew  the  necessity  of  the  worcU  iih§  opposite  sides  in 
the  enunciation. 
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^  Proposition  XV.    Theorem. 

//  iwo  straight  lines  cut  one  another y  the  vertically  opjposite 
angles  must  he  equal. 


■  1 


Let  the  st.  lines  AB,  CD  cut  one  another  in  the  pt.  E. 

Then  must  l  AEC=  l  BED  and  i  AED=  i  BEG. 
For  •.'  AE  meets  CD, 

.'.  sum  of  z  s  AEC,  AED=two  rt.  z  s.  I.  13. 

And  •.•  DE  meets  AB, 

.-.  sum  of  z  s  BED,  AED =two  rt.  z  s  ;         I.  13. 
.-.  sum  of  z  s  AEC,  AED=smn  of  z  s  BED,  AED  ; 

.-.  z  AEG=  L  BED.  Ax.  3. 

Similarly  it  may  be  shewn  that  z  AED=  z  BEC. 

Q.  E.  D. 

Corollary  I.  From  this  it  is  manifest,  that  if  two  straight 
lines  cut  one  another,  the  four  angles,  which  they  make  at  the 
point  of  intersection,  are  together  equal  to  four  right  angles. 

Corollary  II.  All  the  angles,  made  by  any  number  of 
straight  lines  meeting  in  one  point,  are  together  equal  to  four 
right  angles.  - ,      /  •       • 

Ex.  1.  Shew  that  the  bisectors  of  AED  and  BEC  are  in 
the  same  straight  line. 

Ex.  2.  Prove  that  z  AED  is  equal  to  the  angle  between 
two  straight  lines  drawn  at  right  angles  from  E  to  AE  and 
J?a,  if  both  lie  above  CD. 

Ex.  3.  If  AB,  CD  bisect  each  other  in  E ;  shew  that  the 
triangles  AED,  BEC  are  eanal  in  all  respects. 
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Note  3.  On  Euclid^s  definition  of  an  Angle. 

Euclid  directs  us  to  regard  an  angle  as  the  inclination  of 
two  straight  lines  to  each  other,  which  meet,  but  are  not  in 
the  same  straight  line. 

Thus  he  does  not  recognise  the  existence  of  a  single  angle 
equal  in  magnitude  to  two  right  angles. 

The  words  printed  in  italics  are  omitted  as  needless,  in 
Def.  VIII.,  p.  3,  and  that  definition  may  be  extende(il  with 
advantage  in  the  following  terms  • — 

Def.  Let  WQE  be  a  fixed  straight  line,  and  QP  a  line 
which  revolves  about  the  fixed  point  Qy  and  which  at  first 
coinr^des  with  <^^. 


Then,  when  QP  has  reached  the  position  represented  in 
the  diagram,  we  say  that  it  has  described  the  angle  EQP. 

When  QP  has  revolved  so  far  as  to  coincide  with  QW^ 
we  say  that  it  has  described  an  angle  equal  to  two  right 
angles.  .       ' 

Hence  we  may  obtain  an  easy  proof  of  Prop.  xiii. ;  for  what- 
ever the  position  of  PQ  may  be,  the  angles  which  it  makes 
with  WE  are  together  equal  to  two  right  angles. 

Again,  in  Prop.  xv.  it  is  evident  that  z  AED=  L  EEC, 
since  each  has  the  same  supplementary  z  AEC. 

We  shall  shew  hereafter,  p.  149,  how  this  definition  may  be 
extended,  so  as  to  embrace  angles  greoMr  than  two  right 
angles^ 
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JD=  z  BEC, 


Proposition  XVI.     Theorem. 

//  one,  side  of  a  triangle  be  produced,  the  exterior  angle  is 
(jrcater  than  either  of  the  interior  opposite  angles. 


\ 


!1 


.'A 


Let  the  side  BC  of  a  ABC  be  produced  to  D. 
Then  must  L  ACB  he  grmter  than  either  l  CAB  or  L  ABC. 
Bisect  AC  in  E,  and  join  BE.  I.  10. 

Produce  BE  to  F,  making  EF=BE,  and  join  FC. 
Then  in  i\a  BEA,  EEC, 

:•  BE=FE,  and  EA  =^EC,  and  z  BE  A  =  l  EEC,       I.  15. 
.-.   lECF^  lEAB.  1.4. 

Now  z  ACB  is  greater  than  z  ECF ;  Ax.  9. 

.*.  z  ACT)  is  greater  than  z  iJ^B, 
that  is,  z  -4  CD  is  greater  than  z  C/l-B. 

Similarly,  if  AC  he  produced  to  C  it  may  be  shewn  that 
z  £C(t  is  greater  than  z  ^i>C.      '  ; 

and  iBCG=  l  ACD  )  I.  15. 

.'.  z  4  OD  is  greater  than  /.ABC. 

Q.  E.  D. 

Ex.  1.  From  the  same  point  there  cannot  be  drawn  more 
than  two  equal  straight  lines  te  meet  a  given  straight  line. 

Ex.  2.  If,  from  any  point,  a  straight  line  be  drawn  to  a 
given  straight  line  making  with  it  an  acute  and  an  obtuse 
angle,  and  if,  from  the  same  point,  a  perpendicular  be  drawn  to 
the  given  line  ;  the  perpendicular  will  fall  on  the  side  of  the 
acute  angle. 
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ProPOSITIOX  XVII.       TriKOREM. 

Any  two  angles  of  a  tiiauyla  am  tor/ether  less  than  two  right 
angles. 


Let  ABC  be  any  A . 

Then  must  any  two  of  its   is  he  together  less  than  two 
rt.  AS. 

Produce  BG  to  D. 

Then  /.  ACD  is  greater  than  z  ABC.  I.  16. 

.*.  z  s  ACD,  ACB  are  totrether  greater  than  z  ^ABC,  ACB. 


But 


L  sACD^  ACB  together=two  rt.  z  s. 


I.  13 


.*.  z  sABCy  ACB  are  together  less  than  two  rt.  z  s. 
Similarly  it  may  be  shewn  that  is,  ABC,  BAC  an«l  alsc' 
that  z  s BACy   iCB  are  together  less  than  two  rt.  z  s. 

■      ^       Q.  E.  D. 

Note  4.  On  the  Sixth  Postulate. 
We  learr   from  Prop.  xvii.  that  if  two  straight  lines  BM 
aiiJ  CN,  which  meet  in  -4,  ai-e  met  by  another  straight  line 
DE  in  the  points  0,Ff  , 


the  angles  MOP  ana  NPO  are  together  less  than  two  right 
angles. 

The  Sixth  Postulate  asserts  that  if  a  line  BE  meeting  tw. 
litlier  line!*   BM,   CN  makes  MOP,  NPO,  the  two  interior 
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an«i;lcs  on  the  same  side  of  it,  togetlicr  less  than  two  ri*;lit 
angles,  BM  and  ON  shall  meet  if  produced  on  the  same  side 
of  DE  on  which  are  the  angles  MOF  and  NFO, 


-   / 
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Proposition  XVIII.    Theorem. 


If  one  side  of  a  triangle  be  greater  than  a  second,  thf- 
angle  opposite  the  first  must  be  greater  than  that  opposite  the 
second. 


B  ^ 

In  lABC,  let  side  AC  he  greater  than  AB. 
Then  must  z  ABC  be  greater  than  L  ACB. 

From  A  C  cut  oSAD=A  B,  and  join  BD. 
Then      ,  vAB=AD, 

.'.  iADB=  /.ABD, 
And  *.'  CD,  a  side  of  a  BDC,  is  produced  to  A,     ^ 
^        .'.  z  ADB  is  greater  than  i  ACB  ; 
.'.also  z  ABD  is  greater  than  z  ACB.  , 
Much  more  is  z  uIjBC  greater  than  z  ACB.  "^  ' 


1.3. 


I.  A. 


I.  16 


Q.  E.  D. 


Ex.    Shew  that  if  two  angles  of  a  triangle  be  equal,  the 
sides  which  subtend  them  are  equal  also  (Eucl.  I.  6). 
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Proposition  XIX,    Theorem. 

•    -  *-'  _■■■■■ 

If  one  angle  of  a  triangle  he  greater  tha/n  a  secondj  the 
side  opposite  the  first  must  be  greater  than,  that  opposite  the 
second, 


mm 


my-i 


In  A  ABC,  let  z  ABC  bo  greater  than  z  ACB, 

'  .,^  Then  nrnist  AC  he  greater  'han  AB. 

For  if  J.  0  be  not  greater  than  AB, 

AC  must  either =J.J5,  or  be  less  than  AB. 
Now  ^(7  cannot =^J5,  for  then  -. 


I.  A. 


z  ABC  would  =  z  ACB,  which  is  not  the  case. 
And  AC  cannot  be  less  than  AB,  for  then    ^  '  I.  18. 

z  ABC  would  be  less  than  z  ACB,  which  is  not  the  case ; 
.*.  -40  is  greater  than  J.5. 

Q.  E.  D. 

Ex.  1.  In  an  obtuse-angled  triangle,  the  greatest  side  is 
opposite  the  obtuse  angle. 

Ex.  2.  BC,  the  base  of  an  isosceles  triangle  BAG,  is  pro- 
duced to  any  point  D  ;  shew  that  AD  is  greater  than  AB. 

Ex.  3.  The  perpendicular  is  the  shortest  straight  line,  which 
can  be  drawn  from  a  given  point  to  a  given  straight  line  ;  and 
of  others,  that  which  is  nearer  to  the  perpendicular  is  less  than 
Qne  more  remote. 
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i'ROPOSiTioN  XX.     Theorem. 
Any  two  tides  of  a  triangle  are  together  greater  than  the 
third  side. 


I.  A. 


1.19. 


Let  ^50  be  a  A. 

Then  any  two  of  its  sides  miist  be  togdher  greater   than 
the  third  side. 
Produce  BA  to  D,  making  AD=ACf  and  join  DC. 

Then  V  AD=AC, 

.'.  L  ACD=  L  ADC,  that  is,  z  BDC. 
Now  A  BCD  is  greater  than  z  ACD  ; 

.*.  z  BCD  is  also  greater  than  z  BDC ; 
/.  BD  is  greater  than  BC. 
But  BD=BA  and  AD  together ;       , 

that  is,  51) =B-4  and  ^(7  together ; 
.*.  BA  and  AC  together  are  greater  than  BC. 
Similarly  it  may  be  shewn  that 

AB  and  BC  together  are  greater  than  AC,        ^      \  . 
mdBC&ndCA  AB. 

•      Q.  E.  D. 

Ex.  1.  Prove  that  any  three  sides  of  a  quadrilateral  figure 
are  together  greater  than  the  fourth  side.  •; 

Ex.  2.  Shew  that  p-ny  side  of  a  triangle  is  greater  than 
the  difference  between  the  othev  two  sides. 

Ex.  3.  Prove  that  the  sum  of  the  distances  of  any  point 
from  the  angular  points  of  a  quadrilateral  is  greater  than 
half  the  perimeter  of  the  quadrilateral 

Ex.  4.  If  one  side  of  a  triangle  be  bisected,  the  sum  of  the 
two  other  sides  shall  be  more  than  double  of  the  line  joining 
the  vertex  and  the  point  of  bisection. 

9.  E.  3 
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Proposition  XXI.    Theorem. 

jT/;  from,'  the  ends  of  the  side  of  a  triangUf  there  be 
drawn  two  straight  lines  to  a  point  toithin  th*  Priangle; 
these  will  he  together  less  than  the  other  sides  of  the  triangle^ 
hut  will  contain  a  greater  angle. 


Let  ABC  be  a  A ,  and  from  D,  a  pt.  in  the  A ,  draw  st. 
lines  to  B  and  C  • 

Then  will  BD,  DC  together  he  less  than  BAy  AG, 
hut  L  BBC  will  be  greater  than  l  BAG. 

Produce  BB  to  meet  AGmE. 

Then  BA^  AE  are  together  grea\;cr  than  BE.    -  I.  20. 

Add  to  each  EG. 
Then  BA^  AG  are  together  greater  than  BE,  EG. 
Again,  DE^  EG  are  together  greater  than  DG.  I.  20. 

Add  to  each  £!>.  :  .        -        V 

Then  BE,  EG  are  together  greater  than  BD,  DG. 
And  it  has  been  shewn  that  BA,  AG  sue  together  greater 
thmBE,EG', 

.'.  BA,  AG  are  together  greater  than  BD,  DG. 
Next,  *.•  I BDG  is  greater  than  z  DEG,  I.  16. 

and  zD^O  is  greater  than  z*-4(7,  1.16. 

.*.  z  BDG  is  greater  than  z  BAG. 

Q.  E.  D. 

Ex.  1.  Upon  the  base  AB  of  a  trianglo  ABG  is  described 
a  quadrilateral  figure  ADEB,  which  is  entirely  within  the 
triangle.  Shew  that  the  sides  AG,  GB  of  the  triangle  are 
together  greater  than  the  sides  4I>,  J>E,  ^^  of  the  quadri- 
lateral. 
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Ex.  2.  Shew  that  the  sum  of  the  straight  linef,  joining 
the  angles  of  a  triangle  with  a  point  within  the  triangle,  is 
l'3ss  than  the  perimeter  of  the  triangle,  and  greater  than  half 
tlie  perimeter, 

pROroSITIOX  XXII.      PllolJLKM. 

To  make  a  trianqlr^  of  which  the  8id^  shall  he  etpuil  to 
three  given  straight  lines,  any  two  of  which  are  together  greater 
than  th'  third. 


Let  A,  B,  C  he  the  three  given  lines,  any  two  of  wbioh 
we  together  greater  than  the  third. 

It  is  required  to  make  a  A  having  its  sides  =  A,  B,   C 
respectively. 
Take  a  st.  line  DE  of  unlimited  length. 
lnDEmakeDF==A,FG=B,a.ndGH=^a  1.3. 

With  centre  F  and  distance  FD,  describe  ®DKL. 
With  centre  G  and  distance  GH,  describe  ©  HKL.    ^ 

Join  2^  and  Gf^ 
Then  lKFG  has  its  sides  '=A,B,  C  respectively. 

For  FK=FD  ;  Def.  13 

.-.  FK=A  ; 
Sind  GK=GH;  Def.  13. 

.-.  GK=G;        ^       , 
and  FG=^B; 
.*.  a  A  KFG  has  been  described  as  reqd.        q.  e.  p. 
Ex.  Draw  an  isosceles  triangle  having  each  of  the  equal 
ttdes  double  of  the  base. 
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Proposition  XXIII.    Pjioblem. 

At  a  given  2)oint  in   a  given  straight  line,  to  make  an 
angle  equal  to  a  given  angle. 


i 


^  ^ 


M 


Let  A  be  the  given  pt.,  BC  the  given  line,  DEF  the 
given  z .  ,  . 

It  is  reqd.  to  male  at  pt.  A  an  angle  =  z  DEF. 
In  ED,  EF  take  any  pts.  D.  F ;  and  join  DF. 
^In  AB,  produced  if  necessary,  make  AG=DE. 
In  AC,  produced  if  necessary,  make  AH=EF. 
In  HC,  produced  if  necessary,  make  HK=FD. 

With  centre  A,  and  distance  AG,  describe  ©  GLM. 
With  centre  H,  and  distance  HK,  describe  ®LKM. 
Join  AL  and  HL. 
Then  v  LA=AG, .'.  LA=DE  ;   ■  Ax.  1. 

and  •/  HL=HKy .'.  HL=FD.  Ax.  1. 

Then  in  lb  LAH,  DEF, 

V  LA=DE,  and  AH=EF,  and  HL=FD  ; 

.-.  iLAH^  I  DEF.  I.  c. 

•    •*.  an  angle  LAH  has  been  made  at  pt.  A  as  was  reqd. 

Q.  E.  F. 
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Note,--  Wo  Iktc  givo  tlio  proof  oi  i\  tbom\iin,  TiorcHsiiry  to 
tho  proof  of  1*  op.  XXIV.  and  applicable  to  .several  proDosi- 
liona  ill  Bo(jk  ill. 


Proposition  D.    Theorem. 

Every  straight  liiie^  draion  from  the,  vertex  of  a  triangle  to 
the  hose,  is  less  than  the  greater  of  the  tivo  sides,  or  than  either, 
if  tJiey  be  equal. 
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In  the  A  ABC\  let  th;:  side  ^C  bo  not  less  than  AB. 
Take  any  pt.  D  in  BC,  and  join  AD. 

Then  must  AD  be  less  than  AC. 


For  '.-^Ois  not  less  than  AB  ;     '        , 

.*.  z  ABD  is  not  less  than  z  ACD. 
But  z  ADC  id  grcatttr  than  z  ABD  ; 

.'.'  L  ADC  is  greater  than  z  ACD  ; 


,',  -4(7  is  greater  than  AD. 


I.  A.  and  18. 
I.  16. 

I.  19. 
q.  E-  D. 
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Proposition  XXIV.     Thkuukm. 

If  two  trinvrjh's  hare  two  sides  of  the  otie  equal  to  two 
silks  of  the  other,  earh  to  rnch,  hvt  the,  angle  containciJ  hij 
the  two  sides  of  o)ie.  of  t^ieni  iiredfcr  than  tJir  aiKjle,  contained  hy 
the  two  sides  eijval  to  them  of  the  other  ;  the  base  of  thai  which 
has  the  greater  angle  must  be  greater  than  the  base  of  the  other. 


In  the  AaABC,DEF, 
<^  let  AB=DE&ndAC=l)F, 

and  let  z  BAG  be  greater  than  z  EDF. 
Then  must  BC  be  greater  than  EF. 

Of  the  two  sides  DE,  DF  let  DE  be  not  greater  than  DF* 
At  pt.  D  in  St.  hue  ED  make  z  EDG=  z  BAG,  I.  23 

and  make  I)G  =  AC  or  DF,  and  join  EG,  GF. 

Then'.' AB^DEy  and  AC=^DG,  and  z  BaC==  l  EDG, 

.'.BC=EG, 
Again,  :' DG=DF, 

:.  lDFG=  lDGF', 
.-.  z  EFG  is  greater  than  z  DGF ; 
much  more  then  z  EFG  is  greater  than  z  EGF  ; 

.-.  EG  is  greater  than  EF. 
But  EG=BCi 

.'.  BC  is  greater  than  EF. 

Q.  E.  D. 

*This  line  was  added  by  Simson  to  obviate*  a  defect  in  Euclid's 
proof.  Without  this  condition,  three  distinct  cases  must  be  discussed. 
With  the  condition,  we  can  prove  that  F  must  lie  below  EG. 

For  since  DF  is  not  less  than  DE,  and  DG  is  drawn  equal  to  DF, 
DO  is  not  less  than  DE. 

Hence  by  Prop,  d,  any  line  drawn  from  D  to  mee^  EG  is 
less  than  DG,  and  therefore  DF,  being  equal  to  DO,  must  extend 
beyond  EG. 

For  another  method  of  proving  the  Proposition,  see  p.  113. 


1.4. 

1.  A. 

I.  ID. 
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Proposition  XXV.    Theorem. 

//  two  triangles  hare,  tnjo  sides  of  the  Oiie-  equal  to  two  sides 
of  the  otheVy  each  to  each,  b^it  the  ba^e  of  the  one  greater  than 
the  ftcwe  of  the  other ;  the  angl '  aJsOj  contained,  by  the  sides  of 
that  which  has  the  greater  basCy  must  he  greater  than  the  anglo 
contained  by  the  sides  equal  to  them  of  the  other. 


let  AB=:^DE  Avd.  AC=DF, 
and  let  BO  be  greater  than  EF.    . 
Then  must  l  BaC  be  greater  than  l  EDF. 
For  z  BAG  is  greater  than,  equal  to,  or  less  than  i  EDF. 
Now  I  BAC  cannot  =  z  EDF, 

for  then,  by  i.  4,  BG  wo\x\d= EF ;  which  is  not  the  case. 
And  z  BAG  cannot  be  less  than  z  EDFy 
for  then,  by  i.  24,  BC  would  be  less  than  EF ;  which  is 
not  the  case  ; 

.*.  z  BAG  must  be  greater  than  z  EDF. 

Q.  E.  D. 

♦ ,    .' 
Note. — In  Prop.  xxvi.  Euclid  includes  two  cases,  in  which 
two  triangles  are  equal  in  all  respects  ;  viz.,  when  the  following 
parts  are  equal  in  the  two  triangles  : 

1.  Two  angles  and  the  side  between  tlietn. 

2.  Two  angles  and  the  side  opposite  one  of  them. 

Of  these  we  have  already  proved  the  first  case,  in  Prop,  b, 
so  that  we  have  only  the  second  case  left,  to  form  the  subject 
of  Prop.  XXVI.,  which  we  shall  prove  by  the  method  of 
superposition. 

For  Euclid's  proof  of  Prop,  xxvi.,  see  pp.  114-116. 
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Proposition  XXVI.    Theorem. 

If  two  triangles  have  two  angles  of  the  one  equal  to  two  angles 
of  the  otheVj  each  to  ea^hj  and  one  side  equal  to  one  sidef  those 
sides  being  opposite  to  equal  angles  in  each ;  then  mmt  the 
triangles  be  equal  in  all  respects*  '    '        ' 


'    In  LB  ABC,  BEF, 
let  L  ABC=  L  DEF,  and  i  ACB=  l  DFE,  and  AB=DE. 
Then  must  BG^EF,  and  AC=.DF,  and  l  BAQ-^  l  EDF. 
Suppose  A  DEF  to  be  applied  to  A  ABC, 

so  that  D  coincides  with  A,  and  DE  falls  on  AB, 
Then  •.•  DE=AB, .-.  E  will  coincide  with  5  ; 

and  •.•  L  DEF=  l  ABC, ,;  EF  will  fall  on  BC. 
Then  must  F  coincide  with  C:  for,  if  not, 
let  F  fall  between  B  and  0,  at  the  pt.  H.    Join  AH, 
•      Then  '.•  z  AHB=  l  BFE,  I.  4. 

^  '  .\  lAHB=  lACB,    "    . 

the  extr.  L  «  the  intr.  and  opposite  l  ,  which  is  impossible. 

.'.  J^  does  not  fall  between  J5  and  O.  '    ' 

Similarly,  it  may  be  shewn  that  F  does  not  fall  on  BG 
produced. 

.*.  F  coinciaes  with  0,  and  .'.  BC—EF ; 

.-.  AC^DF,  and  z  5^0=  i  EDF,  I.  4 

and .'.  the  triangles,  are  equal  in  all  resoecta. 

Q.  &.  D. 
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Miscellaneous  Exercises  on  Props.  I.  to  XX  VI. 

1.  M  is  the  mirl  lie  point  of  the  base  BG  of  an  isosceles 
triangle  ABG^  and  JV  is  a  point  in  AG.  Shew  that  the 
difference  between  MB  and  MN  is  less  than  that  between 
^^and^jy^. 

2.  ABG  is  a  triangle,  and  the  angle  at  A  is  bisected  by  a 
straight  line  which  meets  BO  at  D  ;  shew  that  BA  is  greater 
than  BD,  and  CA  greater  than  CD, 

3.  AB^  AC  are  straight  lines  meeting  in  A^  and  D  is 
a  given  point.  Draw  through  D  a  straight  line  cutting  oflF 
equal  parts  from  AB,  AG. 

4.  Draw  a  straight  line  through  a  given  point,  to  make 
equal  angles  with  two  given  straight  lines  which  meet. 

6.  A  given  angle  BA  G  is  bisected  ;  if  GA  be  produced  to 
G  and  the  angle  BAG  bisected,  the  two  bisecting  lines  are  at 
right  angles. 

6.  Two  straight  lines  are  drawn  to  the  base  of  a  triangle 
from  the  vertex,  one  bisecting  the  vertical  angle,  and  the  other 
bisecting  the  base.  Prove  that  the  latter  is  the  greater  of  the 
two  lines.  . 

7.  Shew  that  Prop.  xvii.  may  be  proved  without  pro- 
ducing a  side  of  the  triangle. 

8.  Shew  that  Prop,  xviii.  may  be  proved  by  means  of  the 
following  construction  :  cut  off  AD=AB,  draw  AE^  bisecting 

z  BAG  and  meeting  BG  in  E,  and  join  DE. 

9.  Shew  that  Prop.  xx.  can  be  proved,  without  producing 
one  of  the  sides  of  the  triangle,  by  bisecting  one  of  the  angles. 

10.  Given  two  angles  of  a  triangle  and  the  side  adjacent 
to  them,  construct  the  triangle. 

11.  Shew  that  the  perpendiculars,  let  fall  on  two  sides 
of  a  triangle  from  any  point  in  the  strai<:;ht  line  bisecting  the 
angle  coutaiued  by  the  two  sides,  are  equal. 
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We  conclude  Section  I.  with  the  proof  (omitted  by  Euclid) 
of  another  case  in  which  two  triangles  are  equal  in  all 
respects. 

Proposition  E.    Theorem. 

Jf  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  otheVj  and  the  sides  about  a  second  angle  in 
each  equal:  then^  if  the  third  angles  in  ea^h  he  both  acute^ 
both  obtuse,  or  if  one  of  them  be  a  right  angU^  the  triangles 
are  equalin, oil  respects. 


In  the  AS  ABC,  DBF,  let  lBAC^lEDF,  AB=-DB, 
BC=^EFf  and  let  ^aACB,  DFE  be  both  acute,  both  obtuse, 
or  let  one  of  them  be  a  right  angle. 

Then  must  l  s  ABC,  DBF  be  equM  in  all  respects. 

For  if  AC  be  not  =DF,  make  AG=DF ;  and  jom  BCf, 
Then  m  AS  BAG,  FDF,  ,      .  > 

•.•  BA^ED,  and  AG^DF,  and  z  BAG=  l  EDF, 

.'.  BG=EF  and  i  AGB==  l  DFE.  I.  4- 

But  BC=EF,Sind.\BG=BC',  / 

.-.  z  BCG=  L  BGC.  I.  A. 

First,  let  l  ACB  and  l  DFE  be  both  acute, 

then   z  A  GB  is  acute,  and  .'.  z  BGC  is  obtuse  ;      I.  13. 
.'.  z  BCG  is  obtuse,  which  is  contrary  to  the  hypothesis. 
Next,  let  lACB  and  z  DFE  be  both  obtuse, 

then   L  AGBia  obtuse,  and  .*.  z  BGC  is  acute  ;      I.  13' 
»%  I  BCG  is  acute,  which  is  contrary  to  the  hypothesif. 
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Lastly,  let  one  of  the  third  ongloa  -4  GB,  DFE  be  Cj  right 
»n{:le. 

If  z^CBbeart.  l,  '  s 

\  then   L  BOC  is  also  a  rt.  ^  ;     ,  1.  a. 

.*.  L  s    BCGf    BGG   together  =" two  rt  l  s,  which    is    im- 
possible. I.  17. 
Again,  if  L  DFE  be  a  rt.  ^  , 

then  I  AGB  is  a  it.  i ,  and  .*.  z  BGC  is  a  rt  z  .      I.  13. 
Hence  Z  BCG  is  also  a  rt.  z  . 

.*.  I  s  BCG  J  BGC  together  a  two  rt.  z  s,  which  is  impossible. 

1.17. 
Hence  AC  is  equal  to  DF, 
and  the  as  ^£C,  DEF  are  equal  in  all  respects. 

Q.  £.  D. 

Cor.  J  >  u  the  first  case  of  this  proposition  we  deduce 
the  following  important  theorem  : 

If  two  right-aiKjhd  fnan.yles  fiave  the  hypotenuse  and 
one  side  of  the  oite  equal  rcs2>ectively  to  the  hyjiotenuse  and 
one  side  of  the  other,  the  triangles  are  equal  in  ail  respects. 

Note.  Ip  the  enunciation  of  Prop.  B,  if,  instead  of  the 
words  if  one  of  them  he  a  right  angUj  we  put  the  words  both 
right  angleSt  this  case  of  the  prcposiuou  would  be  identical 
with  I.  26, 
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SECTION  II. 


The  Theory  of  Parallel  Lines.     . 

INTRODUCTION. 

We  have  detached  the  Propositions,  in  which  Euclid  treats 
of  Parallel  Lines,  from  those  which  precede  and  follow  them  in 
the  First  Book,  in  order  that  the  student  may  have  a  clearer 
notion  of  the  difficulties  attending  this  division  of  the  subject, 
and  of  the  way  in  which  Euclid  proposes  to  meet  them. 

We  must  first  explain  some  technical  terms  used  in  this 
Section. 

If  a  strajffht  line  BF  cut  two  other  straight  lines  AB^  CD, 
it  makes  with  those  lines  eight  angles,  to  which  particular 
names  are  given. 


.    The  angles  numbered  1,  4,  6,  7  are  called  Interior  angle^.. 

2,3,6,8   Exterior 

The  angles  marked  1  and  7  arc  called  alternate  angles. 

The  angles  marked  4  and  6  are  also  called  alternate  angles. 

The  pairs  of  angles  1  and  5,  2  and  G,  4  and  8,  3  and  7  are 
called  corresponding  angles. 

Note.  From  I.  13  it  is  clear  that  the  angles  1,  4,  6,  7  are 
together  equal  to  four  right  angles. 
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Proposition  XXVli.    Theorem. 

Ij  a  straight  line,  falling  upon  two  other  straight  lines,  vmJce 
the  alternate  angles  equal  to  oiu  another;  thesx.  two  straight 
lines  must  be  parallel. 


Let  the  st.  line  ^J'',  fallinj^  on  the  st.  Hn»^s  AB,  CD^ 

make  the  alternate  z  s  AGH,  GIID  equal. 

Then  must  AB  be  \\  to  CD, 

For  if  not,  AB  and  OD  will  meet,  if  produced,  either  towards 
B,  D,  or  towards  A^  C. 

Let  them  be  produced  and  meet  towards  J5,  JD  in  K. 
Then(?fZ"E:isa  a;  <  ^      . 

and  •.  z  AGHis  jrreater  than  z  GHD.  I.  10. 

But  A  AG  11=  /.  GHD,  •  :  Hyp. 

wliich  is  impossible.  :  - 

;•.  AB,  CD  do  not  meet  when  produced  townrds  B,  D. 

Tn  like  manner  -it  mny  be  shewn  that  they  do  not  meet     ^ 
when  produced  towards  A,  C. 

-^.  AB  and  CD  are  parallel.  Def.  26. 

Q.  E.  D. 
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Proposition  XXVIII.    Theorem. 

If  a  straight  linef  falling  upon  two  other  straight  lines,  make 
the  exterior  angle  equal  to  the  inteiior  and  opposite  upon  the 
same  side  of  the  line,  or  make  the  intenor  angles  upon  the  same 
side  together  equal  to  two  right  angles;  the  two  straight  lines 
are  parallel  to  one  another. 


;\ 


i; 


I. 


Hyp. 

I.  15. 


u. 


Let  the  ac.  line  EF,  falling  on  st.  lines  AB,  CD,  make 
I.   z  .£?(t J5  =  correspoiding  z  GHD,  or 
II.   z  s  BGH,  GHD  together=two  rt.  z  s. 
Thenj  171  either  casey  AB  must  be  \\  to  CD, 

•.•  z  EGB  is  given  =  z  GHD, 
and  z  EGB  is  known  to  be=  z  AGH^ 
.-.  aAGH=  iGHD;* 
and  these  are  alternate  z  s ;  •       ~ 
^      .-.  AB  is  II  to  CD. 
(       V  L  s  BGH,  GHD  together = two  rt.  z  s, 
and  z  s  BGH,  AGH  together = two  rt.  z  s, 
z  s  BGH,  AGH  together=  z  s  BGH,  GHD  together  ; 
V  .-.  iAGH^aGHD; 

.-.  45  is  II  to  CD.  '    1.27 

Q.  E.  n. 


'/ 


1.27. 

Hyp. 

I.  13 
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Note  5.  On  the  Sixth  PosttUate. 

In  the  place  of  Euclid's  Sixth  Postulate  many  modern 
writers  on  Geometry  propose,  as  more  evident  to  the  senses, 
the  following  Postulate  : — 

"  Two  straight  lines  which  cut  one  another  cannot  both  be 
imralld  to  the  same  straight  line." 

If  this  be  assumed,  we  can  prove  Post.  6,  as  a  Theorem, 
thus: 

Let  the  line  EF  falling  on  the  lines  AB^  CD  make  the  z  s 
BOHf  OHD  together  less  than  two  rt.  z  s.  Then  must  AB, 
CD  meet  when  produced  towards  Bf  D, 
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For  if  not,  suppose  AB  and  CD  to  be  parallel. 
Then  •/  z  s  AGHy  BGH  together=two  rt.  z  s,  I.  13. 

and  z  s  GHD,  BGH  are  together  less  than  two  rt.  z  s, 
.*.  z  ^(tJ3"  is  greater  than  A  GHD.         '    - 
Make  z  MGH=  z  GHD,  and  produce  MG  to  N, 
Then  •.'  the  alternate  z  s  MGH,  GHD  are  equal, 

.-.  MiVislltoCD.  I.  27. 

Thus  two  lines  MN,  .  B  which  cut  one  another  are  both 
piirallel  to  CD,  which  is  impossible. 

.*.  AB  and  CD  are  kot  parallel 
It  is  also  clear  that  they  meet  towards  £,  D,  because  GB 
Ues  between  GN  and  HD,  % 

Q.  B,  D. 
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Proposition  XXIX.    Theorem. 

//  a  straight  line  fall  ujwn  two  jcLrallel  straight  lines,  it 
malces  the  two  interior  angles  upon  the  same  side  together  equal 
to  two  right  angles,  and  also  the  alternate  angles  equal  to  one 
another,  and  aho  the  exterior  angle  equal  to  the  interior  and 
opposite  upon  the  same  side. 


Let  the  st.  line  EF  fall  on  the  parallel  st.  lines  AB,  CD. 
Then  must  '  - 

I.    z  s  BGH,  GHD  together = two  rt.  i  s. 
n.    z  J  (?//= alternate  zG^fTD. 
III.    z  i'(^£=corresponding  z  G^l/D.  "  " 

1.    IB  BGH,  GHD  cannot  be  together  less  tlian  two  rt.  z  s, 
for  then  AB  and  CD  would  meet  if  produced  towards 
B  and  D,  >,,       Post.  6. 

which  cannot  be,  for  they  are  parallel. 
Nor  can  z  s  BGH,  GHD  be  together  greater  than  two 
rt.  z  s, 
for  then  z  s  AGH,  GHO  would  be  together  less  than 
two  rt.  z  s,  I.  13. 

and  AB,  CD  would  meet  if  produced  towards  A  and  C 

Post.  6 
which  cannot  be,  for  they  are  parallel, 
z  sJBGif,  (rifD  together = two  rt.  z  s. 

z  s  BGH,  GHD  together = two  rt.  z  s, 
and  z  s  BGH,  ^6?IZ"  together = two  rt.  z  s,         I.  13. 
.'.  z  s  BGH,  AGH  together=  z  s  BGH,  GHD  together, 
and  .-.  z  AGH=  z  GHD.  Ax.  3. 

UI.  •/  iAGH=  L  GHD, 

-<^\lAGH^  lBGB,  1.15. 

.'.  L  EGBi=  L  GHD.  Ax.  1 


II. 


Q.  E.  D. 
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EXEROISEflL 

1.  If  through  a  point,  equi'distant  from  two  parallel 
Htraight  lines,  two  straight  lines  be  drawn  cutting  the  parallel 
straight  lines;  they  will  intercept  equal  portions  ef  the 
parallel  lines. 

2.  If  a  straight  line  be  drawn,  bisecting  one  of  the  angles 
of  a  triangle,  to  meet  the  opposite  side ;  the  straight  lines 
drawn  from  the  point  of  section,  parallel  to  the  other  sides 
and  terminated  by  those  sides,  will  be  equal 

3.  If  any  straight  line  joining  two  parallel  straight  lines 
be  bisected,  any  other  straight  Hne,  drawn  through  the  point  of 
bisection  to  meet  the  two  lines,  will  be  bisected  in  that  point. 

Note,  One  Theorem  (A)  is  said  to  be  the  convw^  of  another 
Theorem  (B),  when  the  hypothesis  in  (A)  is  the  conclusiou  in 
(B),  and  the  conclusion  in  (A)  is  the  hypothesis  in  (B). 

For  example,  the  Theorem  I.  A.  may  be  stated  thus  : 
Hypothesis,  If  two  sides  of  a  triangle  be  equal 
Conclusion.  The  angles  opposite  those  sides  must  also  be 
equal 

The  converse  of  this  is  the  Theorem  I.  b.  Cor. : 
'  Hypothesis,  If  two  angles  of  a  triangle  be  equal 

Conclusion,  The  sides  opposite  those  angles  must  also  be 
equal  "     -  -^ 

The  following  are  other  instances ; 

Postulate  VI.  is  the  converse  of  I.  17. 
L  29  is  the  converse  of  I.  27  and  28. 
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Proposition  XXX.    Theorem. 

Straight   lines    which    are  j)aralld   to  the   same   straight 
line  are  pa/rallel  to  one  another. 


Let  the  si  lines  ABy  CD  be  each  ||  to  EF,  \ ' 

Then  must  AB  be  \\  to  CD. 

Draw  the  st.  line  GH,  cutting  AB,  CD,  EF  in  the  pts. 


Then  '.•  OH  cuts  the  H  lines  AB,  EF, 

.-.  z  J.OP=alternate  z  PQF. 

And  •/  GH  cuts  the  11  lines  CD,  EF, 

.'.  extr.  i  OPD=intr.  z  PQF; 
.-.  iAOP=  lOPD; 

and  these  are  alternate  angles ; 
.'.  ^J5  is  II  to  CD. 


1.29. 
1.29. 


1.27. 

Q.  E.  D. 


The  following  Theorems  are  important.  They  admit  of 
easy  proof,  and  are  therefore  left  as  Exercises  for  the 
student. 

1.  If  two  straight  lines  be  parallel  to  two  other  straight 
lines,  each  to  each,  the  first  pair  make  the  same  angles  with 
one  another  as  the  second. 

2.  If  two  straight  lines  be  perpendicular  to  two  other 
straight  lines,  each  to  each,  the  first  pair  make  the  same  angles 
with  one  another  an  the  second. 
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Proposition  XXXT.    Problem. 

To  draw  a  draujht  line  through  a  given  point  parallel 
to  a  given  straight  line. 


&. 


S" 


F 


Let  A  be  the  given  pt.  and  BC  the  given  st.  line. 
It  is  required  to  draw  through  A  a  st.  line  \\  to  BG, 

In  BC  take  any  pt.  D,  and  join  AD. 

Make  z  DAE=  l  ADC.  I.  23. 

Produce  EA  to  J^.     Then  EF  stall  be  'J  to  BC. 

For  •.*  ADy  meeting  EF  and  jB(7,  makes  the  alternatp 
angles  equal,  that  is,  z  EAD=  l  ADC, 

.'.  EF  ia\\  to  BC.  I.  2^ 

.*.  a  St.  line  has  been  drawn  through  A  ||  to  BC. 

Q.  E.  F.    ' 

Ex.  1.  From  a  given  poiiit  draw  a  straight  line,  to  make 
an  angle  with  a  given  straight  line  that  shall  be  equal  to 
a  given  angle, 

Ex.  2.  Through  a  given  point  A  draw  a  straight  line 
ABC,  meeting  two  parallel  straight  lines  in  B  and  0,  so  that 
BC  may  be  equal  to  a  given  straight  line. 
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PrOPOSITTOX  XXXII.      THEORKM. 

Jf  a  side  of  any  triatujle   he  produced,  the  exterior  amgh 

i«   (qval   to   tha   tiro  interior    and    opposite   avt/hsj   and  the 

three  interior  angles  of  every   triangle  am   together  equal  to 
two  right  angles. 


1.31. 

1.29. 
I.  29. 


L(  t  A  BO  be  a  A ,  and  let  one  of  its  sides,  BC,  he  pro- 
duced to  D.  If 

Then  mil  - 

L      I  ACD=  l^ABC!,BAC  together. 
II.      L  s  ABC^  BAG,  ACB  together =two  rt.  as. 

From  C  draw  CE  II  to  ^^. 

Then  I.  '.•  BD  meets  the  Ijs  EC,  AB,  j 

.'.  extr.  A  ECD=mtr.  /.  ABC.  ,    V 

And  •.•  ^C  meets  the  \\s  EC,  AB, 

.'.  L  ^CE= alternate  l  BAC. 

.-.  ^  s  ECD,  ACE  together  =  l  s  ABC,  BAC  together  ; 
.'.  L  ACD=  L  3  ABC,  BAC  together. 

And  II.  •.•   L%  ABC,  BAC  together=  l  ACD, 
to  each  of  these  equals  add  z  ACB  ; 
then  z  f?  ABC,  BAC,  ACB  together  =  i  s  ACD,  ACB  together, 
.-.   I  s  ABC,  BAC,  ACB  together = two  rt.  z  s.      I.  13. 

^  .  -  Q.  E.  D. 

Ex.  1.  In  an  acute-angled   triangle,  any    two    angles    are 
greater  than  the  third. 

Ex.  2.  The  straight  line,  which  bisects  the  external  vertical 
angle  of  an  isosceles  triangle  is  parallel  to  the  base. 
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Ex.  3.  If  t^e  siflo  BC  of  the  triangle  A  HO  be  produced  to 
D,  and  AE  be  drawn  bisecting  the  angle  JiAC  and  meeting 
BC  in  E;  shew  that  the  angles  AB1>,  ACIJ  are  together 
double  of  the  angle  A  ED. 

Ex.  4.  If  the  straight  lines  bisecting  the  angles  at  the  base 
of  an  isosceles  triangle  be  produced  to  meet  ;  shew  that  they 
will  contain  an  angle  equal  to  an  exterior  angle  at  the  base  of 
the  triangle. 

Ex.  6.  If  the  straight  line  bisecting  the  external  angle  of  a 
triangle  be  parallel  to  the  base ;  prove  that  the  triangle  is 
isosceles. 

The  following  Corollaries  to  Prop.  32  were  first  given  in 
Sinison's  Edition  of  Euclid. 

Cor.  1.  The  sum  of  the  interior  angles  of  any  rectili>t,car 
Jigure  together  with  four  right  angles  is  equal  to  twice  as  many 
right  angles  as  the  figure  has  sides. 


It 


Let  ABODE  be  any  rectilinear  figure. 

Take  any  pt.  F  within  the  figure,  and  from  F  draw  the 
St.  lines  FA^  FB,  FC,  FD,  FE  to  the  angular  yt.s.  of  the  figure 

Then  there  are    formed  as   many  z  s  as    the  figure  has 
sides.  > 

The  three  z  s  in  each  of  these  A  s  toge«-^ier=two  rt.  z  8. 

.'.all  the  z  s  in  these  as   together -twice   as   many  right 
z  s  as  there  are  A  s,  that  is,  twice  as  many  right  z  s  as  the 
figure  has  sides. 

Now  angles  of  all  the  as=  z  s  at  A,  B,  C,  L\  E  and  l  s 
at  F, 

that  is,        =  z  s  of  the  figure  and  z  s  at  I'', 
and  .*.  =  z  s  of  the  figure  and  four  rt.  z  s.      I.  15.  Cor.  2. 

.'.  z  s  of  the  figure  and  four  rt.  z  s= twice  as  many  rt.  z  8 
as  the  figure  has  sides. 
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Cor.  2.  The,  exterior  angles  of  any  convex  rectilinear  figurCy 
made  by  producing  each  of  its  sides  in  succession,  are  together 
equal  to  four  right  angles.  -,  ' 

Every  interior  angle,  a-?  ABC,  and  its  adjacent  exterior 
angle,  as  ABD,  together  are = two  rt.  l  s. 


;H'i'i 


.'.all  the  intr.  zs  together  with  all  the  extr.  zs 

=  twice  as  many  rt.  z  s  as  the  figure  has  sides. 
But  all  the  intr.    z  s  together    with    four  rt.    z  s 

■=  twice  as  many  rt.  z  s  as  the  figure  has  sides. 
.•.  all  the  intr.  z  s  together  with  all  the  extr.  z  s 
=all  the  intr.  z  s  together  with  four  rt.  z  s. 
.*.  all  the  extr.  z  s=four  rt.  z  s. 
Note.  The  latter  of  these  corollaries  refers  only  to  convex 
figures,  that  is,  figures  in  which  every  interior  angle  is  less 
than  two  right  angles.    When  a  figure  contains  an  angle  greater 


\W- 


than  two  right  angles,  as  the  angle  marked  by  the  dotted  line 
iu  the  diagram,  this  is  called  a  reflex  angle.    See  p.  149. 

Ex.  1.  The  exterior  angles  of  a  quadrilateral  made  by  pro- 
ducing the  sides  successively  are  together  equal  fio  the  interior 
ftpglw. 
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Ex.  2.  Prove  that  the  interior  angles  of  a  hexagon  are  equal 
to  eight  right  angles. 

Ex.  3.  Shew  that  the  angle  of  an  equiangular  pentagon  is  -g 
of  a  right  angle. 

Ex,  4.  How  many  sides  has  the  rectilinear  figure,  the  sum 
of  whose  interior  angles  is  double  that  of  its  exterior  anf- les  ? 

Ex.  5.  How  many  sides  has  an  equiangular  polygon,  four 
of  whose  angles  are  together  equal  to  seven  right  angles  l 


Proposition  XXXIIT.    Theorem. 

The  straight  lines  tvhich  join  the  extremities  of  two  equal  and 
parallel  straight  lines,  towards  the  same  parts,  are  also  them- 
selves equal  and  parallel. 


Let  the  equal  and  ||  st.  lines  AB,  CD  be  joined  towards  tb* 
same  parts  by  the  st.  lines  AC,  BD. 

Then  must  AG  and  BD  be  equal  and  1|. 

Join  BC.  -  7 

Then  •.•^5is||to  CD, 

.'.  L  ABC =a\termte  I DCB.      ,  1.29. 

Then  in  £iH  ABC,  BCD, 
'/AB=CD,  and  BC  is  common,  and  z  ABC=  lDCB, 

.-.  AC=BD,  and  z  ACB=  l  DBC,  I.  4. 

Then  •.*  BC,  meeting  ^(7  and  5D, 

•    makes  the  alternate  z  s  ACB,  DBC  equal, 
,%  JCislltoBD.  ^ 
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Miscellaneous  Exercises  on  Sections  I.  'and  IL 

1.  If  two  exterior  angles  of  a  triangle  be  bisected  by 
straight  lines  which  meet  in  0 ;  prove  that  the  perpendiculars 
from  0  on  the  sides,  or  the  sides  produced,  of  the  triangle  are 
equal. 

2.  Trisect  a  right  angle.  x 

3.  The  bisectors  of  tiie  three  angles  of  a  triangle  meet  in 
one  point.     *  ^ 

4.  The  perpendiculars  to  the  three  sides  of  a  triangle  drawn 
from  the  middle  points  of  the  sides  meet  in  one  point. 

5.  The  angle  between  the  bisector  of  the  angle  BAG  of  the 
triangle  ABG  and  the  perpendicular  from  A  on  BC,  is  equal 
to  half  the  difference  between  the  angles  at  B  and  C. 

6.  If  the  straight  line  AD  bisect  the  angle  at  A  of  the 
triangle  ABCy  and  BDE  be  drawn  perpendicular  to  AD,  and 
meeting  ^0,  or  AC  produced,  in  E;  shew  that  BD  is  equal 
to  DE. 

7.  Divide  a  right-angled  triangle  into  two  isosceles  tri- 
angles. 

8.  ABy  CD  are  two  given  straight  lines.  Through  a  point 
E  between  them  draw  a  straight  line  OEHj  such  that  the  in- 
tercepted portion  GH  shall  be  bisected  in  E, 

9.  The  vertical  angle  0  of  a  triangle  OPQ  is  a  right,  acute, 
or  obtuse  angle,  according  as  OR,  the  line  bisecting  FQ,  is 
equal  to,  greater  or  less  than  the  half  of  PQ. 

10.  Shew  by  means  of  Ex.  9  how  to  draw  a  perpen- 
dicular to  a  given  str^Aight  line  from  its  extremity  without  pro- 
ducing it. 


^ 
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SECTION  III. 


On  the  Equality  of  Rectilinear  Figures  in  respect  of  Area, 


1  m 


The  amount  of  space  enclosed  by  a  Figure  is  called  the 
Area  of  that  figure. 

Euclid  calls  two  figiu-es  ttiual  when  they  enclose  the  same 
amount  of  space.  They  may  be  dissimilar  in  shape,  but  if  the 
areas  contained  within  the  boundaries  of  the  figures  be  the 
same,  then  he  calls  the  figures  eg-wa?.  He  regards  a  triangle, 
for  example,  as  a  figure  having  sides  and  angles  and  area,  and 
he  proves  in  this  section  that  two  triangles  may  have  equality 
of  area,  though  the  sides  and  angles  of  each  may  be  unequal. 

Coincidence  of  their  boundaries  is  a  test  of  the  equality  of 
all  geometrical  magnitudes,  as  we  explained  in  Note  1, 
page  14. 

In  the  case  of  lines  and  angles  it  is  ^he  only  test :  in  the 
case  of  figures  it  is  a  testy  hut  not  the  only  test ;  as  we  shall 
shew  in  this  Section. 

The  sign  =,  standing  between  the  symbols  denoting  two 
figures,  must  be  read  is  equal  in  area  to. 

Before  we  proceed  to  prove  the  Propositions  included  in 
this  Section,  we  must  complete  the  list  of  Definitions  required 
in  Book  I.,  continuing  the  numbers  prefixed  to  the  definitions 
'    page  6. 
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Definitions. 

XXVII.  A  Parallelogram  is  a 
four-sided  figure  whose  opposite 
sides  are  parallel. 


For  brevity  we  often  designate  a  parallelogram  by  two 
letters  only,  wliich  »nark  opposite  angles.  Thus  we  call  the 
figure  in  the  margin  the  parallelogram  AG. 

> 

XXVIII.  A  Rectangle  is  a  par- 
allelogram, having  one  of  its  angles 
a  right  angle. 

Hence  by  I.  29,  oil  the  angles  of  a  rectangle  are  right 
angles.  ' 


XXIX.   A  Rhombus  is  a  par- 
allelogram, having  its  sides  equal. 


XXX.  A  Square  is  a  paral- 
lelogram, having  its  sides  equal 
and  one  of  its  angles  a  right 
angle. 


Hence,  by  I.   29,  all  the  angles   of  a  square  are  right 


angles. 


XXXI.  A  Trapezium  is  a 
four-sided  figure  of  which  two 
sides  only  are  parallel. 


XXXII.  A  Diagonal  of  a  four-sided  figure  is  the  straight 
line  joining  two  of  the  opposite  angular  points. 
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XXXIII.  The  Altitude  of  a  Parallelogram  is  the  perpen- 
dicular distance  of  one  of  its  sides  from  the  side  opposite, 
regarded  as  the  Base. 

The  altitude  of  a  triangle  is  the  perpendicular  distance  of 
one  of  its  angular  points  from  the  side  opposite,  regarded  as 
the  base. 

Thus  if  ABCD  be  a  parallelogram,  and  AE  a  perpendicular 
let  fall  from  A  to  Ci>,  AE  is  the  altitude  of  the  parallelogram, 
and  also  of  the  triangle  ACD, 

A Jl 


If  a  perpendicular  be  let  fall  from  B  to  DC  produced,  meet- 
icig  DO  in  Fy  BF  is  the  altitude  of  the  parallelogram. 

Exercises. 
Prove  the  following  theorems '.        ~  ' 

1.  The  diagonals  of  a  square  make  with  each  of  the  sides 
VI  angle  equal  to  half  a  right  angle. 

2.  If  two  straight  lines  bisect  each  other,  the  lines  joining 
tfeeir  extremities  will  form  a  parallelogram. 

3.  Straight  lines  bisecting  two  adjacent  angles  of  a  paral- 
lelogram intersect  at  right  angles. 

4.  If  the  straight  lines  joining  two  opposite  angular  points 
of  a  parallelogram  bisect  the  angles,  the  parallelogram  has  all 
its  sides  equal. 

5.  If  the  opposite  angles  of  a  quadrilateral  be  equal,  the 
quadrilateral  is  a  parallelogram. 

6.  If  two  opposite  sides  of  a  quadrilateral  figure  be  equal  to 
one  another,  and  the  two  remaining  sides  be  also  equal  to  one 
another,  the  figure  is  a  parallelogram. 

7.  If  one  angle  of  a  rhombus  be  equal  to  two- thirds  of  two 
right  angles,  the  diagonal  drawn  from  that  angular  point 
divides  the  rhombus  into  two  equilateral  triangles. 
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Proposition  XXXIV.     Tiir'.ouEM. 

7'Vs  opposite  sides  and  amjlcs  of  a  parallelogram  are  equal  to 
'■  anotlicrf  and  the  diagonal  bisects  it. 


t  *• 


1.29 
1.29. 


C  9 

Let  ABDC  he  a  O,  and  BC  a  diagonal  of  the  O, 
Then  must        AB = DC  and  AC  =DB, 
and         L  BAC=^  l  CDB,  and  z  ^Z?D=  z  ^Ci> 
and  .   .  „    a^jBC=  Ai>C:Z^. 

For  \'  AB'x^W  to  CD,  and  BC  meets  them, 

.-.  z  ^5(7=  alternate  z  DCS  , 
and  •.*  ^0  is  II  to  J5D,  and  BC  meets  them, 

.*.  z  ^05= alternate  z  D^O. 
Then  in  as  J.BO,  DOJB, 

•.•  z  ^50=  z  jDC5,  and  z  ^Ci3=  z  DJ50, 

and  BC  is  common,  a  side  adjacent  to  the  equal  z  s  in  each  ; 
.-.  AB^BC,  and  AC=DB,  and  z  5^0=  z  CI>A 

and  A  ABC=  A  DC5.  I.  b. 

Also  •••  z  ^^C=  z  DC5,  and  z  i)J5C=  z  ^OB, 

/.  z  s  ABC,  DBC  together=  z  s  DCB,  ACB  together, 
thatia,  a  ABD^  lACD. 

Q.  £.  D. 

Ex.  1.  Shew  that  the.  diagonals  of  a  parallelogram  bisect 
each  other. 

Ex.  2.  Shew  that  the  diagonals  of  a  rectangle  are  equal. 
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Proposition  XXXV.    Theorem. 

Parallelograms  on  the  same  hose  and   between    the   same 
2)araUels  are  equal. 


MO 

Let  the  Os  ABCD,  EBCF  be  on  the  same  base  BO 
and  between  the  same  \\s  AF,  EC. 

Then  must  CJ  ABCD^CJ  EBCF. 
Case  I.  If  AD,  EF  have  no  point  common  to  both, 
Then  in  "the  As  FDC,  EAB, 

V  extr.  z  FDC=miY.  l  EAB, 
and  mtr.  z  Di^C'=extr.  z  AEB^ 
a,nd*DC=AB, 
.-.  lFDC=  lEAB. 

Now  O  ABCD  with  A  i^DC=figure  ABCF ; 
and  O  EBOi^  with  A  EAB=^gmQ  ABCF -y 
.'.  O  ABCD  with  A  FDC=CJ  EBCF  with  A  EAB\ 
.'.  O  ABCD=CJ  EBCF. 


I.  29. 
I.  29. 
1.34. 
1.  icd. 


.'»• 


.  [■;!, 


Case  II.    If   the    sides    AD,  EF   overlap    one   another 


A 


the  same  method  o^roof  appUeOi 


f. 
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(Jase  III.  If  the  sides   opposite  to  BQ  be  terminated  in 
the  same  point  Z), 


the  same  method  of  proof  is  applicable, 
but  it  is  ensier  to  reason  thus  : 
Each  of  the  Os  is  double  of  A  BDG ; 

.-.  O  ABCD^nj  DBCF. 


1.34. 


Q.  E.  D. 


Proposition  XXXVI.    Theorem. 

Parcdlelograiois    on    equal    hasesj    and    between    the    ea/me 
pa/rallelsj  are  eqiial  to  one  ano}her.  ; 


'".er  the  Os  ABCD,  EFGH  be  on  equal  bases  BCy  FG, 
and  between  the  satne  \\&  AH,  BG. 

Then  must  O  ABCD=CJ  EFGH. 

Join  BE,  CH. 

Thea  v  BG^FG, 

mdEH=FG; 

,'.BC=EH;  ^ 

and  50  is  II  to  EJT. 

.-.  JKJB  is  II  to  Oi/ ; 

.*.  EBCH  is  a  parallelogram.  ^ 

^ow.CJ  EBCH=CJABCD, 

'.'  they  are  on  the  sujne  base  BG  and  between  the  same  |fs  ; 

and  ZZ7  EBCH = EJEFGH,  I.  35. 

\'  they  are  on  the  same  base  EH  and  between  the  same  ||s  , 

.\  CJ  ABCD=CJ  EFGH. 

•  0.  E.  D. 


Hyp. 
1.34. 

Hyp. 
1.33. 

1.35. 
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Proposition  XXXVII.    Theorem. 

2\ianyle8    upon    the    same    hasCy    and    between    the    same 
paralleln,  are  equal  to  one  another. 


Let  A  s  ABC,  DBC  be  on  the  same  base  EC  and  between 
the  same  ||s  AD,  BC. 

Then  must  A  ABG=  txDBC. 

From  B  draw  BE  ||  to  CA  to  meet  DA  produced  in  E. 
From  C  draw  CF  H  to  BD  to  meet  AD  produced  in  F. 

Then  EBCA  and  FCBD  are  parallelograms, 

and  O  EBCA=nJ  FCBD,  I.  35. 

•.•  they  are  on  the  same  base  and  between  the  same  ||s. 

Now  A  ABC  is  half  of  O  EBCA,  I.  34- 

and  A  DBC  is  half  of  O  i^C'i?D  ;  I.  34. 

.-.  A  ABC  =£^  DBC.  Ax.  7. 

.  Q.  E.  D. 

Ex.  1.  If  P  be  a  point  in  a  side  AB  of  a  parallelogram 
ABCD,  and  PC,  PD  be  joined,  the  triangles  PAD,  PBC  are 
together  equal  to  the  triangle  PDC. 

Ex.  2.  If  A,  B  be  points  in  one,  and  C,  D  points  In 
another  of  two  parallel  straight  lines,  and  the  lines  AD,  BC 
i\iteisect  in  E,  then  the  triangles  AECj  BED  are  equal. 
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Proposition  XXXVIII.     Tiikorf:m. 

Triangles  upon  equal  bases,  and  between  the  mine  parallels^ 
are  equal  to  one  another. 


Let    As  ABG,  DEF  be   on  equal   bases,  BO,   EFj  and 
between  the  same  ||s  BFy  AD. 

Then  must  ^  ABC  =  /s  DEF. 

From  B  draw  BO  \\  to  CA  to  meet  DA  produced  in  G. 

From  F  draw  FH  \\  to  7i'D  to  meet  AD  itroduced  in  E.       , 

Then  CG  and  EH  are  parallelograms,  and  they  are  equal, 

*.'  they  are  on  equal  bases  BC,  EF,  and  between  the  same 

1.36 


lis  BFy  GH. 


Now  A  ABG  is  half  of  O  GG, 
and  A  DEF  is  half  of  O  J5,'i7  ; 
.-.  lABG=  lDEF. 


,     Ax.  7, 

Q.  E.  D. 


Ex.  1.  Shew  that  a  straight  line,  drawn  from  the  vertex 
of  a  triangle  tc  bisect  the  base,  divides  the  triangle  into  two 
equal  parts. 

Ex.  2.  In  the  equal  sides  AB,  ^  (7  of  an  isosceles  triangle 
ABG  points  D,  E  are  taken  such  that  BD=AE.  Shew  that 
the  triangles  GBD^  ABE  are  equal. 
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Proposition  XXXIX.    Theorem. 

Equal  triangles  upon  the  mmp.  hase^  and  upon  the  samf  dd^ 
oj  iU  (ire  between  the  same  pnrnUch. 


A. 


I    < 


Let  the  equal  as  AB(^,  DEC  be  on  the  same  base  BG^  and 
CD  the  same  side  of  it. 

^  Join  AD. 

Then  must  ADheW  to  BG. 

For  if  not,  throug^h  A  draw  A  0  !l  to  BC\  m  ns  to  meet  BD, 
01  JBX)  produced,  J n  0,  and  join  OG. 

Then  '.*  a  s  J  BCj  OBC  are  on  the  same  base  and  between 
the  same  |ls, 

.\aABG=aOBG.  1.37. 

But  £^ABC=aDBG;  Hyp. 

.-.  A  obg=  a  dbg, 

the  less = the  greater,  which  is  impossiole  ; 
,*.  ^Ois  not  II  toBO. 
In  the  same  way  it  may  be  shewn  that  no  other  line  passinc; 
through  A  but  AD  is  ||  to  J5C ; 

,  .-.  AD  is  11  to  BG. 

**  Q.  E.  D. 

Ex.  1.  AD  is  parallel  to  BG ;  AG,  BD  meet  m  E ;  BG  k 
produced  to  P  so  thnt  the  triangle  PEB  is  equal  to  the 
triangle  ABG :  sltew  that  PD  is  parallel  to  AG. 

Ex.  2.  If  of  the  four  triangles  into  which  the  diagonals 
divide  a  quadrilateral,  two  opposite  ones  are  equal,  the  quad- 
rilateral has  two  opposite  sides  parallel. 
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Proposition  XL.    Theorek. 

Equal  triangles  upon  eqval  hcu^es,  in  the  same  straight  h'ne, 
and  towanrds  the  same  parts,  are  hdween  the  same  parallels. 


Let  the  equal  as  ABOy  DEF  be  on  equal  bases  BC,  EF 
in  the  same  st.  line  BF  and  towards  the  same  parts. 

Join^D.  I 

"'  Then  must  AD  he\itoBF, 

For  if  not,  through  A  draw  ^  0  ||  to  BF,  so  as  to  meet  ED^ 
or  ED  produced,  in  P,  and  join  OF. 

Then  a  ABC^  a  OEF,  v  they  are  on  equal  bases  and 
between  the  same  ||s.  I.  38. 

But  lABC='LDEF\  y  Hyp. 

.-.  lOEF=^  t^DEF, 
the  less  «=  the  greater,  which  is  impossible. 
.-.  ^Oisnotllto  JBi^. 
In  the  same  way  it  may  be  shewn  that  no  other  line  passing 
through  A  but  AD  is  II  to  BF, 

.'.ADi&WioBF,  '  :i 

Q.  B.  D. 

Ex.  1.  The  straight  line,  joining  the  points  of  bisection  of 
two  sides  of  a  triangle,  is  parallel  to  the  base,  and  is  equal  to 
half  the  base. 

Ex.  2.  The  straight  lines,  joining  the  middle  points  of  the 
sides  of  a  triangle,  divide  it  into  four  eq^ual  triangles^t 
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Proposition  XLI.    Theorem. 

•  - 

' If  a  parallelogram  and  a  triangle  he  upon  the  same  base,  and 
between  the  same  parallels f  the  parallelogram  is  double  of  the 
triangle. 


'■  t  *i 
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Let  the  O  ABCD  and  the  A  EBC  be  on  the  same  base  BC 
and  between  the  same  \\s  AEy  Bt\ 

Then  must  O  ABGD  be  double  of  A  EBC. 

Join  AG. 

Then  aABC=  a  EBC,  v  they  are  on  the  same  base  and 
between  the  same  ||s  ;  I.  37. 

and  O  ABCD  is  double  of  A  ABC,  v  AC  is  a  diagonal  of 
ABCD ;  I.  34. 

.-.  O  ABCD  is  double  of  A  EBC. 

■     >  y'^  Q.  E.  D. 

Ex.  1.  If  from  a  point,  without  a  parallelogram,  there  be 
drawn  two  straight  lines  to  the  extremities  of  the  two  opposite 
sides,  between  which,  when  produced,  the  point  does  not  lie, 
the  difference  of  the  triangles  thus  formed  is  equal  to  half  the 
parallelogram.  , 

Ex.  2.  The  two  triangles,  formed  by  drawing  straight  lines 
from  any  point  within  a  parallelogram  to  the  extremities  of 
its  opposite  sides,  are  together  half  of  jthe  parallelogram.         • 


68 


EUCLID'S  ELEMENTS. 


[Book  i. 


W 


m 


Proposition  XLII.    Problem. 

To  describe  a  jMrallcIoijrani  that  .shall  he  equal  to  a  given 
tnanylc,  and  have  one  of  its  angles  equal  to  a  (jiven  angle. 


I.  10. 
I.  23. 


•' 


Let  A  BC  be  the  given  A ,  and  D  the  given  z  . 
It  is  required,  to  describe  a  LO  equal  to  A  ABC,  having  one 

of  its  ls=  I  D. 
> 

Bisect  BC  in  E  and  join  AE. 

At  E  make  z  CEF=r  z  I). 

Draw  AFG  \\  to  BC,  and  from  G  draw  CG  i|  to  EF. 

Then  FECG  is  a  parallelogram. 

^lovf  lAEB=c^AEC, 

'.'  they  are  on  equal  bases  and  between  the  same  I|s. 
.-.  A  J  j(50  is  double  of  A  u4ii'a 
But  fO  FECG  is  doul)le  of  a  AEC, 

','  they  are  on  same  base  and  between  same  I|s. 
.:CJ  FECG=^ABC, 
and  O  FECG  has  one  of  its  z  s,  CEF=  z  D. 

it 

.'.  CJ  FECG  has  been  described  as  was  reqd. 

Q.  E.  F. 

Ex.  1.  Describe  a  triangle,  which  shall  be  equal  to  a  given 
parallelogram,  and  have  one  of  its  angles  equal  to  a  given 
rectilineal  angle.  ' 

Ex.  2.  Construct  a  parallelogram,  equal  to  a  given  triangle, 
and  such  that  the  sum  tif  its  sides  shall  be  equal  to  the  sum 
of  the  sides  of  the  triangle. 

•Ex.  3.  The  perimeter  of  an  isosceles  triangle  is  greater  than 
the  perimeter  of  a  rectangle,  which  is  of  the  same  altitude 
"Vitih*  and  eqiial  to,  the  given  triangle.  ., 


I.  38. 


1.41. 
Ax.  6. 
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Proposition  XLIII.     Theorem. 

The.  complernents   of  the  j  araUilnijrama,   which   arc   about 
the  diameter  of  any  paralleloyrani,  are  tujual  to  one  another. 


Let  ABCD  be  a  CJ,  of  which  BD  is  a  diagonal,  ar.d 
EG,  HK  the  £7s  about  BD,  that  is,  through  which  BD 
passes, 

and  AF,  FC  the  othtr  /Ua,  which  make  up  the  whole 
figure  ABCD, 

and  which  are  .'.  called  the  Complements. 

Then  )nu.4  complement  AF=coniiJ>uiH'nt  FC, 

For  •.'  BD  is  a  diagonal  of  O  A  ( \ 

.'.  A  ABD=aCDB; 
and  •.*  BF  is  a  diagonal  of  LJ  HK, 

.'.  A  HBF=^KFB; 
and  •,*  i^D  is  a  diagonal  of  O  ^Tr, 
.-.  aEFD=aGDF 
Hence  sum  of  As  HBF,  EFD=^s\\m  of  as  KFB,  GDF. 
Take  these  equals  from  as  ABD,  CDB  respectively, 

thon  remaining  ZZ7  ^1/*'=  remaining  ZZ7  FC.         A^ .  3. 

Q.  F.  D. 

Ex.  1.  If  through  a  point  0,  within  a  parallelogram 
ABCD,  two  straight  lines  are  drawn  parallel  to  tiie  sides, 
{^nd  the  parallelograms  OB,  OD  are  eqnid  ;  the  point  0  i  i 
in  the  diagonal  AC.  . 

Ex.  2  ABCD  is  a  parallelogram,  AMN  a  straight  lire 
meeting  the  sides  BC,  CD  (one  of  them  being  produced)  \:\ 
M,  N.  Shew  that  the  triangle  MBK  is  equal  to  the  trianj. 
MDC. 


I.  34. 
I.  34. 
1.34. 
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Proposition  XLIV.    Problem. 

To  a  given  straight  line  to  apply  a  parallelogram,  which 
shall  be  equal  to  a  given  trianghf  and  have  one  of  its  angles 
equal  to  a  given  angle. 


Let  AB  be  the  given  ct.  line,   C  the  given  A,  D  the 
Ejiven  z . 

It  is  required  to  apply  to  AB  a  ZZ7  ==  a  C  and  having  one 

of  its  Ls—  I  D. 

Miike  a  IU=  A  C,  and  having  one  of  its  angles=  z  7),     I.  42. 

and  suppose  it  to  be  removed  to  such  a  position  that  one  of 
the  sides  containing  this  angle  is  in  the  same  st.  line  with  AB, 
and  let  the  O  be  denoted  by  BEFG. 

Produce  FG  to  77,  draw  All  \\  to  BG  or  EF,  and  join  BlI. 
Then  •.*  FH  meets  the  [js  AH,  EF, 

.'.  sum  of  z  s  ATTF,  HFE =iwo  rt.  z  s  ;  I.  20. 

.'.  sum  of  z  s  BHG,  HFE  is  less  than  two  rt.  z  s  ; 
.'.  IIB,  FE  will  meet  if  produced  towards  B,  E.  Post.  6. 

Let  them  meet  in  K. 
Through  K  draw  KL  ||  to  EA  or  FH, 
and  produce  HA,  GB  to  meet  KL  in  the  pts.  L,  M. 
Then  HFKL  is  a  ZZ7,  and  HK  is  its  diagonal ; 
and  AG,  ME  are  ZI7s  about  .ff /I", 
.*.  complement  £L= complement  £7'',  I. '^. 

.■.cjBL=La    ■  •  -    • 

Also  the  O  5L  has  one  of  its  z  a,  j4  BM"=  z  EJB(r,  and 
,*.  equal  to  z  7). 

0    E.  F. 
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Proposition  XLV.    Problem. 

To  describe  a  parallelogram,  which  shall  be  equal  to  a 
given  rectilinear  figure,  and  have  one  of  its  angles  equal  to  a 
given  angle. 

■P  g    J  2) O    . 


MA  Ji 

Let  ABCJD  be  the  given  rectil.  figure,  and  E  the  given  z  . 

It  is  required  to  describe  a  O  =  to  ABCD,  having  one 

of  its  LS=  L  E. 

Join  AG* 

Describe  a  O  FGHK=  a  ABG,  having  i  FKH=  l  E. 

L42. 

To  QK  apply  a  O  QRUL=  A  CBA,  having  l  GHM=  l  E, 

L  44. 
Then  FKML  is  the  O  reqd. 

For  •.•  L  GEM  and  z  FKH  are  each=  ^E; 

.'.  L  GHM=  L  FKH,  / 

.'.  sum  of  z  s  6?//M,  GHK= sum  of  z  s  J^ZH,  G^/T^ 

=  two  rt.  z  s  ;  I.  29. 

.-.  XifM  is  a  St.  line.  1,14. 

Again,  •.*  HG  meets  the  ||s  FG,  KM, 

z  FGH='  L  GHM, 
.-.  sum  of  z  s  FGH,  LGH =sum  of  z  s  GHM,  LGH 

=  two  it.  z  s  ;  I.  29. 

.'.  J'GfX  is  a  St.  line.  I.  14. 

Then  '.•  KF  is  ||  to  HG,  and  HG  is  ||  to  LM 

.'.  KF  is  II  to  LM ; 
and  KM  has  been  shewn  to  be  ||  to  FL, 

.'.  FKML  is  a  parallelogram, 
and'.-  FH=  ^  ABC,  a.ndGM=  A  CD  A, 

.'.  O  J^M=- whole  rectil.  fig.  ABCD, 
and  HJ  FM  has  one  of  its  z  s,  FKM=  l  E. 
In  the  same  way  a  CJ  piay  be  constructed  equal  to  a  given 
rectil.  fig.  of  any  number  of  sides,  and  having  one  of  its  anglea 
equal  to  a  given  angle.  Q.  R  f. 
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Miscellaneous  Exercises. 


1.  If  one  diagonal  of  a  quadrilateral  bisect  the  other,  it 
divides  the  quadrilateral  into  two  equal  triangles. 

2.  If  from  any  point  in  the  diagonal,  or  the  diagonal  pro- 
duced, of  a  parallelogram,  straight  lines  be  drawn  to  the 
opposite  angles,  they  will  cut  off  equal  triangles.        ' 

3.  In  a  trapezium  the  straight  line,  joining  the  middle 
points  of  the  parallel  sides,  bisects  the  trapezium. 

4.  The  diagonals  AG,  BD  of  a  parallelogram  intersect  in 
0,  and  P  is  a  point  within  the  triangle  AOB  ;  prove  that  the 
difference  of  the  triangles  CPD,  APD  is  equal  to  the  sum  of 
the  triangles  ^PC,JBPi>. 

6.  If  either  diagonal  of  a  parallelogram  be  equal  to  a 
side  of  the  figure,  the  other  diagonal  shall  be  greater  than 
•any  side  of  the  figure. 

6.  If  through  the  angles  of  a  parallelogram  four  straight 
lines  be  drawn  parallel  to  its  diagonals,  another  parallelogram 
will  be  formed,  the  area  of  which  will  be  double  that  of  the 
•original  parallelogram. 

7.  If  two  triangles  have  two  sides  respectively  equal  and 
the  included  angles  supplemental,  the  triangles  are  equal. 

8.  Bisect  a  given  triangle  by  a  straight  line  drawn  from 
a  given  point  in  one  of  the  sides. 

9.  The  base  AB  of  a  triangle  ABC  is  produced  to  a  point 
D  such  that  BD  is  equal  to  AB,  and  straight  lines  are  drawn 
from  A  and  I)  to  E,  the  middle  point  of  BG ;  prove  that  the 
triangle  ADE  is  equal  to  the  triangle  ABC. 

10.  Prove  that  a  piir  of  the  dia;.'onals  of  the  parallelograms, 
which  are  about  the  diauetcr  of  any  paraUelogram,  are  parallflJ 
to  each  other. 
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Proposttiox  XLVL    Problem. 
To  describe  a  6<j[uarc  upon  a  yiccii  straight  line. 


Let  AB  he  tlio  ;:i\Hii  st.  line. 
Jt  is  required  to  describe  a  square  on  AB, 
From  A  draw  AC  ±  to  AB. 

In  AC  nvd\ieAD  =  A B. 
Through  D  draw  UE  II  to  AB. 
T'lvongh  B  draw  B£J  \\  to  AD. 
Then  AE  la  a  parallelogram, 
and.-.  AB=ED,  and  AB=BE. 
B\xtAjlS=-AD', 

.'-.  AB,  BE,  ED,  DA  are  all  equal ; 

.'.  AE  is  equilateral, 
*     And  L  BAD  is  a  right  angle. 
.'.  AE  i^  a  square, 
and  it  is-described  on  AB. 


L  11.  Cor. 

L  31. 
L  31. 

L34. 


Def.  XXX. 


Q.  E.  F. 


Ex.  1.  Shew  how  to  construct  a  rectangle  whose  sides  are 
?qual  to  two  given  straight  lines. 

Ex.   2.  Shew  that  the  squares  on  equal  straight  lines  are 
equal. 

Ex.  3.  Shew  that  equal  squaie^:  must  be  on  equal  straight 
lines. 

Note.  The  theorem.^^  in  Ex.  2  and  3  are  assunigd  by  Euclid 
ill  the  proof  of  Prop.  XLViii. 
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Proposition  XLVII.    Theorem.    ^       .      \ 

In  any  right-angled  triangle  the  square  which  is  described  on 
the  side  subtending  the  right  angle  is  equal  to  the  squares 
described  on  the  sides  which  contain  the  right  angle. 


Let  ABC  be  a  right-aniQ;led  A ,  having  the  rt.  z  BAG. 
Then  must  sq.  on  BC~  sum  of  sqq.  on  BA,  AC. 
On  BG,  CA,  AB  descr.  the  sqq.  BDEC,  CKHA,  .iGFB. 
Through  A  draw  AL  \\  to  BD  or  CE,  and  join  AD,  FC. 
Then  *.•  z  BAG  and  i  MAG  are  both  rt.  Z  s. 

.•.  GAG  w  a  St.  line  ;  I.  14. 

and  *.'  z  BAJ  and  z  CAH  are  ooth  rt.  z  »  ;      • 

.*.  BAT.1  is  a  st.  line.  I  14. 

*Now  •.•  z  DBG=  L  FBA.  eac>^  being  a  rt.  z*, 
adding  to  • »  ch  z  ABC,  've  have 

AAVDr=^  I  FBC.  Ax.  2. 

Then  in  A  s  ABD,  FBf}^ 

'.'  AB^FB,  and  P>P  =  BG,  and  .  ABD^  l  FBG, 

.'.  aJM.D=^^FBC.  1.4. 

Now  £7  BL  is  double  of  A  ABD,  on  same  base  BD  and 
between  same  ||s  AL,  B^  I.  41. 

and  sq.  BG  is  double  «f  a  FBG^  oa  same  base  jfiS  and  be- 
tween same  lis  i''^,  00;;  1.41. 

.-.a  BL-^sq.  BG. 
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Similarlji  by  joining  AEy  BK  it  may  be  shewn  that 

OCX=:sq.  ^Z. 

Now  sq.  on  £C—8um  of  O  BL  and  O  Oi, 
«=suni  of  sq.  BO  and  sq.  AKy 
=sum  of  sqq.  on  BA  and  AC. 

•  Q.  a.  D. 

Ex.  1.  Prove  that  the  square,  described  upon  the  diagonal 
of  any  given  square,  is  equal  to  twice  the  given  square. 

Ex.  2.  Find  a  line,  the  square  on  which  shall  be  equal  to 
the  sum  of  the  squares  on  three  given  straight  lines. 

Ex.  3.  If  one  angle  of  a  triangle  be  equal  to  the  sum  of 
the  other  two,  and  one  of  the  sides  containing  this  angle  being 
divided  into  four  equal  parts,  the  other  contains  three  of  those 
parts  ;  the  remaining  side  of  the  triangle  contains  five  such 
parts. 

Jx.  4.  The  triangles  ABC,  DEF,  having  the  angles  ACB, 
DFE  right  angles,  have  also  the  sides  AB,  ^0  equal  to  DE, 
DF,  *>ach  to  each  ;  shew  that  the  triangles  are  ei\\iid  in  every 
respect. 

TtC-B.  This  Theorem  has  been  already  deduced  as  a  Co- 
rollary from  Prop.  E,  page  43. 

Ex.  5.  Divide  a  given  straight  line  into  two  parts,  so  that 
thoisoi;  re  on  one  part  shall  be  double  of  the  square  on  the 
other. 

Ex.  6.  If  from  one  of  the  acute  angles  of  a  right-angled 
triangle  a  line  be  dra^n  to  the  opposite  side,  the  squares  on 
that  side  and  on  the  line  so  drawn  are  together  equal  to  the 
sum  of  the  squares  on  tlie  segment  adjacent  to  the  righ  c  angle 
uvl  on  the  hypotenuse. 

Ex.  7.  In  any  triangle,  if  a  line  be  t^rawn  from  the  vertex  s,t 
right  angles  to  the  base,  the  difference  between  the  squares  on 
the  sides  is  equal  to  the  difTcrence  between  the  squares  on  the 
segments  of  the  base. 
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Proposition  XLVIII.    Theorem. 

If  the  square  ihscribal  upon  one  of  the  sides  of  a  triangle  he 
equal  to  the  squares  (hxcrihed  upon  the  other  two  sides  of  it,  the 
angle  contained  by  those  sides  /.■>•  h  riijht  angle. 


Let  the  sq.  on  BC\  n  side  of  a  ABC,  be  equal  to  the  sum  of 
the  sqq.  on  AB,  A(\ 

Then  mud  A  B  AC  be  art.  angle. 
From  pt.  A  draw  AD±  to  AC.  .    I.  11. 

Make  AD  =  AB,  and  join  DC. 
Then  vAD==AB, 

.".  sq.  on  Ji>=sq.  on  A  B  ;         I.  46,  Ex.  2. 
^  add  to  each  sq.  on  AC . 

then  sum  of  sqq.  on  AD,  ylC'=suni  oi'sqq.  on  AB,  AC. 
,  ,       But  *.'  z  DAC  is  a  rt.  angle,  .      ,! 

.•.  sq.  on  D(*=simi  of  sqq.  on  AD,  AC  ',         T.  47. 

and,  by  hypothesis, 

sq.  on  i^('=snm  of  bqq.  on  AB,  AC ', 
.  •     .'.  sq.  on  DC=in].  on  B(J; 

.'.DC^B(\  I.  46,  Ex.  S. 

Then  in  t.^  ABC,  ADC,   - 

•.•  A  /?=-  A   ),  and  ^IC  ii  common,  and  BC=DC, 

.'.  iBAC^  iDAC;  Lc 

and  .:  DAC  is  a  rt.  angle,  by  construction  l^    . 
.'.  z  l^^iC  is  a  rt.  anf^le.  V 


BOOK    II. 

INTRODUCTORY  REMARKS. 

The  geometrical  fi;,nire  with  which  we  arc  chiefly  concerned 
in  this  book  is  the  IIectanulk.  A  rcctaui,4o  is  suid  to  be  con- 
tained  by  any  two  of  its  adjacent  sides. 

Thus  i(  ABCl)  be  a  rectai),L,de,  it  is  said  to  be  contained  by 
AB.  AD,  or  by  any  other  pair  of  adjacent  sides. 

-A y> 


We  shall  use  the  abbreviation  red.  AB,  AD  to  express  the 
words  "the  rectangle  contained  by  AJi,  AD." 

We  shall  wake  frequent  use  of  a  Tliedreni  (employed,  but  not 
demonstrated,  by  Euclid)  which  may  be  thus  stated  and  proved  . 

PuorosrnoN  A.     Tiikorem. 
If  the  (uljaccnt  siili'A  of  one  rcctaticilc  he  e(inal  lo  the  .mljacnit 
sidi'S  of  another  Tccfanylc,  each  to  each,  the  recta ikjIcs  are  equal 
in  area.  . 

Let              ABCD,  EFGll  be  two  icctan-Ics  : 
and  let  AB=EF  and  BC=FG. 
A D  j;  rr         ' 


Ji  r'  i'  G 

Then  must  red.  ABCD =rect.  BFGH. 
For  if, the  rect.  FFGII  be  applied  to  the  rect.  ABCD.  sc 
that  EF  coincides  with  AB, 

then  FG  will  fall  on  BC,  :'  z  EFG=  l  ABC, 

and  G  will  coincide  with  C,  '.'  BC=FG. 
Similarly  it  may  be  ;-hewu  tluit  11  will  coincide  with  D, 
,\  rect.  EFGH  coincides  with  and  is  therefore  equal  to  rect 

ABCD.  Q.  E.  D. 
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J  PftoposiTioN  I.    Theorem. 

If  then  &«  iwo  straiffht  linen,  one  of  which  ts  divided  into 
any  number  of  parts,  the  rrcfatigle  rontaiverl  by  the  two  straight 
lines  is  equal  to  the  rectangles  contained  by  the  undivided  line 
and  the  several  parts  of  the  divided  line. 


%  ,i. 


Let  AB  and  CD  be  two  given  st.  lines, 
and  let  CD  be  divided  into  any  parts  in  E,F. 

Then  must  red.  AB,  CD = sum  of  rect.  AB,  CE  and  feet. 
AB,  EF  and  rect  AB,  FD. 

From  C  draw  CG  ±  to  CD,  and  in  CG  make  CH=AB. 
Through  H  draw  HM 11  to  CD,  I.  31. 

Through  E,  F,  and  D  draw  EK,  FL,  DM  11  to  CH. 
Then  EK  and  FL,  being  ench  =  CH,  are  each  =  AB. ' 

Now  C3i"=sum  of  CK  and  EL  and  FM.  ;. 

And  CM=  rect.  ^^,  CD,         '.' CtI=AB, 

CK=Tect.  AB,  CE,         \  C1I=AH,  . 

EL=rect.  AB,  EF,         \' EK=AB, 

FM==Tect.  AB,  FD,        vFL=AB; 

.-.  rect.  ^5,  CD  =  sum  of  reut.  AB,  CE  and  rect.  AB,  EF 
and  rect.  AB,  FD. 

-  '  ^  Q.  E.  D.    ; 

Ex.  If  two  straight  lines  be  each  divided  into  any  number 
of  parts,  the  rectangle  contained  by  the  two  lines  is  equal  to 
the  rectangles  contained  by  all  the  parts  of  the  one  taken 
separately  with  all  the  parts  of  the  other.  ' 


!look  u) 
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V. 


Proposition  II.    Theorem. 

'   ■    ,'  •         ■  - 

If  a  straight  line  be  divided  into  any  two  parts,  the  rectangles 
contained  by  the  whole  and  each  of  the  parts  are  together  equoi 
to  the  sqtux/re  on  the  whole  line. 


1.46. 
1.31. 


F     i) 

Let  the  et.  line  AB  be  divided  into  any  two  parts  in  (X 

Then  must 

sq.  on  AB—sum  of  rect,  AB,  AC  and  red.  AB,  CR 

On  AB  describe  the  sq.  A  DEB. 
Through  0  draw  CF  li  to  AD. 
Then  ^^=sum  g{  AF  and  CF,  '  . 

Now  AE  is  the  sq.  on  AB, 

AF^rect.  AB,  AC,        '.'  AD^AB, 
CE=Tect  AB,  CB,        '.'  BE^AB; 
.*.  sq.  on  -4^= sum  cf  rect.  AB,  -4(7  and  rect.  AB,  CB. 

Q.  E.  D. 

Ex.  The  square  on  a  straight  line  is  equal  to  four  times  th< 
square  on  half  thclin* 
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pKOrOSlTION  III.       TlIKORKM. 

If  a  slmi'jht  line  he  divided  into  anij  tiro  jwr/s,  the  rectangle 
contained  bij  the  irholc  and  one  of  the  partu  is  equal  to  the  red- 
atit/le  contained  bij  the  two  parts  together  with  the  square  on  thi 
aforesaid  part. 


A 

a 

B 

m 

IT          J 

) 

i: 

Let  the  st.  line  AB  be  uiviJcJ  into  any  two  parts  in  0. 

Then  mui^t 

rcct.  AB,  CB~su)ii  of  vet.  A(\  CB  and  sq.  o)i,  CB. 

On  CB  describe  tiie  sq.  CDEB.  L  iC 

From  A  draw  AF  \\  to  CD,  meeting  ED  produced  in  F. 

Then  .4i!;=sum  oi  AD  and  CE. 
Now  ^E=rect.  AB,  CB,        v  BE^CB, 
AD^rect.  AC,  CB,        v  CD=CB, 
CE=^s^[.  on  CB. 
.'.  rect.  AB,  CB^axxm  of  rect.  AC,  CB  and  sq.  on  CB. 

Q.  E.  D. 

NoTK.  Whon  a  j-tra'ulit  line  is  cut  in  a  point,  the  distanr,e?i 
of  the  point  of  section  from  the  cilia's  of  the  line  are  culled  the 
sejinents  of  the  line. 

If  a  line  AB  he  divided  in  C, 
AC  and  CB  are  called  the  internal  segments  of  AB. 

If  a  line  -^  0  be  produced  to  B, 

AB  and  CB  are  called  the  externa!  segiumts  of  AC. 
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Proposition  IV.     Theorem. 

If  a  straight  line  he  divided  into  atnf  fa-o  part^^,  thr  square 
t»i  i1t4t-  whole  line  is  etpial  to  the,  mpuma  <ui  the  two  parts  toydher 
(C^tl,.  twice  the  redanylc  contained  bij  the  parts. 


X 


D  OS 

Let  the  st.  line  AB  be  divided  into  aiij'  two  parts  in  C, 
Then  must 
«(/.  on  AB=snm  of  sqq.  on  AC,  CB  and  twice  rect.  AC,  (7>. 

On  AB  (ksciibe  the  fM\.  AIUJB.  I.  46. 

From  AD  cut  oil' AH  =  CB.     Then  111)=^ AC 

Draw  CG  II  to  AD,  and  UK  \\  to  AB,  meeting  CG  in  F. 

Then  •.•  BK=^A  11,      .'.  BK  =  CB,  Ax.  i. 

.-.  BK,  KF,  FC,  CB  are  all  equal  ;  and  KBC  is  a  rt.  i  ; 

.:  CK  is  the  sq.  on  CB.  Def.  xxx. 

Also  /I(^=Fsq.  on  AC,        v  HF  and  HD  cin:\i=AG. 

Now  AE=iinm  of  HG,  CK,  AF,  FE, 

AE=?,q.  on  AB, 


and 


HG=sq.  on  ACy 
CK=B(i.  on  CB, 
AF=Yect.  AC,  CB, 
FE=Yect.  AC,  CB, 


\'CF=CB, 
vFG^ACand  FK=CB. 


.'.  sq.  on  -.4i>*=siim  of  sqq.  on  AC,  CB  and  twice  rect.  AC,  CB. 

Q.  E.  i». 

Ex.  In  a  triangle,  whose  vertic;il  angle  is  a  right  angle,  a 
straight  line  is  drawn  from  the  vertex  perpendicular  to  the 
base.  Shew  that  the  rectangle,  coiitainci)  by  the  segments  of 
the  base,  is  equal  to  the  square  on  the  per,)eudicular. 
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Proposition  V.    Theorem. 

Jj  a  straight  line  be  divided  into  two  equal  parts  and  also 
into  two  unequal  j^artSf  the  rectangle  contained  by  the  unequal 
parts,  together  ivith  the  square  on  the  line  between  the  points  of 
section^  is  equal  to  the  square  on  half  the  line. 


Let  the  st.  line  AB  be  divided  equally  in  C  and  unequally 

inD. 

Then  mu^t 

reel.  AD,  DB  together  with  sq.  on  CD—sq.  on  CB. 

On  CB  describe  the  sq.  CEFB.  I.  46. 

Draw  DG  ||  to  CE,  and  from  it  cut  off  DH=^DB.  I.  31. 

Draw  HLK  ||  to  AD,  and  AK  \\  to  DH,  I.  31. 


Then  rect.  Di^=rect.  AL, 
Also  LGf=sq.  on  CD, 


\'BF=AC,&ndiBD=CL. 
'.'  LH=  CD,  and  HG=  CD. 


Then  rect.  AD,  DB  together  with  sq.  on  CD 
'sAH  together  with  LG 
B=sum  of  AL  and  CH  and  LG 
=  sum  of  DF  and  CH  and  LG 
^CF 
^  Ksq.  on  CB. 


! 


Q.E.  D. 


m 
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Proposition  VI.    Theorem. 

If  a  straight  line  he  bisected  and  produced  to  any  point,  the 
rectangle  contained  by  the  whole  line  thus  produced  arid  the  jart 
of  it  produced,  together  with  the  square  on  half  the  line  bisected, 
is  equal  to  the  square  on  the  f>traight  line  which  is  made  up  of 
the  half  and  the  part  produced. 
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Let  the  st.  line  AB  be  bisected  in  C  and  produced  to  D. 

Then  must 

rect.  AD,  DB  together  with  sq.  on  CB—sq.  on  CD. 

On  CD  describe  the  sq.  CEFD.  I.  46. 

Draw  BG\\  to  CE,  and  cut  off  BH=-BD.  I.  31. 

Throucrh  //  draw  KLM  \\  to  AD  I.  31. 
Through  A  draw  AK\\  to  CE. 

Now  •.•  BG=CD  and  BH=BD  ; 

.'.HG  =  CBi  Ax.  3. 

.*.  rect.  MG  =  rect.  AL.  II.  A. 

Then  rect.  AD,  DB  together  with  sq.  on  CB 
=  suni  of  ^3f  and  Z(t 
=  suni  of  AL  and  CM  and  LG 
=sum  of  MO.  and  CM  and  i(?  , 
=  CF  ^ 

■aso.  on  CD. 

4. 

9.  s.  a 
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NoTK.   We  hore  give  tlie  prnif  of  an   iinportaiit  theorem, 
which  is  Usually  placed  as  a  coiulhiiy  to  Pr<»po.sitiou  W 


I 


ritorosrnoN'  B.     Tiikoukm. 

The  dijfirfwce,  firfn'mi  thv  fijikivis  on  aiiij  tiro  sh'nvjht  lim'A 
i.s'  equal  to  the  recfaiKjIc  contained  bij  the  sum  and  difference  of 
those  U)ies. 


A 


jy_ 


z>__a 


M 


JS 


Let  ACj  CD  he  two  st.  lines,  of  wliich  AC  m  the  greater, 
and  let  them  be  placed  so  as  to  foru)  one  st.  line  AD. 
Produce  AD  to  B,  making  CB  =  AC, 
Then  A />=the  sum  of  the  lines  AC,  CD, 
and  DH=thQ  diftcrenco  of  the  lines  u4C,  CD. 
TJien  mvM  difference  between  sqq.  on  AC,  CD  =  rect.  AD,  DB. 
-      ^  On  CB  describe  the  sq.  CEFB.  I.  46. 

Draw  DG  \\  to  CE,  and  from  it  cut  oft'  DH=-DB.  I.  31. 

Draw  TILK  \\  to  AD,  and  AK  \\  to  DIL  I.  31. 

Then  rect.  Di''=rect.  AL,  '.'BF=AC,  and  BD=  CL. 
Also  X(7--=?q.  on  CD,      '.•  LTr=CIK  and  110=  CD. 
Then  (^fference  between  sqq.  oi  ^iC,  (1> 

=diff'ercnce  botwcon  sqtj.  on  CB,  CD 
=  sum  (if  (Vrand  DF 
.  =sum  of  ClI  and  AL 
=AH 

=rtct.  JD,  Dff 
=Tect.  AD,  DB. 

Q.  E.  D. 

Ex.  Shew  that  Propositions  V.  and  VI.  might  be  deduced 

from  this  Proposition.  ^  * 
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Proposition  VII.    Tiikohkm. 

JJP  d  straight  line  he.  (lirided  into  ninf  dm  j^nrU,  the 
squares  0}i  tlir  irhnh:  line,  ami  on  onr  <>/  tin'  ihivIa  an'  iipial 
to  tudce  the  rirtamih  confaiihil  hif  the  ahole  and  that  pari 
together  with  the  square  on  the  other  part. 


JL 
31 


C B 
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Let  AB  be  (lividcd  into  any  two  parts  iu  C. 

Then  must 
sqq.  on  AB,  BC=  twice  red.  AB,  BC  together  with  sq.  on  AC. 

Oil  AB  describe  the  sq.  AhEB.  I.  46. 

From  A  D  cut  off  AH==  CB. 

Draw  CF\\  to  AD  and  TIGK  II  to  AB.  I.  31. 

Then  /if'=sq.  on  AC,  and  0/1=34.  on  CB. 

Then  uqci.  on  AB,BC=mmoi  AE  and  CK 

=sum  of  AK,  HF,  GE  and  CK 
^mm  oi  AK,  IIF  and  CE. 

Now  AK=voct.  AB,  BC,         .' BK=BC  ; 
rA'=rect.  AB,  BC,         •.•  BE=AB  j 
HF=in[.  on  AC. 
.'.  sqq.  on  AB,  1JC=  twice  rect.  AB,  /?(?  together  with  sq.  on  ^G 

Q.  E.  ^. 

Ex.  If  straight  lines  be  drawn  from  G  to  B  and  from  0 
to  D,  shew  that  BGD  is  a  straight  line. 
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Proposition  VIII.    Thkokkm. 

If  a  straifjht  line  be  divided  into  any  tno  jartSj  four 
times  the  rcdamjle  contained  by  the  whole  line  and  one  of  the 
jmrts,  togdhr  tnth  the  square  on  the  other  )art,  iii  equal  to 
the  square  on  the  straight  line  which  is  made  up  of  Hie  whole 
ami  tlie  first  part.         . 

A. rf      Ji  jy_    ' 
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Let  the  st.  line  AB  be  divided  into  any  two  parts  in  C, 
Produce  AB  to  D,  so  that  BD=BC. 

Then  must  four  times  rect.  AB,  BC  together  mth  sq.  07i 
iC=sq.  on  AD. 

On  AD  describe  the  sq.  AEFD.  I.  46. 

From  AE  cut  oS  AM  and  MX  each  =  C5. 
Through  0,  B  draw  CHy  BL  \\  to  AE.  I.  31. 

Through  M,  X  draw  MOKN,  XPRO  \\  to  AD.     I.  31. 

Now  •.•  XE=AC,  and  XP=AC,  .:  Zlf=sq.  o*  AC. 


Also  AG=:MP=PL=RF, 
&ndCK=GR=BN=KOi 

.*.  sum  of  these  eight  rectangles 

=four  times  the  sunr  of  AGy  CK 
=four  times  AK 
«=four  times  rect.  AB^  BC. 
Then  four  times  rect.  ABy  BC  and  sq.  on  ^C 
s=sum  of  the  eight  rectangles  and  XH 
.     ^AEFD 
■ssq.  on  AD. 


II.  A. 
\I.A. 


^  B.  D. 
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Proposition  IX.    Theorem. 

If  a  straight  liiie  he  divided  into  two  equal,  and  aho  into 
two  unequal  jmrts^  the  squares  on  the  two  unequal  parts  are 
together  double  of  the  square  on  half  the  line  and  of  the 
»qua/re  on  the  line  between  the  points  of  section. 


Let  ABhe  divided  equally  in  C  and  unequally  in  D, 
Then  must 
mm  of  sqq.  on  AD^  DB=tivice  sum  ofsqq.  on  AC,  CD, 

Draw  CE^AG  at  rt.  z  s  to  AB,  and  join  EAy  EB. 
Draw  DF  at  rt.  z  s  to  ^^,  meeting  EB  in  F. 
Draw  FG  at  rt.  z  s  to  is'C,  and  join  AF. 
Then  •.'  lACEi^q.  rt.  z, 
.'.  sum  of  z  s  AECy  EAC=a.  rt.  z  ; 
and-.-  lAEC=  i  EAC, 
.'.  z^^r- half  art.  z. 
So  also  z  BEC  and  z  El'O  are  each = half  a  rt.  z  . 

Hence  z  AEF  is  a  rt.  z  . 
Also,  *.•  z  GEF  is  half  a  rt.  z  ,  and  z  EGF  is  a  rt.  z 
.-.  z  EFG  is  half  a  rt.  z  ; 
.-.  z  EFG=-  L  GEF,  and  .'.  EG=GF. 
So  also  z  BED  is  half  a  rt.  z  ,  and  BD=DF. 


I.  A. 


I.  B.  Cor. 


Now  sum  of  sqq.  on  AD,  DB 

=sq.  on  AD  together  with  sq.  on  DF 
»=sq.  on  AF  I.  47. 

=sq.  on  ^^  together  with  sq.  on  EF  I.  47. 

=sqq.  on  AC,  EC  together  with  sqq.  on  EG,  GF  I.  47. 
«;=twice  sq.  on  ^(7  together  with  twice  sq.  on  GF 
«9 twice  &(i.  (ffi  AC  together  witl^  twice  sq.  on  CD. 

^.  K,  0, 
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Proposition  X.    Tiikoukm. 

If  a  sfriiiiihf  linr  he  hixrcdil  (unl  /irnducvd  to  nnil  poiut, 
the  sqiinrc  mi  lln:  irjinlf  (Inc.  tliua  produiUtt  and  tJir  A>i\uirt  on 
the,  )nirt  of  it  pntdneed  are  ttujithir  ditnhle  of  the  miiiare  on 
h'llf  thi  line  hUreted  attd  of  tin'  yqunre  <>u  the  Hue  made  Uj/ 
of  the  half  and  the  jiart  jirodneed. 


T.  A. 


Let  the  St.  line  AB  he  bisected  in  C  and  produced  to  D. 

Then  in  nut 

snni.o/ sfjq,  on  AD,  lW=tn'iee  nuni  of  aqq.  on  AC^  CD. 

Draw  CEl.  to  AB,  and  make  (l'J=A(\ 
Join  EA,  Eli  and  draw  EE  ||  to  AD  and  I)E  ||  to  CE. 
Tiien  •/  z  s  EI'jB,  EED  arc  toi:cthei*  less  than  two  rt.  z  s. 
.*.  EH  and  ED  will  meet  if  produced  towards  ii,  D 
in  some  pt.  0. 

Join  Air. 

Then  '.•  z  JTAMs  a  rt.  z, 
/.    z  s  EAC,  A  EC  tonrother  =  a  rt.  z  , 
and  •.•  z /;.!('=  LAECy 

.'.  L  A\']C--\\x\\{x\  rt.  z. 

So  also  z  s  BEA\  EEC  each  =  half  a  rt.  l  . 

.'.  z  A  EH  is  a  rt.  z  . 
Also  z  DJUi,  uhich=  z  /i7:?(*,  is  half  a  rt.  z  , 
and  .*.  z  i>Yjr'/>  i.s  half  a  rt.  z  ; 
.-.  BD=-DG. 

Again,  •.•  z  Ff/Zi^haif  a  rt.  z  ,  and  z  EEC  is  art.  z  ,  I.  34. 
.-.  z  i''ij;G  =  half  a  rt.  z  ,  and  EE=EC.  I.  b.  Cor. 
Then  sum  of  S(ir[.  on  AD,  DH 

=suin  of  sq*!.  on  AD^  D(r 

=sq.  on  AG  I.  47. 

=sq.  on  AE  toaother  Avith  sq.  on  EG  I.  47. 

=sqq.  on  AC,  EC  to«retlier  with  sqq.  on  EF,  FG    I.  47. 

= twice  sq.  on  AC  toj^ether  with  twice  sq.  on  EF 

^twice  sq.  on  AC  together  with  lAvice  sq.  on  CD.  9-  k.  P, 


I.  n.  ( /or. 
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rnorosiTfoN  XT.     l^t'»ni,KM. 

To  dii'uhi  n  ffii'cn  utraujht  line  into  tiro  j)(irt.'<,  m  that  the  ract' 
oKjh'  ronfuhhif  h>f  tlu'  iHml,  and  OHC  of  fhi  jmrtu  f<hall  be  djnal 
1 1  (III  sijuai'i',  on  till',  olln'i'  imrt. 

HI ^ 


J? 


■t 


fjet  AB  ho  tho  friven  st.  line. 

On  A  II  (Icscr.  the  sq.  A  DCJl  I.  46. 

Bisect  A  I)  ill  A'  ami  jnin  IJH.  J.  ]n. 

Produco  DA  to  I'\  iniikiii,LC  IIF-^FJ). 

Oil  .U'  ilescr.  tlie  sq.  A  L'(Ul.  1 .  4(5. 

Tlicn  AB  is  diviJid  wt  II  so  that  nrf.  A  li,  B  11=^1.  on  AIL 

Produce  (t7/ to  iv. 
Then  *.•  I) A  is  Uisected  in  IJ  ami  ])ro(lnc('(l  to  F, 
.'.  rect.  IJI\  FA  together  with  sq.  on  AE 

=sq.  on  FF  II.  6. 

=sq.  on7:;/J,         '.'  EB=EF, 
=suni  of  .s([q.  on  AU^  AE,  I.  47. 

Take  from  each  the  square  on  AE. 

Tiun  rcct.  I)F,  F.l  =  sq.  on  A  11.  Ax.  3. 

Now  Z'7v  =  rect.  DF,  FA,        :•  F(}=FA. 
.'.  FK=Ar. 
Take  from  cacli  the  common  part  AK. 

Then  F If  =IW; 

that  is,  sq.  on  JJ/=roct.  AB,  B1I,         v  BC=AB. 

Thus  AB  is  divided  in  II  as  was  reqd. 

Q.  E.  F. 

Ex.  Shew  that  the  squares  on  the  whole  line  aud  one  of  the 
parts  are  equal  to  three  times  tho  square  on  the  other  part, 
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Propobitiom  XII.    Theorem. 

In  obtuse-angled  triangles,  if  a  perpendicular  be  drawn  from 
either  of  Vie  a/:ute  angles  to  the  op^wsite  side  producedy  the  square 
on  the  side  subtending  the  obtuse  angle  is  greater  than  the  squares 
on  the  sides  containing  the  obtuse  angle,  by  twice  the  rectangle 
contained  by  the  side,  upon  which,  wJun  prod^tccd,  the  perpendi' 
cular  falls,  and  the  straight  line  intercepted  vithout  the  triangle 
between  tJte  perpendicular  and  the  obtuse  angle. 


fall 


Let  ABC  be  an  obtiise-anglod  A ,  having  l  ACB  obtuse. 

From  A  draw  AD  i.  lo  /?C  produced. 
Then  must  sq.  on  A B  be  gieater  than  sum  of  sqq.  on  BC, 
CA  by  tuicfi  lect.  BC,  CD. 

For  since  BD  is  divided  into  two  parts  in  C, 
gq.  on  BD=sum  of  sqq.  on  '3C,  CD,  and  twice  rect.  BC,  CD. 

II.  4. 
Add  to  each  sq.  on  DA  :  then 

sura  of  sqq.  on  BD,  i)J.=8um  of  sqq.  on  BC,  CD,  DA  and 
twice  rect.  BC,  CD. 


Now  sqq.  on  BD,  D^=8q.  on  AB, 
and  sqq.  on  CD,  DA  =8q.  on  CA  ; 


1.47. 
1.47. 


.'.  sq.  on  AB—9\vai  of  sqq.  on  BC,  CA  and  twice  rect.  BC,  CD. 
.•.»Bq.  on  ^B  is  greater  than  sum  of  sqq.  on  BC,  CA  by 
twice  rect.  J$0,  CD. 

Q.  E.  D. 

Ex.  The  squares  on  the  diagonals  of  a  trapezium  ai« 
together  equal  to  the  squares  on  its  two  sides,  which  are  n{*t 
parallel,  and  twice  the  rectangle  contained  by  the  ^ides,  whic^ 
%re  parallel, 


I'l 


fiook  n.) 


pkopos/rro!^  xrir. 


&t 


Phoposition  XIII.    Theorkm. 

In  every  triavgle,  th^  square  on  the  side  mhteudiug  mty  of 
the  nrute  angles  is  liss  thou  the  squares  on  the  sides  cnntaiuiinj 
that  angle,  hij  twice  the  rectangle  coutaiited  Inj  either  of  these  tides 
aud  the  straight  line  intercepted  bitnurn  the  perjitndicular,  Id 
fall  upon  it  from  the  oj/positc  angle,  and  the  acute  angle. 


Fio.  1. 


Via.  I. 


Let  ABC  be  any  L ,  having  the  z  ABC  acute. 
From  A  draw  AD  jl  to  BC  or  BC  produced. 
Then  must  sg.  on  AC  be  less  than  the  sum  of  sqq.  on  AB, 
i.'C,  by  twice  red.  BC,  BD.  . 

For  in  Fig.  1  BC  is  divided  into  two  parts  in  J), 
and  in  Fig.  2  BD  is  divided  into  two  parts  in  C\ 

.'.in  both  cases 
Bum  of  sqq.  on  BC,  BD  =  ^\\m  of  twice  rect.  BC,  BD  and 

sq.  on  CD.  II.  7. 

Add  to  each  the  sq.  on  DA,  then 

sum  of  sqq.  on  BC,  BD,  X>^  =  suni  of  twice  rect.  BC,  BD 
and  sqq.  on  CD,  DA  ; 

.*.  sum  of  sqq.  on  BC,  AB^fiwwi  of  twice  rect.  BC,  BD  and 
sq.  on  -40;  I.  47. 

.*.  sq.  on  ^C  is  less  than  sum  of  sqq.  on  AB,  BC  by  twice 
rect.  BC,  BD. 

The  case,  in  which  the  perpendicular  AD  coincides  with  AC, 
needs  no  proof. 

Q.  £.  D. 

Ex.  Prove  that  the  sum  of  the  squares  on  any  two  sides  of 
a  triangle  is  equal  to  twice  the  sum  of  the  squares  on  half  the 
base  and  on  the  line  joining  the  vertical  angle  wit^  the  middle 
point  of  the  base,  * 
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I^IIOI'OSTTION  XTV.       PnODLEM. 

To  describe  a  square  that  shall  be  cuaal  to  a  given  redilinair 
figure. 


Let  A  be  the  given  rectil.  fijTiire. 
It  is  reqiL  to  describe  a  square  that  shall = A. 

Describe  the  rectangular  ZZ7  BCDE=A.         I.  45, 
Then  if  BE=ED  tlie  CJ  BCDE  is  a  square, 
and  what  was  reqd.  is  done. 

But  \iBE  be  not=i;D,  produce  BE  to  F,  so  that  EF^EV. 
Bisect  BF  in  G  ;  and  with  centm  G  and  distance  GB,^ 
describe  the  semicircle  BHF. 
Produce  DE  to  //  and  join  GH. 

Then,  *.•  BF  is  divided  eqnu'ly  in  G  and  unequally  in  Ey 
.'.  rect.  BE,  EF  together  with  sq.  on  GE 

=sq.  on  GF  II.  6. 

,  =sq.  on  GH 

=  sum  of  sqq.  on  EH,  GE.  I.  47. 

Take  from  each  the  square  on  GE. 

Then  rect.  BE,  EF=^q.  on  EH. 
But  rect.  BE,  EF=BD,        \-  EF=ED  ; 
.'.  sq.  on  EH=BD', 
.'.  sq.  on  ^H=  rectil.  figure  A. 

Q.  E.  1'. 
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Miscellaneous  Exercises  on  Booh  IT, 

1.  In  a  ti'iangle,  whose  vertical  angle  is  a  rignt  angle,  a 
straight,  lino  is  drawn  from  the  vertex  perpendicular  to  the 
base ;  shew  that  the  square  on  either  of  the  sides  adjacent  to 
the  right  an,i:le  is  equal  to  the  rectangle  contained  by  the 
base  and  the  segment  of  it  adjacent  to  that  side. 

2.  The  .s(|uarcs  on  the  diagonals  of  a  parallelogram  are  to- 
gether equal  to  the  squares  on  the  four  sides. 

3.  If  ABCD  be  any  rectangle,  and  0  any  point  either 
within  or  without  the  rectangle,  shew  that  the  sum  of  the 
squares  on  0-4,  OC  is  equal  to  the  sum  of  the  squares  on  OB^ 
OD. 

4.  If  either  diagonal  of  a  parallelogram  be  equal  to  one  of 
the  sides  about  the  opposite  angle  of  the  figure,  the  square  on 
it  shall  be  less  than  the  square  on  the  other  diameter,  by  twice 
the  square  on  the  other  side  about  that  opposite  angle. 

5.  Produce  a  given  straight  line  AB  to  C,  so  that  the  rect- 
angle, contained  by  the  sum  and  difference  oiAB  and  AC,  may 
be  equal  to  a  given  square. 

6.  Shew  that  the  sum  of  the  squares  on  the  diagonals  of  any 
quadrilateral  is  less  than  the  sum  of  tlie  squares  on  the  four 
sides,  by  four  times  the  square  on  the  line  joining  the  middle 
points  of  the  diagonals. 

7.  If  the  square  on  the  perpendicular  from  the  vertex  of  a 
triangle  is  equal  to  the  rectangle,  contained  by  the  segments 
of  the  base,  the  vertical  angle  is  a  riglit  angle. 

8.  If  two  straight  linfes  be  given,  shew  how  to  produce  one 
of  them  so  that  the  rectangle  contained  by  it  and  the  produced 
part  may  be  equal  to  the  square  on  the  other. 

9.  If  a  straight  line  be  divided  into  three  parts,  the  square 
on  the  whole  line  is  equal  to  the  sum  of  the  squares  on  the  parts 
together  with  twice  the  rectangle  contained  by  each  two  of  the 
partis. 
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10.  In  any  quadrilateral  the  squares  on  the  (li.igonala  are 
together  equal  to  twice  the  sum  of  the  squares  on  the  straight 
lines  joining  the  middle  points  of  opposite  sides. 

11.  If  straiijht  lines  be  drawn  from  each  angle  of  a  triangle 
to  bisect  the  opposite  sides,  four  tiine.s  the  sum  of  the  squares 
on  these  lines  is  equal  to  three  times  the  sum  of  the  squares  on 
the  sides  of  the  triangle. 

12.  CD  is  drawn  perpendicular  to  AB^  a  side  of  the  trinngle 
ABCf  in  whicli  AC=AJj.  Shew  that  the  s(piare  on  CD  is 
Cijual  to  the  square  on  BD  together  with  twice  the  rectangle 
AD,DD. 

13.  The  hypotenuse  J U  of  a  right-angled  \r\:\r)>^h  ABC  h 
trisected  in  the  points  D,  E',  prove  that  if  ('/>,  VE  be  joined, 
the  sum  of  the  squares  on  the  slides  of  the  triangle  CDE  is 
equal  to  two-thirds  of  the  square  on  AB. 

14.  The  square  on  the  hypotenuse  of  an  isosceles  right  angled 
triangle  is  equal  to  four  times  the  square  on  the  perpendicular 
from  the  right  angle  on  the  hypotenuse. 

15.  Divide  a  given  straight  line  into  two  parts,  so  that 
the  rectangle  contained  by  them  shall  be  equal  to  the  square 
described  upon  a  straight  line,  which  is  less  than  half  the  line 
divided. 
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Note  6. — On  the  Measurement  of  Areas, 


To  measure  a  Magnitude,  we  fix  upon  some  magnitude  of  the 
same  kind  to  serve  as  a  standard  or  unit ;  and  then  any 
magnitude  of  that  kind  is  measured  by  the  number  of  times  it 
contains  this  unit,  and  this  number  is  called  the  Mkasure  of 
the  quantity. 

Suppose,  for  instance,  we  wish  to  measure  a  straight  line 
AB.    We  take  another  straight  line  EF  for  our  standard, 


!* 


E    F 


ind  then  we  say 

if  AB  contain  EF  three  times,  the  measure  of  AB  is  3, 

if four 4, 

if X  X. 

Next  suppose  we  wish  to  measure  two  straight  lines  Ab^ 
CD  by  the  same  standard  EF. 

If   '              AB  contain  EF  m  times 
and  CD n  times, 

where  m  and  n  stand  for  numbers,  whole  or  fractional,  we  say 
that  AB  and  CD  are  commensurable. 

But  it  may  happen  that  we  may  be  able  to  find  a  standard 
line  EF,  such  that  it  is  contained  an  exact  number  of  times  in 
AB  ;  and  yet  there  is  no  number,  whole  or  fractional,  which 
will  express  the  number  of  times  EF  is  contained  in  CD. 

In  such  a  case,  where  no  unit-line  can  be  found,  such  that  it 
is  contained  an  exact  number  of  times  in  each  of  two  lines 
AB,  CD,  these  two  lines  are  called  incommensurable. 

In  the  processes  of  Geometry  we  constantly  meet  with 
incommensurable  magnitudes.  Thus  the  side  and  diagonal  of 
a  square  are  incoramensurables  ;  and  so  are  the  diameter  a,u4 
Qirqiiuifereucc  of  a  circle. 
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Next,  siip])0.se  two  lines  AH,  A(^  to  be  ;it  li^lit  an;^'k'.s  to 
each  other  and  to  be  coinineiisiuable,  Svj  that  All  coiitaiii.s  four 
times  a  certain  unit  of  linear  measurement,  ^vhich  is  contained 
by  AC  three  times. 


A 

. 



(J 

■■■-          ■      -      -4 _J 

Divide  AB,  AC'  into  four  and  throe  equal  parts  respectively, 
find  draw  lines  thvou<^h  the  points  of  division  paralUd  to  ^I'', 
AH  respectively  ;  then  the  rcctanj^de  ACIHi  is  divided  into  a 
nuniber  of  equal  squares,  each  constructed  on  a  line  c<pial  to 
tiie  unit  of  linear  measurement. 

If  one  of  these  squares  be  taken  as  the  unit  of  area,  the 
measure  of  the  urea  of  the  rectangle  ACDB  will  be  the  number 
<tf  these  squares. 

Now  this  number  will  evidently  be  the  same  as  that  obtained 
by  nudtiplyini;-  the  measure  of  AB  by  the  measure  of  A('; 
that  is,  the  measure  of  .1  /»  beinfj  4  and  the  measure  of  AC  'S, 
the  measure  of  ACDIi  is  4  X  3  or  12.    (Alj^ebra,  Art.  38.) 

And  (jeaeralbj,  if  the  measures  of  two  adjacent  sides  of  a 
rectangle,  supposed  to  be  connnensurable,  be  a  and  h,  then  the 
measure  of  the  rectanf^le  will  be  ah.     (Algebra,  Art.  3D.) 

If  all  lines  were  commensurable,  then,  whatever  might  be  the 
length  of  two  adjacent  sides  of  a  rectangle,  we  might  select  the 
unit  of  length,  so  that  the  measures  of  the  two  sides  should  be 
whole  numbers  ;  and  then  we  might  apply  the  processes  of 
Algebra  to  establish  many  Propositions  in  Geometry  by  simpler 
methods  than  those  adopted  by  Euclid. 

Take,  for  example,  the  theorem  in  Book  ii.  Prop.  iv. 

If  all  lines  were  commensurable  we  might  proceed  thus  . — 
Let  the  measure  oi  AC  \)q  x, 

of  OB  ...  ?/, 

•  Then  the  measure  of  AB  is  iP+j/. 

Now  (x  +  y)2=a?^  +  2/^  +  2a?i/3  '      - 

vhich  proves  the  theorem. 
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But.  iiia^nrach  as  all  lines  are  not  commensurable,  we  have 
in  Geometiy  to  treat  of  magnitudes  and  not  of  measures: 
that  is,  when  we  use  the  symbol  A  to  represent  a  line  (as 
in  I.  22),  A  stands  for  the  line  itself  and  not,  as  in  Algebra, 
for  the  number  of  units  of  length  contained  by  the  line. 

The  method,  adopted  by  Euclid  in  Book  II.  to  explain  the 
relations  between  the  rectangles  contained  by  certain  lines,  is 
more  exact  than  any  method  founded  upon  Algebraical  prin- 
ciples can  be  ;  because  his  method  applies  not  merely  to  the 
case  in  which  the  sides  of  a  rectangle  are  commensurable,  but 
also  to  the  case  in  which  they  are  incommensurable. 

The  student  is  now  in  a  position  to  understand  the  practical 
application  of  the  theory  of  Equivalence  of  Areas,  of  which 
the  foundation  is  the  35th  Proposition  of  Book  I.  We  shall 
give  a  few  examples  of  the  use  made  of  this  theory  in  Mc:.- 
suration. 


/  Area  of  a  Parallelogram, 

The  area  of  a  parallelogram  ABCD  is  equal  to  the  area 
of  the  rectangle  ABEF  on  the  same  base  AB  and  between 
the  same  parallels  AB^  FG. 


Now  BB  is  the  altitude  of  the  parallelogram  ABCD  if 
ilB  be  taken  as  the  base. 

Hence  area  of  £7  ABCD = rect.  AB,  BE. 

If  then  the  measure  of  the  base  be  denoted  by  ft, 

and  altitude  h, 

the  measure  of  the  area  of  the  O  will  be  denoted  by  6^ 
That  is,  when  the  base  and  altitude  are  commensurable, 
measure  of  area » measure  of  base  into  measure  of  aUitu4<l< 
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Arm  of  a  Triangle. 

If  from  one  of  the  angular  points  ^  of  a  triangle  ABC,  a 
perpendicular  AD  be  drawn  to  JBC,  Fig.  1,  or  to  BC  produced, 
Fig.  2, 


B       J)    a  ^        o 

and  if,  in  both  cases,  a  parallelogram  ABCE  be  completed 
of  which  ABf  BG  are  adjacent  sides, 

area  of  A  ABC=  half  of  area  of  O  ABCE. 

Now  if  the  measure  of  BG  be  6, 

and AD...  h, 

meusure  of  area  of  O  ABCE  is  bh  ; 
■»  If 

.%  measure  of  area  of  a  ABC  is  —  • 

Area  of  a  Ehombus. 

Let  ABCD  be  the  given  rhombus. 

Draw  the  diagonals  ^(7  and  BD,  cutting  one  another  in  0. 

4 ^ 


s c 

It  is  easy  to  prove  that  A  C  and  BD  bisect  each  other  at 
right  angles. 
Then  if  the  measure  of  J.C  be  sc, 

and BD...yy 

measure  of  area  of  rhombus = twice  measure  of  a  ACD. 


"twice  -^ 
4 


> 
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Area  of  a  Trapezium. 


Let  A  BCD  be  the  given  trapezium,  having  the  sides  ^B, 
CD  parallel. 

Draw  AE  at  right  angles  to  CD. 


J>      K 


Produce  D(7  to  J*,  making  02''=  ^B. 

Join  AFy  cutting  BC  in  0. 

Then  in  lb  AOB^  COF, 

.•  L  BAO^  L  CFO,  and  z  AOB=  l  FOC,  and  AB^CF; 

,\  lCOF=lAOB.  1.26. 

Hence  trapezium  ^£(7D=  A  jlDi^. 

Now  suppose  the  me^ures  of  AB,  CDy  AE  to  be  w.  w,  p 
respectively; 

/.  measure  ofDjP=m  +  n,  •/  CF=AB. 

Then  measure  of  area  of  trapezium 

= J  (measure  of  DF  X  measure  of  AE) 
■    =i(m  +  n)  X  j?.  ' 

That  is,  the  measure  of  the  area  of  a  trapezium  is  fouv-  t/ 
multiplying  half  the  measure  of  the  sum  of  the  parallel  i^ldes 
by  the  measure  of  the  perpendicular  distance  between  the 
parallel  sides.  - 
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.4rm  o/  a/i  Irregular  Fohjijon. 

Tlicre  are  three  iiictliods  of  liiulinfr  the  area  of  an  irre^uhir 
jioly^^on,  which  wc  sliall  here  biiuHy  notice. 

J.  The  jioh/gon    inaij   he   din'ded    into   triangles,   and    the 
r.reu  of  each  of  thctsO  triangles  be  found  separately. 


JU  D 

Thus  the  area  of  the  irreguhir  polyf]fon  ABVDE  is  e(iuiil 
lo  the  bum  of  the  areas  of  the  triangles  ABE,  EBD,  DBC. 

II.  The  2'ohjgou  may  he  concerted  into  a  single  triangle 
(J  equal  area. 

.  If  ABODE  be   a   pentagon,   we  can    convert  it  into  an 
v^uivalent  quadrilateral  by  the  following  process  • 


Join  BD  and  draw  CF  parallel  to  BD,  meeting  ED  pro- 
c'nced  in  F,  and  join  BF. 

Then  will  quadrilateral  ^J5i^E= pentagon  ABClDE. 

For  A  BDF=  A  BCD,  on  same  base  BD  and  between 
yame  parallels. 

If,  then,  from  the  pentagon  we  remove  lBCD,  and  add 
A  BDF  to  the  remainder,  we  obtain  a  quadrilateral  ABFE 
equivalent  to  the  pentagon  A  BCDE.      « 
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The  quadriljiteral  niiiy  then,  by  a  siiuihir  process,  bo  con- 
verted into  an  equivalent  triangle,  and  thus  a  polygon  of  any 
number  of  sides  may  bo  gradually  converted  into  an  equiva- 
lent triangle. 

The  area  of  this  triangle  may  then  be  found. 

III.  The  third  method  is  chiefly  employed  in  practice  by 
Surveyors 


V 


Let  ABCDEFG  be  an  irregular  polygon. 

Draw  AE,  the  longest  diagonal,  and  drop  perpendiculav^j 
on  AE  from  the  other  angular  points  of  the  polygon. 

The  polygon  is  thus  divided  into  figures  "which  are  cither 
right-angled  triangles,  rectangles,  or  trapeziums  ;  and  the  are;:.7 
of  each  of  these  figures  may  be  readily  calculated. 
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Note  7.     On  Projections, 


The  projection  of  a  point  B,  on  a  straight  line  of  unlimited 
length  AE,  is  the  point  M  at  the  foot  of  the  perpendicular 
dropped  from  B  on  AE. 

The  projection  of  a  straight  line  BCy  on  a  straight  line  of 
unlimited  length  AEy  is  MN^ — the  part  oi  AE  intercepted 
between  perpendiculars  drawn  from  B  and  C. 

When  two  lines,  as  AB  and  AE^  fttrm  an  angle,  the  pro- 
jection of  -4jB  on  ^^  is  AM. 


'A  ■k 


_  • 

We  might  employ  the  term  projection  with  advantage  to 
shorten  and  make  clearer  the  enunciations  of  Props,  xii.  and 
XIII.  of  Book  II. 

Thus  the  enunciation  of  Prop.  xii.  might  be  : — 

"  In  oblique-angled  triangles,  the  square  on  the  side  sub- 
tending, the  obtuse  angle  is  greater  than  the  squares  on  the 
sides  containing  that  angle,  by  twice  the  rectangle  contained 
by  one  of  these  sides  and  the  projection  of  the  other  on  it." 

The  enunciation  of  Prop.  xiii.  might  be  altered  in  a  simila^ 
manner. 


Ill; 


\ 
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loj 


Note  8.    On  Loci. 


ni 


Suppose  we  have  to  deterniino  the  position  of  a  point, 
which  is  cquidisUint  from  the  extremities  of  a  given  straight 
line  BC. 

There  is  an  infinite  number  of  points  satisfying  this  con 
dition,  for  the  vertex  of  any  isosceles  triangle,  described  on 
BG  as  its  base,  is  equidistant  from  B  and  C* 


Let  ABC  be  one  of  the  isosceles  triangles  described  on 
BC. 

If  BC  be  bisected  in  D,  MNy  a  perpendicular  to  BC 
drawn  through  D,  will  pass  through  A. 

It  is  easy  to  shew  that  any  point  in  MNj  or  MN  produced 
in  either  direction,  is  equidistant  from  B  and  C. 

It  may  also  be  proved  that  no  point  out  of  MN  is  equi- 
distant from  B  and  C. 

The  line  MN  is  called  the  Locus  of  all  the  points,  infinite 
in  number,  which  are  equidistant  from  B  and  C. 

Def.  In  plane  Geometry  Lo(m8  is  the  name  given  to  a 
line,  straight  or  curved,  all  of  whose  points  satisfy  u  certain 
geometrical  condition  (or  have  a  common  property),  to  the 
exclusion  of  all  other  points. 
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Next,  Hiipposc  wi!  liiivc  to  (It'tennine  the  position  of  ii  point, 
which  in  eiiiiidistaiit  from  three  given  points  A^  B,  C\  not  in 
the  same  straight  line. 

lil\       ID 


If  we  join  A  and  B,  we  know  that  all  points  equidistant 
from  A  and  B  lie  in  the  line  Pi>,  which  bisects  AB  at  right 
{'ingles. 

If  we  join  B  and  C,  we  know  that  all  points  ecpiidistant 
from  B  and  C  lie  in  the  line  QE,  which  bisects  BC  at  right 
angles. 

Hence  0,  the  point  of  intersection  of  PD  and  QE^  ia  the 
only  point  equidistant  from  A ,  B  and  C. 

PD  is  the  Locus  of  points  equidistant  from  A  and  B, 
QE iJand  C, 

»:ul  the   Intersection   of  these  Loci  determines    the    point, 

which  is  equidistant  from  A,  B  and  C. 


Il 


Examples  of  Loci.  . 

Find  the  loci  of 

(1)  Points  at  a  given  distance  from  a  given  point. 

(2)  Points  at  a  given  distance  from  a  given  straight  line. 

(3)  The   middle    points  of  straight    lines    drawn    from    a 
:,iven  point  to  a  given  straight  line. 

(4)  Points  equidistant  from  the  arms  of  an  angle. 

(5)  Points  equidistant  from  a  given  circle.  "^ 

(6)  Points  equally  distant  from  two  straight  lines  wliicb 
intersect.  ^ 
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KoT«  0    Oa  the  Methods  employed  in  the  solution  of 

rroblems. 

In  the  solution  of  Geometrical  Exorciso?,  certain  methods 
may  b*^  applied  with  success  to  particulin  chisscs  of  questions. 

We  propose  to  nuiko  a  few  remarks  on  these  methods,  so  fur 
ns  tJjey  are  upplicaMe  to  the  first  two  hooks  of  Pliiclid's 
klleiueQts. 

TJic  Method  of  Synthesis. 

In  the  Exercises,  attached  to  the  Propositions  in  the  pre- 
cedinjT  pages,  the  construction  of  the  diaj^ram,  necessary  for  the 
solution  of  each  question,  has  usually  been  fully  described,  or 
sufficiently  suggested.  . 

The  student  has  in  most  cases  been  required  simply  to 
apply  the  geometrical  fact,  proved  in  the  Proposition  preceding 
tiie  exercise,  in  order  to  arrive  at  tlio  conclusion  demanded  in 
the  question. 

This  way  of  proceeding  is  called  Synthesis  ((rui/^«a-ts  =  com- 
position),  because  in  it  we  proceed  by  a  regular  chain  of  reason- 
ing from  what  is  given  to  what  is  sought.  This  being  the 
method  employed  by  Euclid  throughout  the  Elements,  we  have 
no  need  to  exemplify  it  here. 

• 

The  Method  of  Analysis. 

The  solution  of  many  Problems  is  rendered  more  easy  hy 
supposing  the  problem  solved  and  the  diagram  constructrA. 
It  is  then  often  possible  to  observe  relations  between  lines, 
angles  and  figures  in  the  diagram,  which  are  suggestive  of  the 
steps  by  which  the  necessary  construction  might  have  been 
eftected. 

This  is  called  the  ^lethod  of  Analysis  (araXutrtj =resOi  ^'on). 
It  is  a  method  of  discovering  truth  by  reasoning  concerning 
things  unknown  or  propositions  meiely  supposed,  as  if  the  one 
were  given  or  the  other  were  really  true.  The  process  can 
best  bo  explained  by  the  following  examples. 

Our  first  example  of  the  Analytical  process  shall  be  the  31st 
Proposition  of  Euclid's  First  Bock. 
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Ex.  1.  To  draw  a  straight  line  through  a  given  point  parallel 
tj  a  given  straight  line,  ,  , 

Let  A  be  the  given  point,  and  BG  be  the  given  straight  line. 

Suppose  the  problem  to  be  effected,  and  EF  to  be  the 
straight  line  required. 


K. 


J 


Now  we  know  that  any  straight  liv.e  AD  drawn  from  A  to 
meet  BC  makes  equal  angles  with  EF  and  BC.    (i.  29.) 

This  is  a  fact  from  which  we  can  work  backward,  and  arrive 
at  the  steps  necessary  for  the  solution  of  the  problem  ;  thus  : 

Take  any  point  D  in  JB(7,  join  AD,  make  z  EAD=  i  ADC, 
and  produce  EA  to  F ;  then  EF  must  be  parallel  to  BG. 

Ex.  2.  To  inscribe  in  a  triangle  cr.  rhombus,  having  one  of  its 
angles  coincident  with  an  angle  of  the  triangle. 

Let  ABG  be  the  given  triangle. 

Suppose  the  problem  to  be  effected^  and  DBFE  to  be  tht 
ihombus. 


Then  if  EB  be  joined,  i  DBE=^  i  FEE. 
This  is  a  fact  from  which  we  can  work  backward,  and  deduce 
the  necessary  construction  ;  thus  : 

Bisect  z  ABG  by  the  straight  line  BE,  meeting  ^0  in  ^. 
Draw  ED  and  EF  parallel  to  BG  and  AB  respectively. , 
Then  DBFE  is  the  rhombus  required.     (See  Ex.  4,  p.  69.) 
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Ex.  3.  To  (kUrmine  the  point  in  a  given  straight  liney  at 
which  stiuight  Hues,  drawn  from  two  given  jjoints,  on  the  same 
silk  of  the  given  line,  make  equal  angles  vnth  it. 

Let  CD  be  the  given  line,  and  A  and  Z»  the  given  points. 

Suppose  the  problem  to  be  etiected,  and  P  to  be  the  point 
required. 


We  then  reason  thus  : 

If  BP  were  produced  to  some  point  -4  , 

I  CPA',  being=  z  BPD,  will  be=  z  APC. 
Again,  if  PA'  be  made  equal  to  PA, 

A  A'  will  be  bisected  by  CP  at  right  angles. 

This  is  a  fact  from  which  we  can  work  backward,  and  find 
the  steps  necessary  for  the  solution  of  the  problem  ;  thu3  : 

From  A  draw  AG  ±  to  CD. 

Produce  ^0  to  ^',  making  0^'= 0.4. 

Join  BA\  cutting  CD  in  P. 

Then  P  is  the  point  required.  '' 

Note  10.     On  Symmetry. 

The  problem,  which  we  have  just  been  considering,  suggests 
the  followinor  remarks  : 

If  two  points,  A  and  A',  be  so  situated  with  respect  to  a 
straight  line  CD,  that  CD  bisects  at  right  angles  the  straight 
line  joining  A  and  A\  then  A  and  A'  are  said  to  he  symmetrical 
w  ith  regard  to  CD. 

The  importance  of  symmetrical  relations,  as  suggestive  of 
methods  for  the  solution  of  problems,  cannot  be  fully  shewn 
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to  a  learner,  who  is  unacquainted  with  the  properties  of  the 
circle.  The  following:  example,  however^  will  illustrate  this 
part  of  the  subject  sufficiently  for  our  purpose  at  present.       '.. 

Find,  a  point  in  a  given  straight  line,  such  that  the  sum  of  its 
distances  from  two  fixed  points  on  the  same  side  of  the  line  is  a 
minimum^  that  is,  less  than  the  sum  of  the  distances  of  any  other 
point  in  the  line  from  the  fixed  points. 

Taking  the  din  gram  of  the  last  example,  suppose  CD  to  be 
the  given  line,  and  A,  B  the  given  points. 

Now  if  A  and  A'  be  symmetrical  with  respect  to  CD,  wo 
know  that  every  point  in  CD  is  equally  distant  from  A  and  A', 
(See  Note  8,  p.  103.) 

Hence  the  sum  of  the  distances  of  any  point  in  CD  from  A 
and  B  is  equal  to  the  sum  of  the  distances  of  that  point  from 
A'  and  B. 

But  the  sum  of  the  distances  of  a  point  in  CD  from  A'  and 
B  is  the  least  possible  when  it  lies  in  the  straight  line  joining 
A'oji^B. 

Hence  the  point  P,  determined  as  in  the  last  example,  is  the 
point  required. 

Note.  Propositions  ix.,  x.,  xi.,  xii.  of  Book  I,  give  good 
examples  of  symmetrical  constructions. 


'A 
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Note  11.     Euclid: s  Proof  of  L  5. 

The  angles  at  the  hose  of  an  isosceles  triangle  are  equal  to  one 
another  ;  and  if  the  equal  sides  be  produced,  the  angles  ujmn  the 
other  side  of  the  base  shall  be  equal. 

Let  ABC  be  an  isosceles  A,  having  AB=  AC 

.   K,  '  Produce  ^JB,  ^(7  to  D  and  E. 

Then  must  L  ABC=^  I  ACB,  \ 

and  I  DBC=  I  ECB,  /<       ' 


I'-t 
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In  BD  take  any  pt.  F. 

From  AE  cut  oft'  AG=AF, 
Join  i^O  and  (^£. 


Then  in  L^  AFC,  AGB, 

V  FA  =  GA,  and  AC=AB,  and  z  FAC=  l  GAB, 
.\  FC=GB,  and  z  ^2^^=  z  J(^^,  and  ^ACF=  l  ABG. 


1.4. 


Again,  •/  AF=AG, 

of  which  the  parts  AB,  AC  are  equal, 
.*.  remainder  J5i^= remainder  CG. 

Then  in  as  BFC,  CGB, 
v  BF=CG,  and  FC=^GB,  and  z  J5FC-  z  CGB, 
.'.  L  FBC=  L  GCB,  and  z  JBCi''-  z  CBG, 

Now  it  has  been  proved  that  z  ACF=-  1  ABG, 
of  which  the  parts  z  £Cii^  and  z  C7>(t  are  equal ; 

.*.  reniainrnt'  z  ^4^6= remaining  z  J£C'. 

Also  it  has  been  proved  that  z  FBC=  z  GCB, 
that  is,  z  Z)BO=  z  ^C^. 
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Note  12.    Euclicts  Proof  of  I.  6. 

If  tiDO  angles  of  a  triangle  he  equfd  to  one  another ^  the 
sides  alsOf  tvhich  subtend  the  equal  aiiyleSf  shail  be  equal  to 
one  another. 


In  L  ABC  let  l  ACB=  l  ABC 
Then  must  AB=AG. 
For  if  not,  AB  is  either  greater  or  less  than  Ad 
Suppose  -4J5  to  be  greater  than  AC. 
From  AB  cut  oSBD=A  0,  and  join  DC 
Then  in  as  DBCy  ACBy 
'.'  DB=ACf  and  BC  is  common,  and  z  DBC=  L  ACB, 

,\  LDBC=t^ACB;  I.  4. 

that  is,  the  less = the  greater  ;  which  is  absurd. 
/.  AB  is  not  greater  than  A  C 
Similarly  it  may  be  shewn  that  AB  is  not  less  than  AC; 


.*.  AB=^AC 


Q.  £.  D. 


-   Note  13.    Eudid^s  Proof  of  I.  7. 

Xf'pon  the  same  base  and  on  the  sairte  side  of  tt,  there 
cannot  he  two  triangles  that  have  their  sides  which  are  ter- 
minated in  one  extremity  of  the  hose  equal  to  one  another, 
and  their  sides  which  are  terminated  in  the  other  extremity 
of  the  base  equal  also. 

If  it  be  possible,  on  the  same  base  AB,  and  on  the  same 
side  of  it,  let  there  be  two  Ls  A CBj  ADB,  such  that  AC=ADi 
and  also  BC=BD.  ^         • 

Join  CD.  *  * 
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First,  wheh  the  vertex  of  each  of  the  as  is  outside  the 
other  A  (Fig.  1.) ; 

Fio  1.  Fio.  2. 

C 2) 


1.5. 


\'AI)=AC, 
/.  z  ACD=  L  ADC. 
But  z  -4 CD  is  greater  than  z  BCD  ; 

.-.  z  J-DC  is  greater  than  z  ^CD  ; 
much  more  is  z  JBDO  greater  than  z  J5CX). 
Again,  *.•  BC=BD, 

/.  z  £i)C=  z  BCDy 

that  is,  z  JBDO  is  both  equal  to  and  greater  than  z  BCD ; 
«rhich  is  absurd. 

Secondly,  when  the  vertex  D  of  one  of  the  A  s  ftills  tvithin 
the  other  A  (Fig.  2) ; 

Produce  AC  and  AD  to  iJ  and  J^ 

Then  v  AC=AD. 

.-.  z  ^0D=  z  i^'DC  I.  5. 

But  Z  J5;0D  is  greater  than  z  jBCD  ; 

.-.  z  FDG  is  greater  than  z  BCD  ; 
much  more  is  z  5I>(7  greater  than  z  BCD. 
Again,  '.•  BC=BD, 

.'.  L  BDC=  L  BCD  ; 
that  is,  z  52)0  is  both  equal  to  and  greater  than  z  BCD ; 
which  is  absurd.  ^ 

Lastly,  when  the  vertex  D  of  one  of  the  as  falls  on  a 
side  BC  of  the  other,  it  is  plain  that  BC  and  BD  cannot 
be  equal     ;  „  <).  e.  D. 
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Note  14.     Eucluh  Proof  of  I.  8. 

If  two  triamjles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  othir,  each  to  each,  and  have  UkewifiC  their  bases 
tqiialj  the  angle  which  is  contained  by  the  two  sides  of  the 
one  rnnst  be  equal  to  the  angle  contained  by  the  two  sides  of 
the  other. 


liCt  the  sides  of  the  As  ABC,  DEF  he  eqniU,  each  to  ei\ch, 
that  is,  AB=DE,  AC=DF  and  BC=EF. 

Then  must  l  BAC=  l  EDF. 


Apply  the  A  ABC  to  the  A  DEF. 

so  that  pt.  B  is  on  pt.  E,  and  BC  on  EF. 

Then    \  v  BC=EF, 

.'.  C  will  coincide  with  F, 
and  BC  will  coincide  with  EF. 

Then  AB  and  AC  must  coincide  with  DE  and  DF. 

For  if  AB  and  AC  have  a  different  position,  as  GE,  GF, 
then  upon  the  same  base  and  upon  the  same  side  of  it  tliere 
can  bo  two  as,  which  have  their  sides  which  are  terminated  in 
one  extremity  of  the  base  equal  and  their  c'des  which  are  ter- 
minated in  the  other  extremity  (.[  the  base  also  equal :  which 
is  iuip.issible.  I.  7. 

.'.  since  base  BC  coincides  with  base  EF, 

AB  must  coincide  with  DE,  and  AC  with  DF ; 

.*.  L  jB^4  0  coincides  with  and  is  equal  to  z  EDF. 
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NoTi:  15.  Anuthcr  Proof  of  1.  '24. 

In  the  AS  ABC,  DtlF,  let  AB=DE  aiul^lC  =l>i'',  and 
let  z  t'ylC  be  jrreater  tliuii  z  A'/^i*'. 
T/  -ri  must  BC  be  (jrcakr  than  EF. 


\ 


A. 


Apply  the  A  DEF  to  the  a. 450 
so  that  DE  coincides  with  AB. 

Then  •.-  l  EBF  is  less  than  z  BAC, 
DF  will  fall  between  BA  and  AC, 

'   nd  F  will  fall  o/t,  or  above,  or  ^e/ow;,  50. 
I.  If  F  fall  on  50, 

BF  is  less  than  50 ; 
.'.  EF  is  less  than  BC. 

II.  If  jP  fall  above.  BC, 

BF,  FA  together  are  less  than 

BC,  CA, 
and  FA=^CA', 

.'.  BF  is  less  than  BC ; 

.'.  EF  is  less  than  BC. 


III.  If  i^  fall  6<^'»<;  50, 
let  AF  cut  BC  in  0. 


Then  50,  OF  together  are  greater  than  BF,         .        I.  20. 

and  OC[AO AC-,  I.  20. 

.-.  BC,  AF BF,  AC  together, 

and  .'li^=.40, 
.".  50  IS  greater  than  5f  • 
and  .'.  EF  is  less  than  BC,  (i.  e.  d. 
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Note  16.  Euclid's  Proof  of  I.  26. 

If  two  triangles  have  two  angles  of  the  one  equal  to  two  angles 
of  the  other y  each  to  each^  and  one  side  equal  to  one  side, 
viz.,  either  the  sides  adjacerit  to  the  equal  angles,  or  the  sides 
opposite  to  equal  angles  in  each ;  then  shall  the  other  sides  be 
equal,  each  to  each ;  and  also  the  third  angle  of  the  one  to  the 
third  angle  of  the  other. 


c  :b" 

In  Ls  ABC,  DBF, 
Let  I  ABC  =  L  DBF,  and  z  ACB  =  z  DFE; 
and  first, 
Let  the  sides  adjacent  to  the  equal  z  s  in  each  be  equal, 

that  is,  let  BC=EF. 
Then  must  AB=DE,  and  AC=DF,  and  z  BAC  =  z  EDF. 

For  if  -45  be  not =DE,  one  of  them  must  be  the  greater. 
Let  AB  be  the  greater,  and  make  GB=DE,  and  join  GC 

Then  m  L3GBC,DEF, 
V  GB^DE,  and  BC=EF,  and  z  GBC  =  z  DEF, 

.-.  z  GCB=  c  DFE.  I.  4. 

But  lACB=  L  DFE  by  hypothesis ; 

/.  iGCB=^  lACB', 
that  is,  the  less = the  greater,  which  is  impossible. 
.*.  AB  is  not  greater  than  DE. 

In  the  same  way  it  may  be  shewn  that  AB  is  not  less  than 

DE', 

.'.  AB=DE. 

Thenin  AS  ABC,  DEF, 

V  AB=DE,  and  BC^EF,  and  z  ABC^  z  DEF, 

.-.  AC'^DF,  and  z  £^C=  z  EDF.  L  4- 
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Nexty  let  the  sides  which  ure  opposite  to  equal  angles  in  each 
triangle  be  equal,  viz.,  AB=DE. 

Then  must  AC=Di\  and  BC=EF,  and  L  BAC  =  i  EDF, 


H    0 


For  if  BG  be  not=EFy  let  BC  be  the  greater,  and  make 
i5ff=^i^,  andjoin  Jif. 

Then  in  LsABH,DEF, 

'.'  AB=DE,  and  BH=EF,  and  z  ABII=  l  DEF, 

.-.  z  AHB=  L  DFE.  I.  4. 

But  lACB  =  i  DFE,  by  hypothesis, 

.'.  L  AlIB  =^  ^  ACB  ; 
that  is,  the  exterior  z  of  a  ARC  is  equal  to  the  interior  and 
opposite  z  ACBf  which  is  impossible. 

.'.  BC  is  not  greater  than  EF. 

In  the  same  way  it  may  be  shewn  tliat  BO  is  not  less  than 

EF; 

.\BC=EF, 

Then  in  /^s  ABC,  DEF, 

V  AB=I)E,  and  BC=EF,  and  z  A'/SC=  z  DEF, 

. .  AC--=I)F,  and  z  J5^0=  z  EDF.  I.  4. 

Q.  E.  D. 
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Misccllancoua  Exercises  on  Boohs  I.  and  II, 

\.  ATj  and  CD  are  equal  .strai;^'ht  lines,  bisecting  one  another 
at.  right  angles.     Shew  that  ACJJI)  is  a  square. 

2.  From  a  point  in  the  side  of  a  parallelogram  draw  a  line 
dividing  the  parallelogram  into  two  equal  put  tH. 

3.  In  thu  triangle  FDC,  if  F(^D  be  a  right  angle,  and  angle 
FDO  be  double  of  angle  CFD,  shew  limt  FD  is  d(.ulile 
of  DC. 

4.  If  J.Z>Cbe  an  cquihitcial  tiiiingle,  and  ylZ>,  ii/iJ  be  per- 
pendiculars to  the  o})posite  sides  interseciiiig  in  F;  .shew  that 
the  square  on  AB  is  t(|u;il  to  tJiTcc  tinics'thc  square  on  AF. 

5.  Describe  a  rhombus,  which  shall  be  "equal  to  a  given 
triangle,  and  have  each  of  its  sides  equal  to  one  side  of  the 
triangle. 

6.  From  a  given  point,  outside  a  given  straight  line,  draw 
a  line  nuiking  with  the  given  line  an  angle  eciual  to  a  given 
rectilineal  angle. 

7.  If  two  straight  lines  be  drawn  from  two  given  points  to 
meet  in  a  given  straight  line,  shew  that  the  sum  of  these  lines 
is  the  least  possible,  when  they  make  eciual  angles  with  the 
given  line. 

8.  ABCD  is  a  parallelogram,  whose  diagonals  AC^  BD  in- 
tersect in  0  ;  shew  that  if  the  parallelograms  AOBP,  DOCQ 
be  completed,  the  straight  line  joining  P  and  Q  passes  through 
O. 

9.  A  nCD,  EBCF  aie  two  parallelograms  on  the  same  base 
BC,  and  so  situated  that  CF  passes  through  A.  Join  DF, 
and  produce  it  to  meet  BE  produced  in  K\  join  FB^  and 
prove  tliat  the  triangle  FAB  equ.ils  the  triangle  FEK. 

10.  The  alternate  sides  of  a  polygon  are  produced  to  meet ; 
shew  that  all  the  angles  at  their  points  of  intersection  together 
with  four  right  angles  are  equal  to  all  the  interior  angles  of 
the  polygon.  ^ 

11.  Shew  that  tne  perimeter  of  a  rectangle  is  always  greater 
than  that  of  the  square  equal  to  the  rectangle. 
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12.  Shew  th:it  the  opposite  sides  of  an  equuMgular  hexagon 
are  parallel,  though  they  ho  not  equal . 

13.  If  two  equal  straight  lines  intersect  each  other  anjrwhere 
at  right  angles,  shew  that  the  area  of  the  quadrilateral  formed 
by  joining  their  extremities  ia  invariable,  and  equal  to  ouo-half 
the  square  on  either  lino. 

14.  Two  triangU'S  ACB,  AUB  are  constructed  on  the  same 
bide  of  the  same  base  AH.  Shew  that  if  AC=J'I>  ana 
AD=BC,  then  CD  is  parallel  to  AB  ;  but  if  u4C=i>'Cand 
AD  =  BB,  then  CD  is  perpendicular  to  AB, 

15.  ^i?  is  the  hypotenuse  of  a  right-angled  triangle  J  J5C: 
find  a  point  D  in  AB,  such  that  DB  may  be  equal  to  the  per- 
pendicular from  D  on  AG. 

16.  Find  the  locus  of  the  vertices  of  triangles  of  equal  area 
on  the  same  base,  and  on  the  same  side  of  it. 

17.  Shew  that  the  perimeter  of  an  isosceles  triangle  is  less 
than  that  of  any  triangle  of  equal  area  on  the  same  base. 

18.  If  each  of  the  equal  angles  of  an  isosceles  triangle  be 
equal  to  one-fourth  the  vertical  angle,  and  from  one  of  them  a 
perpendicular  be  drawn  to  the  base,  meeting  the  opposite  side 
produced,  then  will  the  part  produced,  the  perpendicular,  and 
the  remaining  side,  form  an  equilateral  triangle. 

19.  If  a  straight  line  terminated  by  the  sides  of  a  triangle 
be  bisected,  shew  that  no  other  line  terminated  by  the  same 
two  sides  can  be  bisected  in  the  same  point. 

20.  Shew  how  to  bisect  a  given  quadrilateral  by  a  straight 
line  drawn  from  one  of  its  an<:rles. 

21.  Given  the  lengths  of  the  two  diagonals  of  a  rhombus,  con- 
struct it. 

22.  ABCD  is  a  quadrilateral  figure :  construct  a  triangle 
whose  base  shall  be  in  the  line  AB,  such  that  its  altitude  shall 
be  equal  to  a  given  line,  and  its  area  equal  to  that  of  the 
quadrilateral. 

23.  If  from  any  point  in  the  base  of  an  isosceles  triangle 
perpendiculars  be  drawn  to  the  sides,  their  sum  will  be  equal 
to  the  perpendicular  from  either  extremity  of  the  base  upon 
the  opposite  side. 
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24.  li  AUGhQ  u  triiini,'lo,  in  wliich  C  is  a  riglit  angle,  and 
DE  be  drawn  from  a  point  D  in  AC  at  ri|,'ht  angles  to  AB^ 
prove  that  the  rectangles  ABy  AE  and  ACy  AD  ore  equal. 

25.  A  lino  is  drawn  bisecting  parallelogram  ABCD,  anJ 
meeting  AD^  BG  in  E  and  F:  shew  tiiat  the  triangles  EBh\ 
CED  are  equal. 

26.  Upon  the  hypotenuse  BC  and  the  sides  CA^  AB  of  a 
right-angled  triangle  ABC^  squares  BDEG,  AF  and  AG  are 
described  :  shew  that  the  squares  on  VG  and  EF  are  together 
equal  to  five  times  the  square  on  BC. 

27.  If  from  the  vertical  angle  of  a  triangle  three  straight 
lines  bo  drawn,  one  bisecting  the  angle,  the  second  bisecting 
the  base,  and  the  third  perpendicular  to  the  base,  shew  that 
the  first  lies,  both  in  position  and  magnitude,  between  the 
other  two. 

28.  If  ABC  be  a  triangle,  whose  angle  ^  is  a  right  angle, 
and  BEj  GF  be  drawn  bisecting  the  opposite  sides  respectively, 
shew  that  four  times  the  sum  of  the  squares  on  BE  and  GF  is 
equal  to  five  times  the  square  on  BG. 

29.  Let  ACB,  ADB  be  two  right-angled  triangles  having 
a  common  hypotenuse  AB.  Join  CD  and  on  CD  produced 
both  ways  draw  perpendiculars  AEy  BF.  Shew  that  the  sum 
of  the  squares  on  CE  and  GF  is  equal  to  the  sum  of  the  squares 
on  DE  and  DF. 

30.  In  the  bise  ^C  of  a  triangle  take  any  point  D:  bisect 
AD,  DCy  AB,  BG  at  the  points  E,  F,  G,  H  respectively. 
Shew  that  EG  is  equal  and  parallel  to  FH, 

31.  If  AD  be  drawn  from  the  vertex  of  an  isosceles  triangle 
ABC  to  a  point  D  in  the  base,  shew  that  the  rectangle  BD,  DC 
is  equal  to  the  difference  between  the  squares  on  AB  and  AD. 

32.  If  in  the  sides  of  a  square  four  points  be  taken  at  equal 
distances  from  the  four  angular  points  taken  in  order,  the 
figure  contained  by  the  straight  lines,  which  join  them,  shall 
also  be  a  square. 

33.  If  the  sides  of  an  equilateral  and  equiangular  pentagon 
be  produced  to  meet,  shew  that  the  sum  of  the  angles  at  the 
points  of  meeting  is  equal  to  two  right  angles. 
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34.  Descrilx*  a  .s(|U;iro  tliiit  shnll  bo  cqunl  to  tlio  ditVcrcDce 
lietween  two  given  iiiul  uiRMjual  squares. 

35.  ABCD,  AECFixTd  two  piirMllolof,'rnms,  FA,  AD  hrinrj 
in  11  struiglit  line.  Let  J''<l,  drawn  itarallel  to  A(\  meet  UA 
linului.eJ  in  Cr.  Then  the  trian<^le  AL/'J  e([iial.s  the  tria!i;^lo 
ADO. 

36.  From  AC,  tlie  diafjonal  of  a  fiquave  A  BCD,  cut  ofV  AR 
equal  to  one-fourth  of  AC,  and  join  7>7i',  DE.  Sliew  that  tlic 
fij^uro  BADE  is  etiual  to  twice  tlie  scinare  on  AE. 

37.  If  ABC  be  a  trian<,'le,  witli  the  an<fles  at  B  and  C  (>adi 
double  of  the  angle  at  A,  prove  tliat  the  scpiare  >n  All  is 
equal  to  the  square  on  BC  together  with  the  rectangle  A  />, 

BG. 

38.  If  two  sides  of  a  quadrilateral  bo  parallel,  the  triangle 
contained  by  either  of  the  other  sides  and  the  two  straiglit 
lines  drawn  from  its  extremities  to  the  middle  point  of  the 
opposite  side  is  half  the  quadrihiteral. 

39.  Describe  a  parallelogram  equal  to  and  equiangular  with 
a  given  parallelogram,  and  having  a  given  altitude. 

40.  If  the  sides  of  a  triangle  taken  in  order  be  produced  to 
twice  their  original  lengths,  and  the  outer  extiemities  be 
joined,  the  triangle  so  formed  will  be  seven  times  the  original 
triangle. 

41.  If  one  of  the  acute  angles  of  a  right-angled  isosceles 
triangle  be  bisected,  the  opposite  side  will  be  divided  by  the 
bisecting  line  into  two  parts,  such  that  the  square  on  one  will 
be  double  of  the  square  on  the  other. 

42.  ABC  is  a  triangle,  right-angled  at  5,  and  BD  is  drawn 
perpendicular  to  the  base,  and  is  produced  to  E  until  ECB  is 
a  right  angle  ;  prove  that  the  square  on  BC  is  equal  to  the  sum 
of  the  rectangles  AD,  DC  and  BD,  DE. 

43.  Shew  that  the  sum  of  ihe  squares  on  two  unequal  lines  is 
greater  than  twice  the  rectangle  contained  by  the  lines. 

44  From  a  given  isosceles  triangle  cut  off  a  trapezium, 
having  the  base  of  the  triangle  for  one  of  its  p^.rallel  sides, 
og^dl  having  the  other  three  sides  ec^ual^ 
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45.  If  any  number  i)f  parallelograms  be  constructed  having 
their  sides  of  given  leogth,  shew  tliat  the  buiii  of  the  squares 
on  the  (liagouals'of  each  will  be  the  same. 

46.  ABCD  is  a  right-angled  parallelogram,  and  AB  is  double 
of  BC ;  on  AB  an  equilateral  triangle  is  constructed :  shew 
that  its  area  will  be  less  than  that  of  the  parallelogram. 

47.  A  point  0  is  taken  within  a  triangle  ABC,  such  that  the 
angles  BOC,  CO  A,  AOB  are  equal ;  prove  that  the  squares  on 
BC,  CA,  AB  are  together  equal  to  the  rectangles  contained  by 
OB,  OC]  00,  OA;  OA,  OB;  and  twice  the  sum  of  the 
squares  on  OA,  OB,  00. 

48.  If  the  sides  of  an  equilateral  and  equiangular  hexagon 
be  produced  to  moot,  the  angles  formed  by  these  lines  are 
together  eqiial.to  four  right  angles. 

49.  ABC  is  a  triangle  right-angled  at  J.  ;  in  the  hypote- 
nuse two  points  D,  E  are  taken  such  that  BD  =  BA  anil 
CE~  CA  ;  shew  that  the  square  on  DE  is  equal  to  twice  tl  e 
rectr.ngle  contained  by  J5^,  CD.  ." 

50.  Given  one  side  of  a  rectangle  which  is  equal  in  area  to  i 
given  "^qunrp,  find  the  other  side.   ■"       ' 

5  J .  A  />,  .1 C  are  the  two  equal  sides  of  an  isosceles  triangle-. ; 
fro-'u  B,  BJ)  is  drawn  perpendicular  to  AC,  meeting  it  in  I); 
shew  that  the  square  on  BD  is  greater  than  the  square  on  CI> 
by  twice  the  rectangle  ^D,  CD. 
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Postulate.  , 

A  POINT  is  within,  or  without,  a  cin.le,  accordincr  as  its 
distance  from  the  centre  is  less,  or  grea/>er  than,  the  radius  of 
the  circle. 

Def.  I.  A  straight  line,  as  PQ,  drawn  so  as  to  cut  a  circle 
ABCDf  is  called  a  Secant. 


That  such  a  line  can  only  meet  the  circumference  in  two 
points  may  be  shewn  thus : 

Some  point  within  the  circle  is  the  centre  ;  let  this  be  0. 
Join  OA.  Then  (Ex.  1,  i.  16)  we  can  draw  one,  and  only  one, 
straight  line  from  0,  to  meet  the  straight  line  P^,  such  that 
it  shall  be  equal  to  OA.  Let  this  line  be  00.  'Aien  A  and 
C  are  the  only  points  in  PQ,  which  are  on  tlu  circumLi'ence 
of  the  circle. 

8.  S.  U.  » 
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Dkf.  II.  The  portion  AQ  of  the  secant  P(^,  intercepted  by 
the  circle,  is  called  a  Chord. 

Def.  III.  The  two  portions,  into  which  a  chord  divides 
the  circumference,  as  ABC  and  -4 DO,  are  called  Arcs. 


Dei'.  IV.  The  two  figures  into  which  a  chord  divides  the  circle, 
as  ABC  and  ADC^  that  is,  the  figures,  of  which  tho  boun- 
daries are  respectively  the  arc  ABC  and  the  chord  AC^  and 
the  arc  ADC  and  the  chord  AC^  are  called  Segjients  of  the 
circle. 

Def.  V.  The  figure  AOCD,  whose  boundaries  are  two  radii 
and  the  arc  intercepted  by  them,  is  called  a  Sector. 

Def.  VI.  A  circle  is  said  to  be  described  about  a  rectilinear 
figure,  when  the  circumference  passes  through  each  of  the 
angular  points  of  the  figure.  / 
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Ar.d  the  figure  is  said  to  be  wscribed  in  the  circle. 
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Proposition  I.    Theorem. 

The  linCf  which  bisects  a  chord  of  a  circle  at  right  angles, 
must  contain  the  centre. 
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Let  J  BC  be  the  given  ®. 
Let  the  st.  line  C£  bisect  the  chord  AB  at  rt.  angles  in  D, 

"     Then  the  centre  of  the  ®  must  lie  in  C.E.  ^ 

For  if  not,  let  0,  a  pt.  out  of  CE,  be  the  centre  ; 
and  join  OA,  OD,  OB, 

Then,  in  as  ODA,  ODB, 
'.'  AD  ==  BDi  and  DO  is  common,  and  OA  =  OB ; 

.-.  d.ODA'=^  I  ODB;  L  c. 

and  .*.  z  ODB  is  a  right  z  .  'I.  Def.  9 

But  I  CDB  is  a  right  z  ,  by  construction  ;  — 

.•.  z  ODB  =  z  CDBf  which  is  impossible ; 

.'.  0  is  not  the  centre. 

Thus  it  may  be  shewn  that  no  point,  out  of  .CEf  can  be  the 
centre,  and  .'.the  centre  must  lie  in  CE. 

Cor.  If  the  chord  CE  he  bisected  in  F^  then  F  is  the  eeatrt 
of  the  circle. 
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Proposition  II.    Theorem. 

If  any  hvo  points  he  taken  in  the  circumference  of  a  circle^ 
the  straight  line,  which  joins  them,  must  fall  within  the 
circle. 


i» 


Let  A  and  B  be  any  two  pts.  in  the  Oce  of  the  ®  ABC. 

Then  must  the  st.  line  AB  fall  within  the  ®. 

Take  any  pt.  D  in  the  line  AB. 

Find  0  the  centre  of  the  ® .  HI.  1,  Cor. 

Join  OA,  OD,  OB. 
Then  •.•  i  OAB  =  z  OBA,  I,  a. 

and  z  ODB  is  greater  than  z  O^B,      '       1.16. 
">  .*.  z  ODJS  is  greater  than  z  05-4  ; 

and  .'.  OB  is  greater  than  OD.  I.  19. 

.*.  the  distance  of  D  from  0  is  less  than  the  radius  of  the  0 , 
and  .*.  X>  lies  within  the  ®.  Post. 

And  the  same  may  be  shewn  of  any  other  pt.  in  AB. 
^  .'.  J£  lies  entirely  within  the  ®. 

Q.  E.  o. 
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Proposition  III.    Theorem. 

If  a  straight  line,  draimi  through  the  centre  of  a  cirde,  bisect 
a  chord  of  the  circle,  which  does  not  pass  through  the  oentre,  it 
must  cut  it  at  right  angles  :  and  conversely f  if  it  ctit  it  at  right 
angles,  it  must  bisect  it. 
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In  the  ©  ABC,  let  the  chord  AB,  which  does  not  pass 
through  the  centre  0,  be  bisected  in  E  by  the  diameter  CD. 
Then  must  CD  be  ±  to  AB. 

Join  OA,  OB. 
Then  in  AS  AEO,BEO, 
V  AE=BE,  and  EG  is  common,  and  OA  =  OB, 

.'.  L  OEA=  L  OEB.  La 

Hence  OE  is  ±  to  AB,  I.  Def.  9. 

that  is,  CD  is  J.  to  AB. 

"Next  let  CD  he  ±  to  AB. 

Then  must  CD  bisect  AB. 

For  V  0J[  =  05,  and  OjB7  is  common, 
in  the  right-angled  A  s  AEO,  BEO, 
.•.AE=BE, 
that  is,  CD  bisects  AB. 

Ex.  1.  Shew  that,  if  CD  does  not  cut  AB  at  right  angles, 
it  cannot  bisect  it. 

Ex.  2.  A  line,  which  bisects  two  parallel  chords  in  a  circle, 
is  also  perpendicular  to  them. 

Ex.  3.  Through  a  given  point  within  a  circle,  which  is  not 
the  oentre,  draw  a  chord  which  shall  be  bisected  in  that  point. 


I.  E.  Cor.  p.  43. 

Q.  £.  D. 


;f1 


4 


1  •: 

)■■:■ 


% 


irh. 


1 
#1 


(:  iS-'i 


; ;(;  ■ 


126 


EUCLID'S  ELEMENTS. 


[Booktn 


Proposition  IV.    Theorem. 

If  in  a  circle  two  chortb,  whlcli  do  not  both  ja^s  through  the 
cantref  cut  one  anothery  they  do  not  bisect  each  other. 


W: 


im. 


v  .  ,<5' 


Let  the  ch  rds  ABy  CD,  which  do  not  both  pass  through  the 
centre,  cut  one  another,  in  the  pt.  E,  in  the  ©  ACBD. 

Then  AB,  CD  do  not  bisect  each  other. 

If  one  of  them  pass  through  the  centre,  it  is  plainly  not 
liisccted  by  the  other,  which  does  not  pass  through  the  centre. 

But  if  neither  pass  through  the  centre,  let,  if  it  be  possible^ 
AE=EB  and  CE=ED ;  find  the  centre  0,  and  join  OE, 

Then  '.•  OE,  passing  through  the  centre,  bisects  AB, 

.-.  z  OEA  is  a  rt.  z  .  III.  3. 

And  •.*  OE,  passing  through  the  centre,  bisects  CD, 

.'.  L  OEC  is  a  rt.  z  ;  III.  3 

/.  z  0^^=  z  0^0,  which  is  impossible ; 
/.  AB,  CD  do  not  bisect  each  other.  q.  e.  d. 

Ex.  1.  Shew  that  the  locus  of  the  points  of  bisection  of  all 
parallel  chords  of  a  circle  is  a  straight  line. 

Ex.  2.  Shew  that  no  parallelogram,  except  those  which  are 
rectangular,  can  be  inscribed  in  a  circle.  ^ 
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Proposition  V.    Theorem.    * 
1}  two  circles  cut  one  another^  they  cannot  have  the  same  centre. 


I.  Def.  13. 
I.  Def.  13. 


If  it  be  possible,  let  0  be  tbe  common  centre  of  the  ®s 
ABCf  ADCf  which  cut  one  another  in  the  pts.  A  and  C. 

Join  OA,  and  draw  OEF  meeting  the  ©s  in  H  and  F. 
Then  •.•  0  is  the  centre  of  ©  ABC, 

.'.OE=OA) 
and  •.*  0  is  the  centre  of  ©  ADC, 

.'.OF=OA; 
.*.  0E=  OF,  which  is  impcosible  ; 
.*.  0  is  not  the  common  centre. 

Q.  E.  D. 

Ex.  If  two  circles  cut  one  another,  shew  that  a  line  drawn 
through  a  point  of  intersection,  terminated  by  the  circumfer- 
ences and  parallel  to  the  line  joining  the  centres,  is  double  of 
the  line  joining  the  centres. 

Note.  Circles  which  have,  the  sjime  centre  are  called  Covr 
centric. 
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Note  1.  0/i  (lie  Contact  of  Circles. 

Def.  VII.  Circles  are  said  to  touch  each  other,  which  meet 
but  do  not  cut  each  other. 

One  circle  is  said  to  touch  another  internally,  when  one 
point  of  the  circumference  of  the  former  lies  on,  and  no  point 
tirithont,  the  circumference  of  the  other.  •     ^ 

Hence  for  internal  contact  one  circle  must  be  smaller  than 
the  other. 

Two  circles  are  said  to  touch  externally,  when  one  point  of 
the  circumference  of  the  one  lies  on,  and  no  point  ivithin  the 
circumference  of  the  other. 

N.B.  No  restriction  is  placed  by  these  definitions  on  the 
number  of  points  of  contact,  a^nd  it  is  not  till  we  reach  Prop, 
xiii.  that  we  prove  that  there  can  be  but  owe  point  of  cowioct. 


i! 
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Proposition  VI.    Theorem. 


If  one  circle  touch  another  interncUlijf  they  cannot  have  the 
same  centre. 


t  . 


Let  ©  ADE  touch  ©  ABC  internally, 

and  let  ^  be  a  point  of  contact. 
Then  some  point  E  in  the  Oce  ADE  lies  within  0  ABC. 

Def.  7. 
If  it  be  possible,  let  0  be  the  common  centre  of  the  two  ©  s. 
Join  OAf  and  draw  OECy  meeting  the  Oces  in  E  and  C. 
Then  •/  0  is  the  the  centre  of  ©  ABGf 

.',  OA  =  OC;  I.  Def.  13. 

and  *.•  0  is  the  centre  of  ©  ADE^ 

.'.  OA  =  OE.  I.  Def  13. 

Hence  OE^OCf  which  is  impossible  j 

,*.  0  is  not  the  common  centre  of  the  two  ©s.     , 

Q.  E,  o. 
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Proposition  VII.    Theorem. 

If  from  any  point  within  a  circle,  which  is  not  the  centre, 
straight  lines  be  (lr,iivn  to  the  circumference,  the  greatest  of  these 
lines  is  that  which  passes  through  the  centre. 


Let  ABC  be  a  © ,  of  which  0  is  the  centre. 

From  P,  any  pt.  within  the  © ,  draw  the  st.  line  PA,  pf ..is- 
ing  through  0  and  meeting  the  Oce  in  A.  > 

Then  must  PA  he  greater  ihan  any  other  st.  line, 
drawn  from  P  to  the  Oce. 

For  let  PB  be  any  other  st.  line,  drawn  from  P  to  meet  the 
Oce  in  By  and  join  50. 

Then  •/  AO=BO, 

.-.  ^P=sum  of  BO  and  OP. 

But  the  sura  of  BO  and  OP  is  greater  than  BP,        I.  20. 

and  .*.  AP  is  greater  than  BP.  q.  e.  d. 

Ex.  1.  If  AP  be  produced  to  meet  the  circumference  in 
D,  shew  that  PD  is  less  than  any  other  straight  line  that  can 
be  drawn  from  P  to  the  circumference. 

Ex.  2.  Shew  that  PB  continually  decreasen,  as  B  passes 
from  A  to  D.  ^ 

Ex.  3.  Shew  that  two  straight  lines,  but  not  three,  that  shall 
be  e<^ual,  can  be  drawn  from  P  to  t^e  circumference^ 


]^ok  ni.l 
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Proposition  VIII.    Tiikouem. 
Ij  from  any  iioint  without  a  circle  atrauiht  linc.<(  he,  drami  to 
the  circunifircnce,  the  Irnst  of  these  lines  is  that  which,  when  pro 
ilnced,  pauses  throuyh  the  centrCy  and  the  greatest  is  that  ivhich 
passes  through  the  centre. 


Let  ABC  be  a  © ,  of  which  0  is  the  centre. 
From  P  any  pt.  outside  the  ©,draw  the  st.  line  PAOC, 
meeting  the  Oce  in  -4  and  C. 

Then  must  PA  be  less,  and  PC  greater,  than  any  other  st.  line 
drawn  from  P  to  the  Oce. 

For  let  PB  be  any  other  st.  line  drawn  from  P  to  meet  the 
Oce  in  B,  and  join  BO. 
Then  •,*  sum  of  PB  and  BO  is  greater  than  OP,  I.  20. 

.*.  sum  of  PB  and  .BOtis  greater  than  sum  of  AP  and  AO, 

BvLtBO=^AO; 

.'.  PB  is  greater  than  AP. 
Again  *.•  PB  is  less  than  the  sum  of  PO,  OB,  I.  20. 

.*.  PB  is  less  than  the  sum  of  PO,  OC ; 

.'.  PB  is  less  than  PC.  q.  b.  d. 

Ex.  1.  Shew  that  PB  continually  increases  as  B  passes 
from  A  to  C. 

Ex.  2.  Shew  that  from  P  two  straight  lines,  but  not  three, 
that  shall  be  equal,  can  be  drawn  to  the  circumference. 

Note.  From  Props,  vii.  and  viii.  we  deduce  the  following 

Corollary,  which  we  shall  use  in  the  proof  of  Props,  xi.  and  xiii. 

Cor.  If  c  point  be  taken,  within  or  without  a  circle,  of  all 

straight  lines  drawn  from  it  to  the  circumference,  the  greatest  ig 

that  which  meets  the  circumference  after  passing  through  the  centra 
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pROPoaiTioN  IX.    Theorem. 

//rt  y;o//*<  fefi  ^aZ»/<  within  a r.irch',  from  which  there  f (01  more, 
than  two  equal  straight  lines  to  the  circumference,  that  itoint  is 
the  centre  of  the  circle. 


\i    ' 
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Let  0  be  a  pt.  in  the  ®  ABC  from  which  more  than  two  st. 
lines  OAy  OB,  OG,  drawn  to  the  Oce,  are  equal. 

Then  must  0  he  the  centre  of  the  (!>. 

Join  AB,  Bi\  and  draw  OD,  OE  ±  to  AB,  BG. 
Then  *.  *  0A  =  OB,  and  OJ)  is  common, 
in  the  right-angled  A3  ^OD,  BOD,    . 

.-.  AD=DB ;  ' 
.'.  the  centre  of  the  ®  is  in  DO. 
Simikrly  it  may  be  shown  that 

the  centre  of  the  0  is  £10 ; 
.'.  .0  is  the  centre  of  the  © .  ^ 

Q.  B.  D. 


I.  E.  Cor.  p.  4,3. 
'       III.  1. 
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Proposition  X.    Tiikorkm. 

Two  circles  cannot  have  more  than  two  points  common  to 
luthf  without  coinciding  entirely. 


M 


If  it  be  possible,  let  ABC  and  ADE  be  two  ©  s  which  have 
more  than  two  pts.  in  common,  as  Ay  B,  C. 

Join  AB,  BO. 

Then  */  .4  J5  is  a  chord  of  each  circle, 

.'.  the  centre  of  each  circle  lies  iii  the  straight  line,  which 
bisects  AB  at  right  angles  ;  III.  1. 

and  •.*  BC  is  a  chord  of  each  circle, 

.'.  the  centre  of  each  circle  lies  in  the  straight  line,  which 
bisects  BC  at  right  angles.  III.  1. 

.".  the  centre  of  each  circle  is  the  point,  in  which  the  two 
straight  lines,  which  bisect  AB  and  BC  at  right  angles,  meet. 

.*.  the  ©3  ABC,  ADE  have  a  common  centre,  which  is 
impossible  ;  .  III.  5  and  6. 

/.  two  0  s  cannot  have  more  than  two  pts.  common  to  both. 

Q.  E.  D. 

Note.  We  here  insert  two  Propositions,  Eucl.  iii.  25  and 
IV.  5,  which  are  closely  connected  with  Theorems  i.  and  x.  of 
this  book.  The  learner  should  compare  with  this  portion  of 
the  subject  the  note  on  Loci,  p.  103. 
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Proposition  A.    Problem.    (Eucl.  iii.  25.) 

An  arc  of  a  circle  being  given,  to  complete  the  circle  of  which 
it  is  a  part. 


I 


I 


I     !H 
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Let -45(7  be  the  given  arc. 

It  is  required  to  complete  the  ©  of  which  ABC  is  a  pa/rt. 

Take  B,  any  pt.  in  arc  ABC,  and  join  AB,  BC. 
From  D  and  E,  the  middle  pts.  of  AB  and  BC, 
'":    .     draw  DO,  EO,  ±sto  AB,  BC,  meeting  in  0. 
Tlien  ■.•  AB  is  to  be  a  chord  of  the  0, 
t  .*.  centre  of  the  ©  lies  in  DO  ;  Itl.  1. 

and  *.•  BC  is  to  be  a  chord  of  the  ®,  • 

.*.  centre  of  the  ®  lies  in  EO.  III.  1. 

Hence  0  is  the  centre  of  the  ©  of  which  ABC  is  an  arc, 
and  if  a  ©  be  described,  with  centre  0  and  radius  OA,  this 
will  be  the  ®  required. 

Q.  E.  F. 
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Proposition  B.    Problem.    (Eucl.  iv.  5.) 
To  describe  a  circle  ahout  a  given  triangle. 


Let  ABC  be  the  given  A . 

It  is  required  to  describe  a  ©  about  the  L . 

From  D  and  Ej  the  middle  pts.  of  AB  and  AC,  draw  DO, 
EO,  ±  s  to  ABf  AC,  and  let  them  meet  in  0. 

Then  *.•  AB  is  to  be  a  chord  of  the  ©,     ' 

.'.  centre  of  the  ©  lies  in  DO,  III.  1. 

And  *.*  AC  is  to  be  a  chord  of  the  © , 

.*.  centre  of  the  ©  lies  in  EO.  III.  1. 

Hence  0  is  the  centre  of  the  ©  which  can  be  described 
about  the  A ,  and  if  a  ©  be  described  with  centre  0  and  radius 
OA,  this  will  be  the  ©  required. 

.  Q.  E.  F. 

Ex.  If  BAC  be  a  right  angle,  show  that  0  will  coincide 
with  the  middle  point  of  BC, 
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Proposition  XI.    Theorem. 

If  one  circle  touch  another  internally  at  any  point,  the 
centre  of  the  interior  circle  must  lie  in  that  roAiiis  of  the 
other  circle  which  passes  through  that  point  of  contact. 


Let  the  ®  ADE  touch  the  ®  ABC  internally,  and  let  A  be 
a  pt.  of  contact.  ^ 

Find  0  the  centre  of  ®  ABC,  and  join  OA. 

Then  must  the  centre  of  ®  ADE  lie  in  the  radius  OA. 

For  if  not,  let  P  be  the  centre  of  ®  ADE. 

Join  OPf  and  produce  it  to  meet  the  Oces  in  D  and  B. 

Then  •.*  P  is  the  centre  of  ®  ADE^  and  from  0  are  drawn 
to  the  Oce  of  ADE  the  st.  lines  OA,  OD,  of  which  OD  passes 
through  P, 

.'.  OD  is  greater  than  OA.  III.  8,  Cor. 

But  0^  =  0B; 

.*.  OD  is  greater  than  OjB, 

which  is  impossible.  ;     * 

.*.  the  centre  of  ©  ADE  is  not  out  of  the  radiums  OA. 

-  .'.it  lies  in  OA,    , 

Q.  E.  D. 
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Proposition  XII.    Theorem. 

If  two  circles  toudi  one  another  externalljj  at  any  pointy  the 
straight  line  joining  the  centre  of  one  with  that  point  of  contact 
must  when  produced  pass  through  the  centre  of  the  other. 


f    Let  ©  ABC  touch  ©  ADE  externally  at  the  pt.  A. 
Let  0  be  the  centre  of  ®  ABC. 
Join  OA,  and  produce  it  to  E. 

Then  must  the  centre  of  ©  ADE  lie  in  AE. 

*For  if  not,  let  P  be  the  centre  of  ©  ADE. 

Join  OP  meeting  the  ©  s  in  ^,  i>  ;  and  join  AP, 
ThenvOJ5=0^ 
and  PI>=.4P, 

.*.  OB  and  PD  together=  OA  and  AP  together ; 
.'.  OP  is  not  less  than  OA  and  AP  together. 
But  OP  is  less  than  OA  and  AP  together, 
which  is  impossible  ; 

.*.  the  centre  of  ©  ADE  cannot  lie  out  of  AE. 


I.  £0. 


Q.  E.  D. 


Ex.  Three  circles  touch  one  another  externally,  v^'hose 
centres  are  A,  B,  C.  Shew  that  the  difference  between  AB 
and  AC  is  half  as  great  as  the  difference  between  the  diametera 
of  the  circles,  whose  centres  ure  />  and  6*.        . 
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Proposition  XIII.    Theorem. 

One  circle  cannot  touch  another  at  more  points  than  one, 
whether  it  touch  it  internally  or  external y. 

First  let  the  ©  ADE  touch  the  ©  A  BO  internally  at  pt.  A. 
Then  there  can  be  no  other  point  of  coni<iteU 


Take  0  the  centre  of  ©  ABC 

Then  P,  the  centre  of  ©  ADE,  lies  in  OA,  III.  11. 

Take  any  pt.  E  in  the  Qce  of  the  ©  ADE,  and  join  OE. 

Then  *.•  from  0,  a  pt.  within  or  without  the  ©  ADS,  two 
lines  OA,  OE  are  drawn  to  the  Qce,  of  which  OA  passes 
through  the  centre  P, 

.*.  OA  is  greater  than  OE,  III.  8,  Cor. 

and  .*.  ^  is  a  point  within  the  ©  ABC.  Post. 

Similarly  it  may  be  shewn  that  every  pt.  of  the  Qce  of  the 
0  ADE,  except  A,  lies  within  the  ©  ABC ;  ^  . 

.*.  A  is  the  only  point  at  which  the  ®s  meet. 


til.  11. 
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Next,  let  the  ©s  ABG^  ADE  touch  externally  at  the  pt.  A, 
'Chen  there  can  be  no  other  point  of  contact. 


Take  0  the  centre  of  the  ®  ABC. 
Then  P,  the  centre  of  the  ®  ADE^  lies  in  OA  produced. 

III.  12. 

Take  any  pt.  D  in  the  Qce  of  the  ®  ADE,  and  join  OD. 

Then  *.'  from  0,  a  pt.  without  the  ®  ADE,  two  lines  OA, 
OD  are  drawn  to  the  Qce,  of  which  OA  when  produced  passes 
through  the  centre  P, 

.'.  OD  is  greater  tlian  OA  ;  III.  8. 

.'.  jD  is  a  point  without  the  ®  ABC.  Post. 

Similarly,  it  may  be  shewn  that  every  pt.  of  the  O^e  cf 
ADE,  except  A,  lies  without  the  0  ABC  ; 

.*.  A  is  the  only  point  at  which  the  ®s  meet. 

•  Q.  E.  D. 

Def.  VIII.  The  DISTANCE  of  a  chord  from  the  centre  id 
measured  by  the  length  of  the  perpendicular  drawn  from  the 
centre  to  the  chord.  *   —- 
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.    _   Proposition  XIV.    Thi;orem. 

Equal  chords  in- a  circle  are  equally  distant  from  the  centre  ; 
and  conversely^  those  which  are  equally  distant  fror»  the  centre, 
are  equal  to  one  another. 


Let  the  chords  AB,  CD  in  the  ©  ABDC  be  equal. 

Then  must  AB  and  CD  be  equally  distant  from  the  centre  0. 

Draw  OP  and  OQ  ±  to  AB  and  CD  ;  and  join  AO,  CO. 
Then  P  and  Q  are  the  middle  pts.  of  AB  and  CD  :      III.  3. 

audi'.' AB=CD,.\AP=Cq.  ^ 

Then  '.'  AP=  CQ,  and  ^  0=  (70,  ,  . 

in  the  right-angled  A  s  ^  OP,  COQ, 

.-.  OP=OQ  ;  I.  E.  Cor.  p.  43. 

and  .*.  AB  and  CD  are  equally  distant  from  0.  Def.  8. 

Next,  let  AB  and  CD  bo  equally  distant  from  0. 

Then  must  AB= CD, 


For  •.•  OP=OQ,  and  AO=CO, 
in  the  right-angled  as  AOP,  COQ, 

.       -'.AP^CQ, 

i\x\d/.An=CD. 


I.  E.  Cor. 


Q.  E.  D. 


Ex.  In  a  circle,  whose  diameter  is  10  inches,  a  chord  is 
drawn,  which  is  8  inches  long.  If  another  chord  be  drawn,  at 
a  distance  of  3  inches  from  the  centrOj  shew  whether  it  is  equal 
or  not  to  the  former,       .  *  "■ 
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Proposition  XV.    Theorem. 

T)ie>  diameter  is  the  greatest  chord  in  a  circle,  and  of  all  others 
that  which  is  nearer  to  the  centre  is  alwaijs  greater  than  one 
more  remote ;  and  the  greater  is  nearer  to  the  ant  re  than  the 
less. 


.     J'' 


Let  AB  be  a  diameter  of  the  0  ABDC,  whose  centre  is  0, 
and  let  CD  be  any  other  chord,  not  a  diameter,  in  the  ©, 
nearer  to  the  centre  than  the  chord  EF. 

Then  must  AB  be  greater  than  CD,  and  CD  grehter  than  EF. 
Draw  OP,  OQ  ±  to  CD  and  EF ;  and  join  OC,  OD,  OE. 

Then  •••  AO=CO,  and  OB^OD,        I.  Def.  13. 
-'  .-.  ^j5=sum  of  CO  and  01>,  ' 

and  .*.  AB  is  greater  than  CD.  I.  20. 

Again,  ■.  •  CD  is  nearer  to  the  centre  than  EF^ 

.'.OP  is  less  than  OQ.  Dcf.  H. 

Now  *.•  sq.  on  OC=&c{.  on  OE, 
.',  sum  of  sqq.  on  OP,  PC— sum  of  tqrj  on  OQ,  QE.    I.  47. 
But  sq.  on  OP  is  less  than  s(i.  on  OQ  ; 
.•.  sq.  on  PC  is  greater  than  sq.  on  QE  ; 
.*.  PC  is  greater  than  QE  ; 
*     '■  and  .*.  CD  is  greater  than  EF. 

Next,  let  CD  be  greater  than  EF. 
Then  must  CD  he  nearer  to  the  centre  than  EF, 
For  •/  CD  is  greater  than  EF, 
V       "     /.  PC  is  greater  than  QE. 
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Now  the  sum  of  sqq.  on  OBy  PC=suin  of  sqq.  on  OQ,  QE. 
But  sq.  on  PC  is  p;reater  than  sq.  on  QE ; 
.*.  sq.  on  OP  is  less  than  sq!  on  0^  ; 
.'.  OP  is  less  than  0Q\ 
and  .*.  CD  is  nearer  to  the  centre  than  EF, 

Q.  E.  D. 

Ex.  1.  Draw  a  chord  of  given  length  in  a  given  circle,  which 
shall  be  bisected  by  a  given  chord.  - 

Ex.  2.  If  two  isosceles  triangles  be  of  equal  altitude,  and 
the  sides  of  one  be  equal  to  the  sides  of  the  other,  shew  that 
their  bases  must  be  equal.  • 

Ex.  3.  Any  two  chords  of  a  circle,  which  Mit^a  diameter  in 
the  same  point  and  at  equal  angles,  are  equal  to  one  another. 

Def.  IX.  A  straight  line  is  said  to  be  a  Tangent  to,  or  to 
touch,  a  circle,  when  it  meets  and,  being  produced,  does  not  cut 
the  circle. 

From  this  definition  it  follows  that  the  tangent  meets  the 
circle  in  one  point  only,  for  if  it  met  the  circle  in  two  points 
it  would  cut  the  circle,  since  the  line  joining  two  points  in  the 
circumference  is,  being  produced,  a  secant.     (III.  2.) 

Dep.  X.  If  from  any  point  in  a  circle  a  line  be  drawn  at 
right  angles  to  the  tangent  at  that  point,  the  line  is  called  a 
Normal  to  the  circle  at  that  point. 

Def.  XL  A  rectilinear  fi'i-ure  is  said  to  be  described  about  a 
jircle,  when  each  side  of  the  figure  touches  the  circle. 


And  the  circle  is  said  to  be  inscribed  in  the  figure. 
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Proposition  XVI.    Theorem. 

Tlie.  straight  line  draivn  at  right  angles  to  the  diameter  of  a 
circle^  from  the  extremity  of  ity  is  a  tangent  to  the  circle. 


Let  ABC  be  a  ©,  of  which  the  centre  is  0,and  the  diameter 
JOB. 

Through  B  draw  DE  at  right  angles  to  AOB.      I.  11. 

Then  must  DE  be  a  tangent  to  the® » 

Take  any  point  P  in  DEj  and  join  OP. 

Then,  *.  •  z  OBP  is  a  right  angle, 

.*.  z  OPB  is  less  than  a  right  angle,  I.  17. 

and  .'.  OP  is  greater  than  OB.  I.  10- 

Hence  P  is  a  point  without  the  ©  ABC.  Post. 

In  the  same  way  it  may  be  shewn  that  every  point  in  DE^ 
or  DE  produced  in  either  direction,  except  the  point  By  lies 
without  the  © ; 


/.  DE  13  a  tangent  to  the  ® . 


Def.  9. 


Q.  E.  D. 
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Proposition  XVII.     Puodlem. 
To  drmo  a  straight  line  from  a  (jlveii  2>oint,  either  without 
or  ON  the  circumference,  ivhich  shall  touch  a  given  circle. 


Then 


and 


Let  A  be  the  given  pt.,  without  the  0  BCD. 
Take  0  the  centre  of  ©  BCD,  and  join  OA. 
Bisect  OA  in  J?,  and  with  centre  E  and  radius  EO  describe 
©  ABOD,  cutting  the  given  ©  in  5  and  D. 

Join  AB,  AD.     These  are  tangents  to  the  ©  BCD. 
Join  BO,  BE. 
OE==BE,  .'.  L  OBE=  z  BOE  ;  I.  a. 

iAEB=^ twice  z  OBE  ;  1.32. 

AE^BE,  .'.  z  ABE=  z  BAE ;  I.  a. 

.-.  z  0^J3  =  twice  z  ABE  ;  I.  32. 

.-.  sum  ofzs  AEB,  OEB=tw[ce  sum  ofzs  OBE,  ABE, 
that  is,  two  right  angles  =  twice  z  OB  A  ; 

.*.  z  OBA  is  a  right  angle, 
and  .'.  AB  iaa  tangent  to  the  ©  BCD.       III.  16. 
Similarly  it  may  be  shewn  that  AD  is  a  tangent  to  ©  BCD. 
Next,  let  the  given  pt.  be  on  the  O^e  of  the  ©,  as  B.       • 
,  Then,  ii  BA  be  drawn  ±  to  the  radius  OB, 

BA  is  a  tangent  to  the  ®  at  B.  III.  16. 

Q.  E.  D. 

Ex.  1.  Shew  that  the  two  tangents,  drawn  from  a  point  with- 
out the  circumference  to  a  circle,  are  equal.  ^        ,     .  - 

Ex.  2.  If  a  quadrilateral  ABCD  be  described  about  a  circle, 
shew  that  the  sum  of  AB  and  CD  is  equal  to  the  sum  of  Ji> 
aud-Ba 
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I.  A. 
1.32. 

I.  A. 

I.  32. 
I  ABE, 


III.  16. 
I©  BCD. 


III.  16. 

I.  E.  D. 
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Proposition  XVIII.    Theorem.  ' 

If  a  straight  line  touch  a  circle,  the  straight  line  drawn  from 
the  centre  to  the  point  of  contact  must  be  perpendicular  to  the 
line  toudiing  the  cirele. 


X\i 


Let  the  st.  line  DE  touch  the  ©  ABC  in  the  pt.  C 
Find  0  the  centre,  and  join  OC. 

Then  must  00  be  J.  to  DE. 

For  if  it  be  not,  draw  OBF±  to  DE,  meeting  the  Oce  in  B. 

Then  '.•  i  OFG  is  a  rt.  angle, 

»\  L  OCF  is  less  than  a  rt.  angle,  I.  17. 

and  .*.  OC  is  grea  er  than  OF.  I.  19. 

But  0C=  OB, 

,*.  OB  is  greater  than  OF,  which  is  impossible  ; 

.*.  OF  is  not  A.  to  DE,  and  in  the  same  way  it  may  bo 
shewn  that  nb  other  line  drawn  from  0,  but  OG,  is  ±  to  DE ; 

•  -    .■.  GGiB±toDE. 

Q.  £.  D. 

Ex.  If  two  straight  lines  intersect,  the  centres  of  all  circles 
touched  by  both  lines  lie  in  two  lines  at  right  angles  to  each 
other. 

Note.  Prop,  xviii.  might  be  stated  thus  .—All  radii  of  a 
circle  are  normals  to  the  circle  at  the  points  where  they  meet  tho 
circumiference. 
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PllOPOSlTlON"  XIX.      TrtEOREM. 

If  a  straight  line  touch  a  circle,  and  from  the  point  of  conr 
ta^t  a  straight  line  be  drawn  at  right  angles  to  the  toiLching  linCf 
the  centre  of  the  circle  must  he  in  that  line,  , 


Let  the  st.  line  DE  touch  the  ©  ABC  at  the  pt.  C,  and 
from  C  let  CA  be  drawn  ±  to  DE. 

Then  must  the  centre  of  the  ©  he  in  CA, 

For  if  not,  let  F  be  the  centre,  and  join  FC. 

Then  *.*  DCE  touches  the  © ,  and  FG  is  drawn  from  centre 
to  pt.  of  contact, 

.'.  L  FCE  is  a  rt.  angle.  III.  18. 

But  z  ACE  is  a  rt.  angle. 

.'.  z  FCE  =  z  ACE,  which  is  impossible. 

In  the  same  way  it  may  be  shewn  that  no  pt.  out  of  CA 
can  be  the  centre  of  the  ©  ; 

.*.  the  centre  of  the  ®  lies  in  CA. 

Q.  E.  D. 

Ex.  Two  concentric  circles  being  described,  if  a  chord  of 
the  greater  touch  the  less,  the  parts  of  the  chord,  intercepted 
between  the  two  circles,  are  equal. 

Note.  Prop.  xix.  might  be  stated  thus  '.—Every  normal  to 
a  circle  joasses  through  the  centre. 
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Proposition  XX.    Theorem. 

The,  angle  at  the  centre  of  a  cireh  u  double  of  the  anyk  at  the 
circumference^  subtemlcd  by  the  same  arc. 

Let  ADC  be  a  © ,  0  the  centre, 
^  BCany  arc,  A  any  pt.  in  the  Oce. 

Then  must  I  BOC  ^  Iwice  I  BAC, 

First,  suppose  0  to  be  in  one  of  the  lines  containing  the 
I  BAG. 


Then  •/  OA  =  0(7, 

.\aOCA  =  ^OAC;  " 

,'.  suiu  0.  z  s  OCA,  OAC  =  twice  z  OAC. 

But  /  JBOC=  sum  of  z  s  OCA,  OAC, 

.',  I  BOC  =  ivfiQQ  L  OAC. 

that  is,  z  BOG  =  twice  z  -B^O 
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Next,  suppose  0  to  be  within  (fig  1),  or  without  (fig.  2)  the 
lBAG,  ^    ' 


Fig.  2. 


Join  -40,  and  produce  it  to  meet  the  Oce  in  D. 

Then,  as  in  the  first  ease, 

z  COD  =  twice  z  C^D, 

and  z  B01>  =  twice  z  ^^jD  ; 

.-.,  fig.  1,  sum  of  z  s  GOD^  BOD  =  twice  sum  of  z  s  CAD, 
BAD, 

that  is,  z  BOC  =  twice  z  BAC. 

And,  fig.  2,  difference  of  z  s  COD,  BOD  =  twice  difference 
of  z  s  CAD,  BAD,  that  is,  z  BOC  =  twice  z  BAC. 

Q.  E.  D. 

Ex.  From  any  point  in  a  straight  line,  touching  a  circle, 
a  straight  line  is  drawn  through  the  centre,  and  is  terminated 
by  the  circumference  ;  the  angle  between  these  two  straight 
lines  is  bisected  by  a  straight  line,  which  intersects  the  straight 
line  joining  their  extremities.  Shew  that  the  angle  between 
the  l:\st  two  lines  is  half  a  right  angle. 
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Note  2.  On  Flat  and  Rejlex  Angles. 

We  have  already  explained  (Note  3,  Book  I.,  p.  28)  how 
Euclid's  definition  of  an  angle  may  be  extended  Avith  advan- 
tage, so  as  to  include  the  conception  of  an  angle  equal  to  two 
right  angles :  and  we  now  proceed  to  shew  how  the  Definition 
given  in  that  Note  may  be  extended,  so  as  to  embrace  angles 
greater  than  two  right  angles. 


Let  WQ  be  a  straight  line,  and  QE  its  continuation. 

Then,  by  the  Definition,  the  angle  made  by  WQ  and  QEf 
which  we  propose  to  call  a  Flat  Angle,  is  equal  to  two  right 
angles. 

Now  suppose  QP  to  be  a  straight  line,  which  revolves  about 
the  fixed  point  Q,  and  which  at  first  coincides  with  QE. 

When  QP,  revolving  from  right  to  left,  coincides  with  QW, 
it  has  described  an  angle  equal  to  two  right  angles. 

When  QP  has  continued  its  revolution,  so  as  to  come  into 
the  position  indicated  in  the  diagram,  it  has  described  an 
angle  EQPy  indicated  by  the  dotted  line,  greater  than  two 
right  angles,  and  this  we  call  a  Reflex  Angle.  • 

To  assist  the  learner,  we  shall  mark  these  angles  with  dotted 
lines  in  the  diagrams. 

Admitting  the  existence  of  angles,  equal  to  and  greater  than 
two  right  angles,  the  Proposition  last  proved  may  be  extended, 
as  we  now  proceed  to  shew. 
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Proposition  C.    Theorem. 

T]u  angle,  not  less  than  two  right  angles,  at  the  centre  of  a 
circle  is  double  of  the  angle  at  the  circumfercnccy  subtended  by 
the  same  arc. 


Fig.  1. 


Fig.  2. 


In  the  0  ACBD,  let  the  angles  AOB  (not  less  than  two 
right  angles)  at  the  centre,  and  ADB  at  the  circumference,  be 
subtended  by  the  same  arc  ACB. 

Then  must  l  AOB=twice  l  ADB. 
Join  DO,  and  produce  it  to  meet  the  arc  ACB  in  C. 

Then  •.•  z  ^00= twice  z  ADO,  III.  20. 

and  I  BOO  =  twice  A  BDOy  III.  20. 

.•.  sum  of  z  s  AOC,  i?OC= twice  sum  of  z  s  ADO,  BhO, 

that  is,  z  ^OJB= twice  z  ^D5. 

Q.  E.  D. 

Note.  In  fig.  1,  z  AOB  is  drawn  a  flat  angle, 
and  in  fig.  2,  z  AOB  is  drawn  a  re^^x  angle. 

Def.  XII.  The  angle  in  a  segment  is  the  angle  contained  by 
two  straight  lines  drawn  from  any  point  in  the  arc  to  the  ex- 
tremities of  the  chord. 
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Proposition  XXI.    Theorem. 

The  angles  m  the  same  segment  of  a  circle  are  equal  to  one 
another. 


liP' 


Let  BACy  BDG  be  angles  in  the  same  segment  BADC, 

Then  must  L  BAC=  L  BDC. 
First,  when  segment  BADC  is  greater  thnn  a  seininirrle, 

From  0,  the  centre,  draw  OB,  OC.  (Fig.  1.) 

Then,  '.•  z  BOC=tmce  l  BAG,  III.  20. 

and  z  ^00=twice  z  BDG,  III.  20. 

.'.lBAG=  lBBG. 
Next,  when  segment  BADG  is  less  than  a  semicircle. 

Let  E  be  the  pt.  of  intersection  of  AG,  DB.   (Fig.  2.) 
Then  •.•  z  ABE==  z  BGE,  by  the  first  case, 

mdiBEA=  iGED,  1.15. 

.-.  z  EAB=  L  EDG,  I.  32. 

that  is,  z  BAG=  z  BDG.  q.  e.  d. 

Ex.  1.  Shew  that,  by  assuming  the  possibility  of  an  angle 
being  greater  than  two  right  angles,  both  the  cases  of  this 
proposition  may  be  included  in  one. 

Ex.  2.  If  two  straight  lines,  whose  extremities  are  in  the 
circumference  of  a  circle,  cut  one  another,  the  triangles  formed 
by  joining  their  extremities  are  ec[uiangular  to  each  other^ 
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Proposition  XXII.    Theorem. 

The.  opposite  angles  of  any  quadrilateral  Jigure,  inscribed  in 
a  circle,  are  together  equal  to  two  right  angles. 


Let  ABCD  be  a  quadrilateral  fig.  inscribed  in  a  0 . 

Then  must  each  pair  of  its  opposite  a  s  be  together  equal  to 
two  rt.  L  s. 

Draw  the  diagonals  AG,BD. 

,    Then  *.•  l  ADB=  l  ACB,  in  the  same  segment,         III.  21. 

^-     and  z  BDC=  i  BAG,  in  the  same  segment ;        III.  21. 

/.  sum  of  z  s  ADB,  J5D0=sum  of  z  s  ACB,  BAG; 

ihsitiSjAADC=sumonaACB,BAG, 

Add  to  each  z  ABG. 

Thenzs  ADG,  ABG  together=sum  ofzs  AGB,  BAG, 
ABG;  0 

'  and  ;*.  z  s  ADG,  ABG  together=two  right  z  s.  I.  32. 

Similarly,  it  may  be  shewn,  - 

.    that  z  s  BADf  BGD  together = two  right  z  s. 

Q.  E,  D. 

Note. — Another  method  of  proving  this  proposition  is  given 
on  page  177, 
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Ex.  1.  If  one  side  of  a  quadrilateral  figure  inscribed  in  a 
eiicle  be  produced,  the  exterior  angle  is  equal  to  the  opposite 
angle  of  the  quadrilateral. 

Ex.  2.  If  the  sides  AB,  DC  of  a  quadrilateral  inscribed  in 
a  circle  be  produced  to  meet  in  E,  then  the  triangles  EBC^ 
BAD  will  be  equiangular. 

Ex.  3.  Shew  that   a   circle  cannot   be   described   about  a 

rhombus. 

« 

Ex.  4.  The  lines,  bisecting  any  angle  of  a  quadrilateral  figure 
inscribed  in  a  circle  and  the  opposite  exterior  angle,  meet  in 
the  circumference  of  the  circle. 

Ex.  5.  AB,  a  chord  of  a  circle,  is  the  base  of  an  isosceles 
triangle,  whose  vertex  G  is  without  the  circle,  and  wholfe 
equal  sides  meet  the  circle  in  D,  ^ :  shew  that  CD  is  equal 
to  CE. 

Ex.  6.  If  in  any  quadrilateral  the  opposite  angles  be  to- 
gether equal  to  two  right  angles,  a  circle  may  be  described 
about  that  quadrilateral.  ♦ 

Propositions  xxiii.  and  xxiv.,  not  being  required  in  the 
method  adopted  for  proving  tHe  subsequent  Propositions  in    ~ 
this  book,  are  removed  to  the  Appendix.^    Proposition  xxv. 
has  been  already  proved. 
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Note  3.  On  the  Method  of  Superpositiony  a»  applied 
'  to  Circles. 

In  Props.  XXVI.  xxvii.  xxviii.  xxix.  we  prove  certain 
relations  existing  between  chords,  arcs,  and  angles  in  equal 
circles.  As  we  shall  employ  the  Method  of  Supfposition,  we 
must  state  the  principles  which  render  this  method  appli- 
cable, as  a  test  of  equality,  in  the  case  of  figures  with  circulfi.i 
Ijoundaries, 
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Def.  XIII.  Equal  circles  are  those,  of  which  the  radii  are 
equal. 


For  suppose  ABC,  A!B'C  to  be  circles,  of  which  the  radii 
are  equal. 

Then  if  ©  A'B'O  be  applied  to  ®  ABC,  so  that  (X,  the 
centre  of  A'B'C^  coincides  with  0,  the  centre  of  ABC^  it  is 
evident  that  any  particular  point  A'  in  the  Qce  of  the  former 
must  coincide  with  some  point  ^  in  Qce  of  the  latter,  because 
of  the  equality  of  the  radii  O'A'  Jind  OA. 

Hence  Qce  A'B'(J  must  coincide  with  Qce  ABC, 
that  is,  ®J'£'C"=  0^50. 

Further,  when  we  have  applied  the  circle  A'B'C  to  the 
circle  ABC,  so  that  the  centres  coincide,  we  may  iniiigine  ABC 
to  remain  fixed,  while  A'B'C  revolves  round  the  common 
centre.  Hence  we  may  suppose  any  particular  point  B'  in  the 
circumference  of  A'B'C  to  be  made  to  coincide  with  any  par- 
ticular point  B  in  the  circumference  of  ABC. 

Again,  any  radius  O'J.'  of  the  circle  A'B'C  may  be  made  to 
coincide  with  any  radius  OA  of  the  circle  ABC. 

Also,  if  A'B'  and  AB  be  equal  arcs,  they  may  be  made  to 
coincide. 

Again,  every  diameter  of  a  circle  divides  the  circle  into 
equal  segments. 

For  let  AOB  be  a  diameter  of  the 
circle  ACBD,  of  which  0  is  the  centre. 
Suppose  the  segment  ACB  to  be  ap- 
plied to  the  segment  ADB,  so  as  to 
keep  AB  a,  common  boundary :  then 
the  arc  ACB  must  coincide  with  the 
arc  ADB,  because  every  point  in 
«act  is  e<]^ually  distant  from  Q, 
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Proposition  XXVI.    Theorem. 

In  equal  circh'.%  the  arcf,  whirh  snhtcnd  equal  angles,  whdhcr 
they  be  at  the  centres  or  at  the  circumferences,  must  be  equal. 


Let  ABC,  DBF  be  equal  circles,  and  let  z  s  LGC,  EIIF  at 
their  centres,  and  z  s  BAG,  EDF  at  their  O^'es,  be  equal. 

.Then  must  arc  BKC=  arc  ELF. 

For,  if  ©  ABC  be  applied  to  ©  DEF, 

so  that  G  coincides  with  II,  and  GB  falls  on  IIEj 

then,  •.•  GB=IIE,  .*.  B  will  coincide  with  E. 
And  •.•  z  BGC=  L  EHF,  .'.  GC  will  fjill  on  HF; 

and  •.•  00=  Hi^,  .*.  (7  will  coincide  with  jP. 
Then  •.'  B  coincides  with  E  and  C  with  F, 
.*.  arc  BKC  will  coincide  with  and  be  equal  to  arc  ELF. 

Q.  E.  D. 

Cor.  Sector  BGCK  is  equal  to  sector  EHFL. 

Note.  This  and  the  three  following  Propositions  arc,  and 
will  hereafter  be  assumed  to  be,  true  for  the  same  circle  as  well 
as  for  equal  circles. 
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Proposition  XXVII.     Tiif.oiiem. 

In  equal  circles,  the  awjhs,  which  are  sicbtendcd  by  equal  arcSy 
whether  they  are  at  the  centres  or  at  the  circuwferences,  must  he 
canal. 


Let  ABC,  HEF  be  equal  circles,  and  let  z  s  BGC,  EHF  at 
their  centres,  and  z  s  BAC,  EDF  at  their  Qces,  be  subtended 
by  equal  arcs  BKC,  ELF. 

Then  must  i  BGC=  l  EHF,  and  iBAC=  i  EDF. 

For,  if  ©  ABC  be  applied  to  ©  DEF, 
so  that  G  coincides  with  H,  and  GB  falls  on  HE, 
then  •.•  GB=HE,  .'.  B  will  coincide  with  E  ; 
and  •.*  arc  BKC=a.Tc  ELF,  .'.  C  will  coincide  with  F. 
■^    '        Hence,  GC  will  coincide  with  HF. 

Then  •/  BG  coincides  with  EH,  and  GC  with  HF, 

.'.  L  BGC  will  coincide  with  and  be  equal  to  L  EHF. 
.    Again,  •/  z  JB^O=half  of  z  BGC,  III.  20. 

,  and  z  ^i)i?'=  half  of  z  EHF,  III.  20. 

/.  z  BAC^  L  EDF.  I.  Ax.  7. 

Q.  E.  D. 

Ex.  1.  If,  in  a  circle,  AB,  CD  be  two  arcs  of  given  magni- 
tude, and  AC,  BD  be  joined  to  meSt  in  E,  shew  that  the  angle 
^^jB  is  invariable.  , 

Ex.  2.  The  straight  Imes  joining  the  extremities  of  the 
chords  of  two  equal  arcs  of  the  same  circle,  towards  the  same 
parts,  are  parallel  to  each  other. 

'^  Y    -  .: 
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PiiorosiTioN  XXVIII.    Theorem. 

In  equal  circJcii,  the  ari\<,  irhicli  arc  svhttudiiJ  hij  faual 
chords,  imist  he  Cijual,  the  (jreater  to  the  yreater,  a)id  the  less  to 
the  less. 


u 


Let  ABC,  DEF  he  equal  circles,  mid  BC,  EF  equal  chords, 
subtending  the  mnjor  arcs  BAC,  EJJF, 

&\k{  \\\G  minoT  AYCs  BGC,  EH F. 
Then  mvd  arc  BAC  =  arc  EDF,  cuul  arc  BGC  =  arc  EIIF. 
Take  the  centres  K,  L,  and  join  KB,  KC,  LE,  LF. 
Then  '.•  KB=LE,  nnd  KC=LF,  and  BC=EF, 

.'.  I  BKC  =  A  ELF.  I.e. 

Hence,  if  ©  ABC  be  applied  to  ©  DEF, 

so  that  K  coincides  with  L,  and  KB  falls  on  LE, 

then  •.•  z  BKC  =  z  ELF,  .:  KC  will  fall  on  LF ;    - 

and  '.•  KC  =  LF,  .'.  C  will  coincide  with  F. 

Then  '.•  B  coincides  with  E,  and  C  with  F, 

.'.  arc  BAG  will  coincide  with  and  be  equal  to  arc  EDF, 

iindiivcBGC EIIF. 

q.  E.  D. 

Ex.  1.  If,  in  a  circle  A  BCD,  the  chord  AB  be  equal  to  the 
chord  DC,  AD  must  be  parallel  to  BC. 

Ex.  2.  If  a  straight  line,  drawn  from  A  the  middle  point 
of  an  arc  BC,  touch  the  circle,  shew  that  it  is  parallel  to  the 
chord  BC. 

Ex.  .3.  If  two  equal  chords,  in  a  given  circle,  cut  one  an- 
other, the  segments  of  the  one  shall  be  equal  to  the  segments 
9f  the  other,  each  to  eaoh. 
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■pROPOSITKJN  XXIX.      Tn!»HEM. 

•I 

In  equal  circles^  the  chords,  which  suhknd  c<inal  arcs,  muat 
be  equal. 


V        M 


Let  ABC,  DEF  be  equal  circles,  and  let  BC,  EFhe  chorda 
subtending  the  equal  arcs  BGC,  E  UF. 

Then  must  chord  BC  —  chord  EF. 


Take  the  centres  A",  L. 

Then,  if  ©  ABC  be  ai)i)lied  to  ©  DEF, 

so  that  iv  cohicides  with  i,  and  i>  v,ith  ii', 

and  arc  BGC  falls  on  arc  EIIF, 

V  arc  jBOO=arc  EIIF, .'.  C  will  coincide  with  F. 

Then  *.•  B  coincides  with  E  and  C  with  F, 

,\  chord  BC  must  coincide  with  and  be  equal  to  chord  EF. 

Q.  E.  D. 

Ex.  1.  The  two  straight  lines  in  a  circle,  which  join  tho 
extremities  of  two  parallel  chords,  are  equal  to  one  another. 

Ex.  2.  If  three  equal  chords  of  a.  circle,  cut  one  another  in 
the  same  point*  within  the  circle,  that  point  is  the  centre. 
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NoTK  4.   On  the  Symmetrical  jimiiertus  of  the  Circle  with 

regard  tc  Us  diiunder. 

Tho  brief  remarks  on  Symmetry  in  pp.  107,  108  imiy  now 
be  extended  in  the  following  way  : 

A  fgnre  is  said  to  be  symmetrical  with  regard  to  a  line, 
when  every  perpendicular  to  the  line  meets  the  fij^ure  at 
points  which  are  equidistant  from  the  line. 

Hence  a  Circle  is  Symmetrical  with  regard  to  its  Diameter, 
because  the  diiuneter  bisects  every  chord,  to  which  it  is  per- 
pendicular. 


4  li 


i 


!i 

I 


'  Further,  suppose  AB  to  be  a  diameter  of  the  circle 
ACBDf  of  which  0  is  the  centre,  and  CD  to  be  a  chord 
perpendicular  to  ^1 B. 

Then,  if  lines  be  drawn  as  in  the  diagram,  wo  know  that 
4  B  bisects 

"  (1.)  The  chord  CD,  III.  1. 

(2.)  The  arcs  CAD  and  CBD,  III.  26. 

(3.)  The    angles    CAD,   COD,   CBD,  and   the   reflex 
mghDOC.  1.4. 

Also,  chord  C5  =  chord  i>B,      '  1.4. 

'  and  chord  -4C=chord  AD.  I.  4. 

These  Symmetrical  rely,tions  should  be  carefully  observed, 
because  they  are  often  suggestive  of  methoda  for  the  solution 
of  problems, 
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ritOPOSITION  XXX.      PKoni-I'lM. 

To  hiscd  a  given  arc. 


A       '       1'  C 

Let  ABC  bo  the  given  arc. 

11  is  required  to  bisect  the  arc  ABO. 

Join  AC,  and  bisect  the  chord  AC  in  D. 
From  I)  draw  DB±  to  AC. 


I.  10. 
1.11. 


Tlbe7i  will  the  arc  ABC  be  bisected  in  B. 

JomBA,BC. 

Then,  in  t.»  ADB,  CDB, 

V  AD=^CD,  and  DB  is  common,  and  l  ABB  =  i  CDB, 

.'.BA-BC.  1.4. 

But,  in  the  same  circle,  tlie  arcs,  which  are  subtended  by 
equal  chords,  are  equal,  the  greater  to  the  greater  and  the 
less  to  the  less  ;  III.  28. 

and  *.•  BDy  if  produced,  is  a  diameter, 

.'.  each  of  the  arcs  BA,  BG,  is  less  than  a  semicircle, 

and  .'.  arc  BA=aYc  BC. 

Thus  the  arc  ABC  is  bisected  in  B. 

Q.  E.  P. 

Ex.  If,  from  any  point  in  the  diameter  of  a  semicircle,    ' 
there  be  drawn  two  straight  lines  to  the  circumference,  one 
to  the  bisection  of  the  circumference,  and  the  other  at  riglit 
angles  to  the  diameter,  the  squares  on  these  two  lines  are 
logetiicr  double  of  the  square  on  the  radiua. 
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Proposition  XXXI.    Tiikoukm. 

/u  a  circlcy  the,  avfjlo  in  a  stmiciirh  iff  a  riijhf  aurfJr  ;  nvil 
the  anijlc.  in  a  neqmmt  grmfrr  than  a  sewiciirh-  /.s  has  than  a 
riijht  amjhi ;  and  the  antjh  in  a  segment  has  than  a  ennuirde 
in  greater  than  a  right  angle. 
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Let  ABC  be  a  © ,  0  its  centre,  and  BC  a  diameter. 
Draw  ACf  dividinj^  the  0  into  the  segments  ABC,  ADC. 
Join  BA,  AD,  DC,  AG. 

TJien  must  the  l  in  the  semicircle  BAC  be  a  rt.  i  ,  and  l  in 
segment  ABC,  greater  than  a  semicircle,  less  than  a  rt.  l  ,  and  l 
in  segment  ADC,  less  than  a  semicircle,  greater  than  a  rt.  l  . 


I.  A. 
I.  32. 

I.  A. 

I.  3_>. 


First,  •.•  BO=AO,  .:  z  BAO=  l  ABO ; 
.-.  z  COvl = twice  z^^O; 
and  •.•  CO=AO,  .:  z  CAO=  z  ACO  ; 
.'.  zJ50^  =  twice  z  dO; 
.-.  sum  of  z  s  CO  A,  BOA  =  twice  sum  of  z  s  BAO,  CAO,  that 
is,  two  right  angles  =  twice  z  BAC. 

.'.  L  BAC  is  a  right  angle. 
Next,  •.•  z  BAC  is  a  rt.  z  , 
.*.  z  ABC  is  less  than  a  rt.  z  .  I.  17. 

Lastly,  •.•  sum  of  zs  ^ifC,  J.Z)(7=two  rt.  zs,       III.  22. 
and  z  ABC  is  less  than  a  rt.  z  , 
.•.  z  ADC  is  greater  than  a  rt.  z  .         q.  e.  d, 
Note. — For  a  simpler  proof  see  page  178. 
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Ex.  1.  If  a  circle  be  described  on  the  radius  of  another  circle 
83  diameter,  any  straight  line,  drawn  from  the  point,  where 
they  meet,  to  the  outer  circumference,  is  bisected  by  the  in- 
terior one 

Ex.  2.  If  a  straight  line  be  drawn  to  touch  a  circle,  aild  be 
parallel  to  a  chord,  the  point  of  contact  will  be  the  middle 
point  of  the  arc  cut  off  by  the  chord. 

Ex.  3.  If,  from  any  point  without  a  circle,  lines  be  draw^ 
touching  it,  the  angle  contained  by  the  tangents  is  double  of 
the  angle  contained  by  the  line  joining  the  points  of  contact, 
and  the  diameter  drawn  through  one  of  them. 

Ex.  4.  The  vertical  angle  of  any  oblique-angled  triangle 
inscribed  in  a  circle  is  greater  or  less  than  a  right  angle,  by  the 
angle  contained  by  the  base  and  the  diameter  drawn  from  the 
extremity  of  the  base. 

Ex.  5.  If,  from  the  extremities  of  any  diameter  of  a  given 
circle,  perpendiculars  be  drawn  to  any  chord  of  the  circle  that 
is  not  parallel  to  the  diameter,  the  less  perpendicular  shall  be 
equal  to  that  segment  of  the  greater,  which  is  contained  between 
the  circumference  and  the  chord. 

Ex.  6.  If  two  circles  cut  one  another,  and  from  either  point 
of  intersection  diameters  be  drawn,  the  extremities  of  these 
diameters  and  the  other  point  of  intersection  lie  in  the  same 
straight  line. 

Ex.  7.  Draw  a  straight  line  cutting  two  concentric  circles, 
CO  that  the  part  of  it  which  is  intercepted  by  the  circumference 
of  the  greater  may  be  twice  the  part  intercepted  by  the  circum" 
ference  of  the  less. 
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Proposition  XXXII.    Theorem. 
Ij  a  straight  line  touch  a  circle,  and  from  the.  imnt  of  contact 
a  straight  line  he  drawn  cutting  the  circle,  the  angles  made  by 
this  line  with  the  line  touching  the  circle  must  he  equal  to  the 
angles,  which  are  in  the  alternate  segments  of  the  circle. 
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Let  the  st.  line  AB  touch  the  ©  CBEF  in  F, 
Draw  the  chord  FD,  dividing  the  ©into  scfrments  FCD,  FED. 
Then  must  l  DFB=  l  in  segment  FCD, 
and  L  DFA=  l  in  segment  FED. 
From  F  draw  the  chord  FCi.  to  AB. 

Then  FC  is  a  diameter  of  the  © .  III.  19. 

Take  any  pt.  E  in  the  arc  FED,  and  join  FE,  ED,  DC. 
Then  *.*  FDC  is  a  semicircle, .'.  z  FDC  is  a  rt.  z  ;     III.  31. 
.-.  sum  of  z  s  FCD,  CFD=&  rt.  z  .  L  32. 

Also,  sum  of  z  s  DFB,  CFD=-a  rt.  z  . 
.-.  sum  of  z  s  DFB,  CFD=s\im  of  z  s  FCD,  CFD, 
and.'.  L  DFB  =  I  FCD, 
that  is,  z  DFB=  z  in  segment  FCD. 

Again,  '.'  CDEF  is  a  quadrilateral  fig.  inscribed  in  a  © , 

.-.  sum  of  z  s  FED  FCD =two  rt.  z  s.  III.  22. 

Also,  sum  of  z  3  DFA,  DFB=two  rt.  z  s.  I.  13. 

.-.  sum  of  z  s  DFA,  DFB=B\im  of  z  s  FED,  FCD ; 
and  z  DFB  has  been  proved  =  z  FCD ; 

.'.lDFA^  lFED, 
that  is,  z  DFA  =  z  in  segment  FED. 

Q.  E.  D. 

Ex.  The  chord  joining  the  points  of  contact  of  parallel  tan- 
gents is  a  diameter. 
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Proposition  XXXIII.    Troblem. 
On  a  given  straight  line  to  describe  ajcgmcnt  of  a  circlo 
cO'jifiblc  of  containiwj  an  angle  equal  to  a  given  ang,. 


lie. 


Let  AB  be  the  given  st.  line,  and  C  the  given  z  . 
It  is  required  to  describe  on  AB  a  segment  of  a  ®  which 
shall  contain  an  l  =  i  C. 

At  pt.  A  in  St.  line  AB  make  i  BAD=  iC.      I.  23. 
Draw  AEjLto  A  f),  and  bisect  AB  in  F. 
From  F  draw  FG A.  to  AB,  meeting  AE  in  G.    Join  GB. 

Then  in  AH  AGF,  BGF  ; 
V  AF=BF,  and  FG  is  common,  and  z  AFG=  z  BFG  ; 

.-.  GA  =  GB.  1.4. 

With  G  as  centre  and  GA  as  radius  describe  a  ©  ABH. 

Then  will  AHB  be  the  segment  reqcl. 
For  *.•  AD  is±  to  AE,  a  line  passing  through  the  centre, 

.-.  AD  is  a  tangent  to  the  ©  ABIL  III.  16. 

And  *.'  the  chord  AB  is  dr^iwn  from  the  pt.  of  contact  A, 
.'.  L  BAD=  L  in  segment  AKB,  III.  32. 

that  is,  the  segment  AHB  contains  an  l  —  lC, 
and  it  is  described  on  AB,  as  was  reqd. 

Q.  E.  F. 

Ex.  1.  Two  circles  intersect  in  A,  and  through  A  is  drawn 
a  straight  line  meeting  the  circles  again  in  P,  Q.  Prove  that 
the  angle  between  the  tangents  at  P  and  Q,  is  equal  to  the 
angle  between  the  tangents  at  A. 

Ex.  2.  From  two  given  points  on  the  same  side  of  a  straight 
line,  given  in  position,  draw  two  straight  lines  which  shall  con- 
tain a  given  angle,  and  be  terminated  in  the  given  line. 
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Proposition  XXXIV.     Problem. 

To  cut  off  a  scgnuiit  from  a  (jlven  circle,  capable  of  con- 
taming  an  angle  equal  to  a  given  augle. 


ii 


ii 


Lot  ABC  be  the  given  © ,  and  D  the  given  z  . 

It  ii^  rrquired  to  cut  off  from  ©  ABC  a  segment  caiahle  of   1 
containing  an  i  =  l  I). 

Draw  the  st.  line  EBF  to  touch  the  circle  at  B. 

At  B  make  z  FBC  =  z  D. 

Then  *.•  the  chord  BC  is  drawn  from  the  pt,  of  contact  B, 

.'.  L  FBC  =  z  in  segment  BAC,  III.  32. 

that  is,  the  segment  BAC  contains  an  l  =  i  D\ 
and  .'.  a  segment  has  been  cut  off  from  the  (y- ,  as  was  reqd. 

Q.  E.  F.       .    * 

Ex.  1.  If  two  circles  touch  internally  at  a  point,  any  straight 
lip'^  n.issing  through  the  point  will  divide  the  circles  into  reg- 
nients.  capable  of  containing  equal  angles. 

Ex.  2.  Given  a  side  of  a  triangle,  its  vertical  angle,  and  tho 
radius  of  the  circumscribino-  circle  :  construct  the  triannle. 

Ex.  3.  Given  the  base,  vertical  angle,  and  the  perpendicular 
from  the  extremity  of  the  base  on  the  opposite  side  :  construct 
the  triangle.  '  ■»        ' 
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Proposition  XXXV.    Theorem. 
If  two  chords  in  a  circle  cut  one  another,  the  rectangle  con- 
tained by  the  segments  of  one  of  thciti,  is  cqnal  to  the  rectangle 
contained  by  the  segments  of  the  other, ^ 


Let  the  chords  AC,  BD  in  the  ©  ABOD  intersect  in  the  pt.  P. 

Then  must  red.  AP,  F(J=reet.  BP,  PD. 

From  0,  the  centre,  draw  OM,  ON  ±  s  to  AC,  BD, 

and  join  OA,  OB,  OP. 

Then  *.•  AC  is  divided  equally  in  3f  and  unequally  in  P, 

.-.  rect.  AP,  PC  with  sq.  on  MP=sq.  on  AM.     II.  5. 

Adding  to  each  the  sq.  on  MO, 

rect.  AP,  PC  with  sqq.  on  MP,  iVIO =sqq.  on  AM,  MO  ; 

.'.  rect.  AP,  PO  with.  sq.  on  OP=sq.  on  OA.       I.  47. 
In  the  same  way  it  may  be  shewn  that 

rect.  BP,  PD  with  sq.  on  OP =sq.  on  OB. 
Then  '.•  sq.  on  0.4  — sq.  on  OB, 
.'.  rect.  AP,  PC  with  sq.  on  OP = rect.  BP,  PD  with  sq. 
on  OP; 

.'.  rect.  AP.  PC=iect.  BP,  PD.         q.  e.  d. 

Ex.  1.  A  and  B  are  fixed  points,  and  two  circles  are 
described  passing  through  them  ;  PCQ,  P  CQ'  are  chords  of 
these  circles  intersecting  in  (*,  a  point  in  AB  ;  shew  that  the 
rectangle  CP,  CQ  is  equal  to  the  rectangle  OP',  CQ'. 

Ex.  2.  If  through  any  point  in  the  common  cho;  d  of  two 
circles,  which  intei-sect  one  another,  there  be  drawn  any  two 
other  chords,  one  in  each  circle,  their  four  extren  ities  shall  all 
lie  in  the  circumference  of  a  circle. 
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Proposition  XXXVf.    Theorem. 

J/,  from  any  point  without  a  circle^  two  straight  Uneit 
he  draivti,  one  of  which  cnti  the  circle,  arid  the  other  touches 
it ;  the  rectangle  contained  hy  the  tvholc  line  whleh  cuts  the 
circle,  and  the  part  of  it  without  the  circUy  mud  he  equal  to 
the  square  «n  the  line  which  touches  it. 


Let  D  be  any  pt.  without  the  ©  ABC^ 

and  let  the  st.  lines  DBA^  DC  be  drawn  to  cut  and  touch  the  ® , 

Then  must  rcct.  AD,  DB=sq.  on  DC. 

From  0,  the  centre,  draw  DM  bisecting  AB  in  M, 

and  join  OB,  OC,  OD. 
Then  •.*  AB  is  bisected  in  M  and  produced  to  D, 
.'.  rect.  AD,  DB  with  sq.  on  MB=iiq.  on  MD.    II.  6. 
Adding  to  each  the  sq.  on  MO, 
rect.  AD,  DB  with  sqq.  on  MB,  MO=sqq.  on  MD,  MO. 
Now  the  angles  at  M  and  G  are  rt.  z  s  ;    III.  3  and  18. 
.*.  rect.  AD,  DB  with  sq.  on  OB=sq.  on  OD  ; 
.-.  rect.  AD,  DB  with  sq.  on  05= sqq.  on  OC,  DC.     1.  47. 
And  sq.  on  0£=sq.  on  OC ; 
•.  rect.  AD,  i>i>  =  sq.  on  DC.  Q.  e.  d. 
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Proposition  XXXVII.  Tijeorem. 
.7/,  from  a  imint  without  a  circle,  there  he  drawn  two  straight 
lines,  one  of  which  cuts  the  circle,  and  the  other  nuets  it ;  if 
the  rectangle  contained  by  the  whole  line  ivhich  cuts  the  circle, 
and  the  part  of  it  without  the  circle,  he  equal  to  the  square  on 
the  line  which  meets  it,  the  line  which  meets  mud  touch  the  circle^ 


Let  J[  be  a  pt.  without  the  ©  BCD,  of  vvhicli  0  is  the  centre. 
From  A  let  two  st.  lines  ACD,  AB  be  drawn,  of  which 
ACl)  cuts  the  ©  and  AB  meets  it. 

Then  if  rect.  DA,  AC'  ---aq.  on  AB,  AB  must  tou'o  the  -?). 

Draw  AE  touching  tlie  ©  in  F^,  a^  r  join  OB,  OA,  OR 

Then  '.'-ACD  cuts  thj  ©,  and  AE  touches  it, 

.-.  rect.  DA,  ^C=sq.  on  AE.  :ii.  36. 

But  rect.  DA,  ^C'=sq.  on  AB  ;  Hyp. 

.'.  sq.  on  ^4.?>^  sq.  on  J^; 
.-.  AB^AE. 
Then  in  the  :.  ^  OAB,  OAE, 
V  OB=^OE,  and  OA  is  common,  and  AB=AE, 


.-.  ^  ABO  =  z  AEO. 
But  I  AEO  is  a  rt.  z  ; 
.•.  z  ABO  is  a  rt.  z  . 
Kbw  BO,  if  produced,  is  a  diameter  of  tlie  © 
.'.  AB  touches  the  ©.      , 


I.  c. 
III.  18. 


III.  16. 

Q.  E.  D. 
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Miscellaneous  Exercises  on  Book  IIL  '^ 

1.  The  segments,  into  which  a  circle  is  cut  by  any  straight 
line,  contain  angles,  whose  difference  is  equal  to  the  inclination 
to  each  other  of  tlie  straight  lines  touching  the  circle  at  the  ex- 
tremities  of  the  straight  line  which  divides  the  ciicle. 

2.  If  from  the  point  in  which  a  numher  of  circles  touch  each 
other,  a  straight  line  be  drawn  cutting  all  the  circles,  shew 
that  the  lines  which  join  the  points  of  intersection  in  each  circle 
with  its  centre  will  be  all  parallel. 

3.  From  a  point  ^  in  a  circle,  QN  is  drawn  perpendicular  to 
a  chor(1  PP',  and  QM  perpendicular  to  the  tangent  at  P :  shew 
that  the  triangles  NQP\  QPM  are  equiangular. 

4.  AB,  AC  are  chords  of  a  circle,  and  D,  E  are  the  middle 
points  of  their  ares.  If  DE  be  joined,  shew  that  it  will  cut 
off  equal  parts  from  AB,  AC. 

5.  One  angle  of  a  (luadrilateral  ligure  inscribed  in  a  circle  is 
a  right  angle,  and  fiuni  the  centre  of  the  circle  perpendiculars 
are  drawn  to  the  sides,  sJiew  that  the  sum  of  their  squares  is 
equal  to  twice  the  square  of  the  radius. 

G.  A  is  the  extremity  of  the  diameter  of  a  circle,  0  any 
point  in  the  diameter.  The  chord  which  is  bisected  at  0  sub- 
tends a  greater  or  less  angle  at  A  than  any  other  chord  through 
O,  according  as  0  and  A  are  on  the  same  or  opposite  sides  of 
the  centre.  ' 

7.  If  a  straight  line  in  a  circle  not  passing  tlu'ough  the  centre 
be  bisected  by  another  and  this  by  a  third  and  so  on,  pro^ie  that 
the  points  of  Ijisection  continually  approach  the  centre  of  the 
circle.  .      , 

8.  If  a  circle  be  described  passing  through  the  opposite 
an<dcs  of  a  ]);u'allc'loirram,  t  h1  tutting  the  four  sides,  and  the 
points  of  intersection  be  joined  so  as  to  form  a  hexagon,  the 
straight  lines  thus  drawn  :  hall  be  parallel  to  each  other. 

9.  If  two  circles  touch  each  other  externally  and  any  third 
circle  touch  both,  prove  that  the  diflerence  of  the  distances  of 
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the  centre  of  the  third  circle  from  the  centres  of  the  other  two 
is  invariable. 

10.  Draw  two  concentric  circles,  such  that  those  chords  of 
the  outer  circle,  which  touch  the  inner,  may  equal  its  diameter. 

11.  If  the  sides  of  a  quadrilateral  inscribed  in  a  circle  be 
bisected  and  the  middle  points  of  adjacent  sides  joined,  the 
circles  described  about  the  triangles  thus  formed  are  all  equal 
and  all  touch  the  original  circle. 

12.  Draw  a  tangents  to  a  circle  which  shall  be  parallel  to  a 
given  finite  straight  line. 

13.  Describe  a  circle,  which  shall  have  a  given  radius,  and 
its  centre  in  a  given  straight  line,  and  shall  also  touch  anothei 
straight  line,  inclined  at  a  given  angle  to  the  former. 

14.  Find  a  point  in  the  diameter  produced  of  a  given  circle, 
from  which,  if  a  tangent  be  drawn  to  the  circle,  it  shall  be 
equal  to  a  given  straight  line. 

16.  Two  equal  circles  intersect  in  the  points  A,  B,  and 
through  B  a  straight  line  CBM  is  drawn  cutting  them  again  in 
C,  M.  Shew  that  if  with  centre  C  and  radius  BM  a  circle  be 
described,  it  will  cut  the  circle  ABC  in  a  point  L  such  that  arc 
AL=3iVc  AB. 

Shew  also  that  LB  is  the  tangent  at  5. 

16.  AB  is  any  chord  and  AG  &  tangent  to  a  circle  at  A  ; 
CDE  a  line  cutting  the  circle  in  D  and  E  and  parallel  to  AB. 
Shew  that  the  triangle  ACD  is  equiangular  to  the  triangle 
EAB. 

17.  Two  equal  circles  cut  one  another  in  the  points  A,  B  ; 
BC  is  a  chord  equal  to  AB  ;  shew  that  AC  is  a.  tangent  to  the 
other  circle. 

18.  Aj  B  are  two  points ;  with  centre  B  describe  a  circle, 
8uch  that  its  tiingent  from  A  shall  be  equal  to  a  given  line. 

19.  The  perpendiculars  drawn  from  the  angular  points  of  a 
triangle  to  the  opposite  sides  pass  through  the  same  point 
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20.  If  perpendiculars  be  dropped  from  the  angular  points  of 
a  triangle  on  the  opposite  sides,  shew  that  the  su:i;  of  the 
squares  on  the  sides  of  the  triangle  is  equal  to  twice  the  sum  of 
the  rectangles,  contained  by  the  perpendiculars  and  that  part  of 
each  intercepted  between  the  nn;^'li's  of  the  triangles  und  the 
point  of  intersection  of  the  perpendicuhus. 

21.  When  two  circles  intersect,  their  common  chord  bisects 
their  common  tangent. 

22.  Two  circles  intersect  in  A  and  B.  Two  points  C  and  7) 
are  taken  on  one  of  the  circles  ;  CA,  CB  meet  the  other  circle 
in  E,  F,  and  DA,  DB  meet  it  in  0,  II :  shew  that  FG  is 
parallel  to  EII. 

23.  A  and  B  are  fixed  points,  and  two  circles  are  described 
passing  through  them  ;  CP,  CP'  are  drawn  from  a  point  C  on 
AB  produced,  to  touch  the  circles  in  Py  P' \  shew  that 
CP=CP\ 

24.  From  each  angular  point  of  a  triangle  a  perpendicular  is  -  i 
let  fall  upon  the  opposite  side  ;  prove  that  the  rectangles  con- 
tained by  the  segments,  into  which  each  perpendicular  is  divided 
by  the  point  of  intersection  of  the  three,  are  equal  to  each  other. 

25.  If  from  a  point  without  a  circle  two  equal  straight  lines 
be  drawn  to  the  circumference  and  produced,  shew  that  they 
will  be  at  the  same  distance  from  the  centre. 

26.  Let  0,  0'  be  the  centres  of  two  circles  which  cut  each 
other  in  A,  A'.  Let  B,  B'  be  two  points,  taken  one  on  each 
circumference.  Let  6*,  C"  be  the  centres  of  the  circles  BAB\ 
BA'B'.  Then  prove  that  the  angle  CBC  is  the  supplement  of 
the  angle  OA'O'. 

27.  The  common  chord  of  t\vo  circles  is  produced  to  any 
point  P  ;  PA  touches  one  of  the  circles  in  A  ;  PBC  is  any 
chord  of  the  other  :  shew  that  the  circle  which  passes  through 
A,  B,  C  touches  the  circle  to  which  PA  is  a  tangent. 

28.  Given  the  base  of  a  triangle,  the  vertical  angle,  and  the 
length  of  the  line  drawn  from  the  vertex  to  the  middle  point  of 
the  base  :  construct  the  triangle. 
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29.  If  a  circle  be  doscriberl  jiLoiit  the  trian<;Ie  vl/fC,  ;»nd  a 
Btraif^ht  line  bo  drawn  bisccfiii;^'  the  an^lo  7>ylC*and  ciittin<^ 
tbe  circle  in  />,  shew  that  tlii:  angle  DL'U  will  bo  twjual  to  half 
the  unfile  y>^l^'. 

3(V  If  the  lino  AD  bisect  the  ant^de  A  in  the  trian;,de  ABC^ 
aivl  Bl)  be  drawn  without  tiie  triangle  iiiakin;,'  an  an^lo  M'ith 
jb'C  equal  to  half  the  auj^ile  BAC,  shew  that  a  circle  may  be 
described  about  ABCD. 

31.  Two  equal  circles  intersoct  in  ^,  Z? :  PQT  perpendicular 
to  AB  meets  it  in  Tand  the  circles  in  P,  Q.  AP,  BQ  meet  in 
li ;  AQ^  BP  in  S ;  prove  that  the  ani,de  BT»^  i.s  bisected  by 
TP. 

32.  If  the  an.f,de,  contained  by  any  side  of  a  quadrilateral  and 
the  adjacent  side  produced,  be  equal  to  the  opposite  an^le  of 
the  quadrilateriil,  prove  that  any  sido  of  the  quadrilateral  will 
subtend  equal  angles  at  the  opposite  angles  of  the  quadrilateral. 

33.  If  D/v  be  drawn  parallel  to  the  base  BC  of  a  triangle 
ABC,  prove  that  the  circles  described  about  the  triangles  ABC 
and  ADE  have  a  common  tangent  at  A. 

34.  Describe  a  square  equal  to  the  difference  of  two  given 
squares. 

35.  If  tangents  bo  drawn  to  a  circle  from  any  point  without 
it,  and  a  third  line  be  drawn  between  the  point  and  the  centre 
of  the  circle,  touching  the  circle,  the  perimeter  of  the  triangle 
formed  by  the  three  tangents  will  be  tlie  same  for  all  positions 
of  the  third  point  of  contact. 

36.  If  on  the  sides  of  any  triangle  as  chords,  circles  be  de- 
scribed, of  which  the  segments  external  to  the  triangle  contain 
angles  respectively  equal  to  the  angles  of  a  given  triangle,  those 
circles  will  intersect  in  a  point. 

37.  Prove  that  if  ABC  be  a  triangle  inscribed  in  a  circle, 
such  that  BA=BC^  and  A  A'  be  drawn  parallel  to  BC,  meeting 
the  circle  again  in  A\  and  A'B  be  joined  cutting  J.0  in  E,  BA 
touches  the  circle  described  about  the  triangle  AEA'. 

38.  Describe  a  circle,  cutting  the  sides  of  a  given  square,  so 
that  its  circumference  may  be  divided  at  the  points  ol  inters 
section  into  eight  equal  arcs. 
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39.  AB  13  the  diameter  of  n  seniicirclo,  />  and  E  any  two 

points  on  its  ciicunifrivnco.  Shew  that  it'  tiie  elioids  joitiint^ 
A  and  11  with  /'  aM<l  /v,  either  way,  interscet  in  /•' jind  6',  (ho 
tan<;ents  at  />  and  E  meet  in  the  middle  point  of  the  line  i'V, 
and  that  FO  pnxhiced  Is  at  lii^dit  anj^les  to  AU. 

40.  Show  that  the  square  on  tho  tangent  drawn  from  any 
point  in  the  outer  of  two  concentric  circles  to  tho  inner  e([nal.s 
the  difterence  of  the  squares  on  the  tanj;ents,  drawn  from  any 
point,  without  both  circles,  to  the  circles. 

41.  .If  from  a  point  without  a  circle,  two  tangents  PT,  P7", 
at  right  angles  to  one  another,  bo  drawn  to  touch  the  circle, 
and  if  from  T  any  chord  TQ  be  drawn,  and  from  T  a  perpen- 
dicular T'Mle  dropped  on  Tq,  then  T'M=qM. 
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42.  Find  the  loci : 

(1.)  Of  the  centres  of  circles  passing  through  two  given  points. 

(2.)  Of  the  middle  points  of  a  system  of  parallel  chords  in  a 
circle. 

(3.)  Of  points  such  that  the  difference  of  the  distances  of  each 
from  two  given  straight  lines  is  equal  to  a  given  straight  line. 

(4.)  Of  the  centres  of  circles  touching  a  given  line  in  a  given 
point. 

(5.)  Of  the  middle  points  of  chords  in  a  circle  that  pass 
through  a  given  point. 

(6.)  Of  the  centres  of  circles  of  given  radius  which  touch  a 
given  circle. 

(7.)  Of  the  middle  points  of  chords  of  equal  length  in  a  circle. 

(8.)  Of  the  middle  points  of  the  straight  lines  drawn  from  if 
given  point  to  meet  the  circumference  of  a  given  circle. 

43.  If  the  base  and  vertical  angle  of  a  triangle  be  given,  find 
the  locus  of  the  vertex. 

44.  A  straight  line  remains  parallel  to  itself  while  one  of  '^s 
extremities  describes  a  circle.  What  is  the  locus  of  the  other 
extremity? 
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46.  A  ladder  slips  down  between  a  vertical  wall  and  ft 
horizontal  plane  :  what  is  the  locus  of  its  middle  point? 

46.  ABC  is  a  line  drawn  from  a  point  Ay  without  a  circle, 
to  meet  the  circumference  in  B  and  G.  Tangents  are  drawn 
to  the  circle  at  B  and  G  whicii  meet  in  D.  Wiuit  is  the  locus 
ofi>? 

47.  The  angular  points  ^,  0  of  a  parallelofrram  A  BCD 
move  on  two  fixed  straight  lines  OJ,  0(/',  wIk  sc  inclination  is 
equal  to  the  angle  BCD  ;  shew  that  one  of  the  points  B,  />, 
which  is  the  more  remote  from  0,  will  move  on  a  fixed  straight 
line  passing  througli  0. 

48.  On  the  line  AB  \a  described  the  segment  of  a  circle  in 
the  circumference  of  which  any  point  (■  is  taken.  If  AC,  BG 
be  joined,  and  a  point  P  taken  in  AG  so  that  GP  is  equal  to 
Gbf  find  the  locus  of  P.  * 

49.  The  centre  of  the  circle  GBED  is  on  the  circumference 
o^  ABD.  If  from  any  point  A  the  lines  AlU.ixmX  A  ED  bo 
drawn  to  cut  the  circles,  the  chonl  BE  is  parallel  to  GD, 

60.  If  a  parallelogram  be  described  having  the  diameter  of 
a  given  circle  for  one  of  its  sides,  and  the  intersection  of  it? 
diagonals  on  the  circumference,  shew  that  the  extremity  of 
each  of  the  diagonals  moves  on  the  circumference  of  anothei 
circle  of  double  the  diameter  of  the  first. 

51.  One  diagonal  of  a  quadrilateral  inscribed  in  a  circle  is 
fixed,  and  the  other  of  constant  length.  Shew  that  the  sides 
will  meet,  if  produced,  en  the  circumferences  of  two  fixed 
circles. 
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We  here  insert  Euclid's  proofs  of  Props.  23,  24  of  Book  III. 
fir*t  observing  that  he  gives  tlie  following  definition  of  similar 
segments : — 

Def.  Similar  segmrnf.^  of  circles  are  Viose  in  whiA  Vu  anglet 
arc  equal,  or  which  contain  t</«a/  aiujks. 


Proposition  XXIII.    TiiEOREir. 

Upon  the  same  straight  line,  and  upon  the  same  side  of  it, 
tJiere  cannot  he  tioo  similar  segments  of  circles^  not  coinciding 
with  each  othw. 


If  it  be  possible,  on  the  same  base  AB,  and  on  the  same  side 
of  it,  let  there  bo  two  similar  segments  of  ©s,  ABC^  ABD, 
which  do  not  coincide. 

Beciiuse  ©  ADB  cuts  ©  A CB  in  pts.  A  and  B,  they  cannot 
cut  one  another  in  any  other  pt.,  and  .*.  one  of  the  segmeuts 
must  fall  within  th'j  other. 

Let  ^/>iJ  full  within  ^05. 

Draw  the  st.  line  BDC  and  join  CA ,  DA. 

Then  *.'  segment  ADB  is  similar  to  segment  ACB, 

/.lADB^  lACB. 

Or  the  extr.  z  of  aA  =»the  intr.  and  opposite  z,  which  if 
impossible; 

•*.  the  segments  cannot  but  coincide. 
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Proposition  XXIV.    Theorem. 

Similar  s.gmints  of  circles,  iqwn  C(^aal  draiyht  lined,  arc 
cijiual  to  one  another. 


Ji      ii 


Let  ABC,  DEF  be  similar  segments  of  ©s  on  equal  st.  lines 
AB,DE. 

Then  must  segment  Ar,C=scgmint  DEF. 

For  if  sef,mient  ABC  he  sipplicd  to  sc^Miicnt  DEF,  so  that 
A  may  be  oiii>;in(l  AB  on  DE,  then  B  will  coincide  with  E, 
and  AB  with  DE  ; 

,%  segment  ABC  nmst  also  coincide  with  segment  DEF ; 

111.23. 

,'.  segment  -4£C= segment  DEF.  Ax.  8. 

Q.  £.  D. 


We  gave  one  Proposition,  C,  page  150,  as  an  example  of  th© 
way  in  which  the  conceptions  of  Flat  and  Keflex  Angles  may 
be  employed  to  extend  and  simplify  Euclid's  proofs.  We  here 
give  the  proofs,  based  on  the  same  conceptions,  of  the  impoi- 
tant  propositions  XXII.  and  XXXI. 
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Proposition  XXII.    Tiifiouem. 

27<c  opimsite  niigh.^  of  any  ijmnfrilatnaJ  JigiirCj  iiwcribed  in 
a  circle,  arc  toycther  t(/t(a?  to  two  riyht  angles. 


Let  A  BCD  be  a  quadrilateral  f^g.  inscribed  in  a  0. 

Then  imist  each  imir  of  its  opposite  i  s  be  together  cqnal  to 
two  rt.  L  s. 

From  0,  the  centre,  draw  Oii,  OD. 

Then  V  zi;Oi>= twice  z/iylD,  111.20. 

and  the  reflex  l  DOB=t\\ice  l  BCD,  III.  C.  p.  150. 

.'.  sum  of  z  s  at  0= twice  sum  of  z  s  BAD,  BCD. 
But  sum  of  z  s  at  0=4  right  z  s  ;  I.  15,  Cor.  2. 

.".  twice  sum  of  z  s  BAD,  BCD =4  right  z  s  ; 
.*.  sum  of  z  s  BAD,  BCD =i\so  right  z  s. 
Similarly,  it  may  be  shewn  that 

sum  of  z  s  ABCt  ADC  =  two  right  z  s. 
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Proposition  XXXI.    Theorem. 

In  a  ctrcUf  the  angle  in  a  semicircle  is  a  right  angle;  and  the 
angle  in  a  segment  greater  than  a  semicircle  is  less  than  a  right 
angh ;  and  tlie  angle  in  a  segment  less  tJian  a  semicircle  it 
greater  tlian  a  right  angle. 


Let  ABC  be  a  ©,  of  which  0  is  the  centre  and  BC  a 
iliameter. 

Draw  AGj  dividing  the  ©  into  the  segments  ABC,  ADG. 

Join  BA,  AD,  DC. 

Then  must  the  l  in  the  semicircle  BAG  be  a  rt.L,  and  L  in 
segment  ABC,  greater  than  a  semicircle,  less  than  a  rt.  l  ,  and  L 
in  segment  ADC,  less  than  a  semicircle,  greater  than  art.  a  , 

First,  •.•  the  flat  angle  L'00=  twice  z  BAG,     III.  C.  p.  150. 

.*.  z  BAG  is  a  rt.  z  , 

Next,  '.•  z  BAG  is  a  rt.  z  , 

/.  z  ^i^O  is  less  than  a  rt.  z.  1.17. 

Lastly,  *.•  sum  of  z  s  ABC,  A  DC  =  two  rt.  z  s,  III.  22. 

and  z  ABC  is  less  than  a  rt.  z  , 

/,  I  ADG  is  greater  than  a  rt.  z .  •,, 

Q.  E.  D. 
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BOOK    IV. 

INTRODUCTORY   REMARKS. 

Euclid  gives  in  this  Book  of  the  Elements  a  series  of 
Problems  relating  to  cases  in  which  circles  may  be  described 
in  or  about  triangles,  squares,  and  regular  polygoua,  and  of  the 
last-mentioned  he  treats  of  three  only  : 
the  Pentagon,  or  figure  of  5  sides, 
y,    Hexagon,         „         6 
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The  Student  will  find  it  useful  to  remember  tbo  following; 
Theorems,  which  are  established  and  applied  in  tha  proofs  of 
the  Propositions  in  this  Book. 

I.  The  bisectors  of  the  angles  of  a  triangl«.',  square,  or 
regular  polygon  meet  in  a  point,  which  is  the  centre  of  the 
inscribed  circle. 

II.  The  perpendiculars  drawn  from  the  nndiile  points  of  the 
sides  of  a  triangle,  square,  or  reguhir  polygon  meet  in  a  point, 
which*  b  the  centre  of  the  circunisciibed  circle. 

III.  In  the  case  of  a  square,  or  regular  polygon  the  inscribed 
and  circumscribed  circles  have  a  common  centre. 

IV.  If  the  circumference  of  a  circle  be  divided  into  any 
number  of  equal  parts,  the  chords  joining  each  pair  of  consecu- 
tive points  form  a  regular  figure  inscribed  in  the  circle,  and  the 
tangents  drawn  through  the  points  form  a  regular  figure  de- 
scribed about  the  circle. 
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—  PuoposiTioN  I.    rnc)nLE5r. 

In  a  given  cinJi'  to  drair  a  chord  .v/>,(i/  ^»  a  given  straight 
liney  which  is  not  greater  than  the  dianidcr  af  the  circle. 


Let  ABC  he  the  given  0,  and  D  the  given  line,  not  greater 
than  the  diameter  of  the  © . 

It  is  required  to  draw  in  the  ©  ABC  a  chord=.D. 

Draw  ECy  a  diameter  of  ©  ABC. 

Then  if  jfe«Y*=D,  what  was  required  is  done. 

But  if  not,  EC  is  greater  than  D.  From  EC  cut  off  EF=D, 
and  witli  centre  E  nnd  radius  EF  describe  a  ©  AFB,  cutting 
the  ©  ABC  in  A  and  B  ;  and  join  AE. 

Then,  '.•  E  is  the  centre  of  ©  AFB. 

.'.EA=EFy 

and  .-.  EA=D. 

Thus  a  chord  EA  ecjual  to  D  has  been  dn  wn  in  ©  ABC. 

q.  E.  F. 

Ex.  Draw  the  diameter  gl^a  circle,  which  shall  p;;ss  at  a 
given  distance  from  a  given  point. 
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PuorosTTioN  II.    l)<tonLEM. 

Tn  a  given  circle  to  inscribe  a  trianyh',  aiuianyular  to  a  given 
triangle. 
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Let  ABC  be  the  given  © ,  and  DEF  tlic  given  A . 

It  is  rt quired  to  inscribe  in  0  ABC  a  L,  equiangular 
to  A  DFF. 

Draw  GAII  toucliing  the  0  A  BC  at  the  pt.  A.         II  I.  1 7. 

Make  z  GAB=  l  DFE,  and  z  IIAC=  l  DF.F.  I.  i>3. 

Join  i)*r.     Then  will  A  yl7)'(*  be  the  required  A. 

For  '.•  GAH  is  a  tangent,  and  AB  a  chord  of  the  0, 

.-.  /.ACB=  L  CAB,        .  III.  :}2. 

that  is,  z  ACB=  z  DFK 

So  also,  z  ABC=  l  HAC,  III.  ;j2. 

that  is,  iABC=  i  DEF ; 

.'.  remaining  z  J5^C=  remaining  i  EDF  ; 

.'.  A  ABC  is  equiangular  to  A  DEF,  and  it  is  inscribed  in 
the  ©  ABC 

Q.  E.  F. 

Ex.  If  an  equilateral  triangle  be  inscribed  in  a  circle,  prove 
that  the  radii,  drawn  to  the  angular  points,  bisect  the  angles  of 
the  triangle. 
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ProPORITIO!^  III.      pROnLEM. 

Ahout  a  given  circle  to  describe  a  triangle^  equiangular  to  a 
given  triangle. 


IT     Q     M 


Let  ABC  bo  the  given  0,  and  DEF  the  given  A. 

It  is  required  to  describe  ahout    the  G)  a  l\  equiangular 
to  L  EDF. 

From  0,  tlie  centre  of  the  0 ,  draw  any  radius  OC. 

Proihice  EF  to  the  pts.  G,  H. 
Muko  L  CO  A  =  L  DEC,  and  z  (70J5=  z  DFFL         I.  23. 
Throut^h  Af  B,  C  draw  tangents  to  the  0,  meeting  in  L,  M,  N. 
Tlien  will  LMN  be  the  A  required. 
For  *.' ML,  lyiV^,  ^W  are  tangents  to  the  0, 
.'.  the  I  s  at  A,  Bf  C  are  rt.  z  s.  III.  18. 

Now  z  s  of  quadrilateral  AOCM  together = four  rt.  z  s. ; 
and  of  these  z  0AM  and  z  OCM  are  rt.  z  s  ; 

.'.  sum  of  z  s  CO  A,  AMC=  tyfo  rt.  z  s. 
But  sura  of  z  s  DEG,  DEF =two  rt.  z  s  ;  I.  32. 

•    /.  sum  of  z  s  COA,  AMC=  sum  of  z  s  DEG,  DEF, 
and  z  CO^  =  z  D^C?,  by  construction  ; 
.-.  iAMC='  lBEF', 
that  is  z  LMJV=  z  D^i^.  .< 

Similarly,  it  may  be  shewn  that  z  LNM-  L  DFE ; 
.-.  also  z  3fL2V^=  z  ^D^. 
Thus  a  A ,  equiangular  to  a  DEFj  is  described  about  the  (b» 

Q.  B.  F. 
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PROPfJSITloy  IV.      PnoMLKM. 

To  imcriOc  a  circle  in  a  given  triauf/lc. 


Let  ABC  bo  the  fjiven  A . 
It  is  required  to  inscribe  a  ©  in  the  A  A  BC, 

Bisect  L  s  ABC,  ACB  by  the  st.   lines  BO,   CO,  meeting 

in  O.  I.  9. 

From  0  draw  OZ),  OE,  OF,  ±  s  to  AB,  BC,  CA.       I.  12. 

Then,  in  lb  EBO,  DBO, 

V  L  EBO=^  L  DBO,  and  z  i^i;0=  z  i^DO,  and  02?  is  common, 

.\OE=OD.  I.2G. 

Similarly  it  may  be  shewn  that  0E=  OF. 
If  then  a  ©  be  described,  with  centre  0,  and  radius  OD, 
this  ©  will  pass  throuf^h  the  pts.  D,  E,  F  ; 

and  •.•  the  z  s  at  i),  E  and  F  are  rt.  z  s, 
.'.  -42?,  BC,  CA  are  tangents  to  the  ©  ;  III.  16. 

and  thus  a  ©  DEF  may  be  inscribed  in  the  a  ABC. 

Q.  E.  F. 

Ex.  1.  Shew  that,  if  OA  be  drawn,  it  will  bisect  the  an<;lo 
BAC. 

Ex.  2.  If  a  circle  be  inscribed  in  a  right-angled  triangle,  tho 
difference  between  the  hypotenuse  and  the  sum  of  the  other 
sides  ia  equal  to  the  diameter  of  the  circle. 

Ex.  3.  Shew  that,  in  an  equilateral  triangle,  tho  centre  of 
the  inscribed  circle  is  equidistant  from  the  three  angular  points. 

Ex.  4.  Describe  a  circle,  touching  one  side  of  a  triangle  and 
the  other  two  prodaced.  (Note,  This  ia  called  m  ^cribeii 
circle,) 


1 


•( 


♦•; ' ' 


1  ^ !  *^ 
I  li 


'41 


IM 

1 84 


F.rcr.Tns  elemexts. 


[Book  ly. 


Note.    Euclid's  fiftli   Proposition  ot  thi«  Book  bus  been 
already  given  on  page  135. 


Proposition  YT.    Piioblem. 
To  inscribe  a  square  iu  a  given  circle. 


Let  ABCD  be  the  given  0. 

If  is  required  to  {ascribe  a  square  in  the  ©. 

'-       Through  0,  the  centre,  draw  the  diameters  AC,  BD,  ±  ta 
each  other. 

Join  AB,  BC,  CD,  DA. 

Then  •.'  the  ^  s  at  0  are  all  equal,  being  rt.  z  s,         I.  Post.  4. 

.-.  the  arcs  AB,  BC,  CD,  DA  are  all  equal,  111.  2(5. 

and  .-.  the  chords  AB,  BC,  CD,  DA  are  all  equal ;     III.  2S). 

and  I  ABC,  being  the  z  in  a  semicircle,  is  a  rt.  z  .    III.  31. 

So  also  the  z  s  BCD,  CD  A,  DAB  are  rt.  z  s  ; 

.*.  ABCD  is  a  square, 
Wjd  it  is  inscribed  in  the  Q  as  was  required. 
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pHorosiTfoN  Vl[.     Pkoiif.i.m. 
To  (hxcribc  a  nmmrc  uIiohI  a  fjivtu  circle, 

/'  Ji  ff 


15,  F, 


Let  A  Pif'D  1)0  the  jjiven  ^ ,  of  whicli  O  is  the  centre. 
//  is  nqnind  to  desvriln'.  a  square  ahout  the  0. 

Draw  tho  cliainctors  A(\  111),  ±  to  each  other, 
Thronj,'li  A,  Ji,  (\  l>  draw  Et\  IV,  (ill,  HE 
touching  tlic  0.  III.  17. 

Then  tho  ..  s  at  .1,  />',  (\  l>  are  it.  z  s.         111.  KJ. 
Now  •.'  the  z  s  at  A,  O,  Taio  all  it.  is, 

.-.  /'A',  y>/>,  iiiiiU;// arc  aim  ;  f.  27. 

and  •.•  tlio  z  s  at  li,  0,  h  are  all  it.  i  s, 
.-.  Fil,  AC,  and  A7/  are  all  H  ; 
.-.  FE  and  (III  each  =  HI),  I.  34. 

and  iY/  and  Ell  each  =  .46'.  I.  34. 

Am\'.'  r>D  =  Ar, 

,\  FE,  a  If,  FG,  Ell,  are  all  equal. 

Aifiiin,  •.' i''0  is  a  O, 

.-.  z.l/<7>'=  z.lOZ?,  1.34. 

and  .".  I  AFIi  is  a  rt.  l  . 

So  also  the  l  s  at  ^',  11,  and  A'  are  rt.  z  s. 

Hence  EFUIl  is  a  S(|uarej  and  it  is  described  about  tho  0 . 

Q.  E.  F. 

Ex.  In  a  given  circle  inscribe  four  circles,  equal  to  each 
othor,  and  in  mutual  contact  with  each  other  and  with  thQ 
given  curcle, 
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Proposition  VITI.    Problem. 
To  inscribe  a  circle  in  a  given  square. 


Let  ABCD  be  the  fjivcn  square. 

It  is  required  to  inscribe  a  0  in  the  square. 

Bisect  AB,  AD  in  E,  F,  I.  10. 

and  draw  EG  11  to  AD  or  BC,  and  FH  \\  to  AB  or  DC. 
Let  EG  and  FH  intersect  in  0. 
Then -.'^O  is  a  O, 
.-.  OE=FA  and  OF=EA.  I.  34. 

But  •.*  AB=AD,  and  E,  F  are  the  middle  pts.  of  AB,  AD, 

,'.FA  =  EA, 

iind.'.OE-.=  OF. 

Similarly,  it  may  be  shewn  that  OG  =  OF,  and  011=  OE, 

and  .-.  OE,  OF,  OG,  OH  are  all  equal ; 

and  a  0,  described  with  centre  0  and  radius  OE, 

will  pass  throuffh  E,  F,  G,  H, 

and  it  will  be  touched  by  each  of  the  sides  of  the  square, 

•.•  the  ^  s  at  J^*,  F,  G,  H  are  rt  z  s.  IIL  16. 

Thus  a  0  EFGH  may  be  inscribed  in  the  sq.  ABCD. 

Q.  E.  F. 

Ex.  1.  In  what  parallelograms  can  circles  be  inscribed  ? 

Ex.  2.  If,  from  any  point  in  the  circumference  of  a  circle, 
straight  lines  be  drawn  to  the  angular  points  of  the  inscribed 
square,  the  sum  of  the  squares  on  these  four  lines  will  be 
double  of  the  sc^uare  oq  the  Uameter, 
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PnorosiTioN  IX.    Problem. 
To  describe  a  circle  about  a  given  square. 
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Let  ABCD  be  the  given  square. 

It  is  required  to  describe  a  ©  about  the  square. 

Draw  the  diagonals  AC,  BD,  intersecting  each  other  in  0. 

'V\\G\\\'iDAC=  lACD,  J.  A. 

and  z  BAC=  alternite  l  A  CD,  I.  29. 

.•.lDAC=lBAC 

Thus  the  diagonal  A  C  bisects  z  BAD, 

and  .'.  I  OAB=\\ii\i  a  rt.  z  . 

Similarly  it  may  be  shewn  that  l  01>J.  =  half  a  rt.  z  ; 

.-.  z  OBA  =  z  OAB ; 

.-.  OA  =  OB.  Lb.  Cor. 

Similarly  it  may  be  shewn  that  OC=OB,  and  OD=OA  ; 

.-.  OA,  OB,  OC,  OD  are  all  equal ; 

and  .'.    a  ©,  described  with  centre  0  and  radius   OA,  will 

pass  through  A,  B,  C,  D,  and  will  be  described  about  the 
square,  as  was  required. 
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Proposition  X.     Prohlkm. 
To  disrriJh'.  an  is(;s<-ili'.<(  fn'ajir/le,  luiciwj  each  of  ilic  cukjIcs  at 
the  bcuic  double  of  the  third  angle. 


Take  any  st.  line  AB  and  divide  it  in  C, 

so  that  rect.  AB,  BC  =  sq.  on  AC.  II.  11. 

With  centre  A  and  radius  AB  describe  the  ^  BDF, 
and  in  it  draw  the  chord  B1)=A(J\  and  join  AD.  IV.  1. 

Then  will  A  ABD  have  each  of  the  l  s  at  the  base  doidtle 
of  L  BAD, 

Join  CD,  and  abont  the  A  A  CD  dcscvil)e  the  C,  ACD.     IV.  5. 
Tlien  •.•  rect.  AB,  BC  =  sq.  on  AC,  and  BD=AC, 
.'.  rect.  AB,  BC  ==  sq.  on  BD, 
and  .*.  BD  touches  the  ©  ACD.  III.  37. 

Then  *.•  BD  touches  ®  ACD,  and  DC  is  a  chord  of  the  •; 

.'.lBDC=  iCAD.  III.  32. 

Add  to  each  z  CDA. 
Then  z  BDA=mm  of  z  s  CAD,  CDA, 
.'.  L  BDA  =  L  BCD. 
'  But  L  BDA  =  z  CBD  ; 

.-.  z  £02)  =  z  C£I>, 
.  and  .-.  J5i)  =  CD. 

But  BD=CA; 
.'.  CA  =  CD, 
and  .-.  z  ODyl  =  z  C^D. 
Hence  sum  of  z  s  CDA,  CAD  =  twice  z  C^D, 

.-.  z  ^CjD  =  twice  z  B^D.  1.32. 

But  z  ABD  and  z  ADB  are  each  =  z  BCD, 
.*.  z  yljBD  and  z  ^D£  are  each  =  twice  z  £^D  j 
and  thus  an  isosceles  A  .^J^D  has  been  described  as  was 
lequiied.  q.  e.  r. 
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Proposition  XI.     PnoRLtM. 
To  inscribe  a  regular  pcntaijon  in  a  given  circle. 


Mi 


Let  AB<  'J)JJ  be  tlio  oiven  3. 
It  is  required  to  inscrilc  a  regular  jhni agon  in  the  ©. 
Make  an  isosceles  a  i*7ri/,  havinir  eacli  of  the  z  s  at  (V,  H 
double  of  z  at  F. 

In  0  ABCDE  inscribe  a  a  .1  <  7>  ciuian-ular  to  :.  Fdll,    iv.  2. 
having  z  s  at  A,  (',  i>=tlie^s  at  F,  (I,  7/,  respectively. 
Then  z  .47J('=  twice  z  T>AC,  and  z  jr/>=t\vice  z  DAC. 
Bisect  the  z  s  J  /'>r,  J  <  7>  by  the  chords  DB,  CE. 
Join  ^L',  BC,  BE,  EA. 
Then  will  AliCBE  be  a  regular  pentagon. 
For  '.'  IB  AT><\  A  ( 1)  are  each  =  t  w  ice  z  DA  0, 
and  z  s  vl7>(',  /U'i;  are  bisected  by  DB,  (% 
.'.  z  s  J  0/>',  BDC,  DA(\  BCD,  A (%  are  all  ccpial  ; 
and  .-.  arcs  AJi,  B(\  CD,  DE,  EA  are  all  equal ;     III.  2(1 
and  .-.  chords  AB,  BC,  CD,  DE,  EA  are  all  equal.     111.  2^), 
Ileuce,  the  pentagon  ABCDE  is  equilateral. 
Again,  ".•  arc  (7>  =  arc  AB, 
♦  adding  to  each  arc  A  ED,  we  have 
iwc  AEhC^.xrcBAED, 
and.-. ..  J/>Y'=  I  BCD.  III.  27. 

Similaily,  z  s  CDE,  DEA,  EA  B  cach=  z  ABC 

Hence,  the  pentagon  ABCDE  is  equiangular. 
Thus  a  regular  pentagon  has  been  inscribed  in  the  '^ . 

Q.  E.  F, 

Ex.  Shew  that  CE  is  parallel  to  BA. 
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Proposition  XII.    Problem. 


To  describe  a  regular  pcnia'jon  ahoiit  a  glcoi  circle. 


Let  ^i?(7J[)-E  be  the  given  0. 
it  is  required  to  describe  a  regular  i^entagon  about  th^  0. 

Let  the  anguhir  pts.  of  a  reguhir  peiitngon  inscribed  in  tlie  0 
be  at  A,  B,  C,  I),  E, 

'  '-^  so  that  the  arcs  AB,  BC,  CD,  DE,  EA  are  nil  equal. 

Through  A,  B,  C,  D,  E  draw  GH,  UK,  KL,  LM,  MG 

tangents  to  the  0  ; 

take  the  centre  0,  and  join  OB,  OK,  OC,  OL,  OD. 

TheninAs  OJ>'A',  OCX, 

/    •.•  OB=OC,  and  OiT is  common,  and  KB=KC, 

I.  E.  Cor. 

.-.  I  BKO=  L  CKO,  and  z  BOK=  l  COK, 

that  is,  z  i?AX*=  twice  z  CKO,  and  z  JBOO=twioe  z  COK. 

So  also,  z  DLC=  twice  z  CLO,  and  z  1)00=  twice  z  COL. 
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Now  '.'arc  />C'--arc  (7.>, 

.-.  z  BOC=  L  DOG, 

md.\^COK=iCOL. 

Hence  iiiAs  Or/iT,  0(7/, 

•.•  z  COK=  L  COL,  and  rt.  l  0CK-=  rt  l  OCL,  and  OC  i3 
common, 

.-.z  (7/CO=zCiO,  and  OZ  =  CL,  I.  b. 

and  .'.  L  UKL=  l  MLK,  and  i^i= twice  KC. 

Similarly  it  may  be  shewn  that  z  s  KIIG,  IIGM,  GML  each 
=  z  if /fA 

.*.  the  pentagon  GIIKLM  ia  equiangular. 

And  since  it  has  been  shewn  that  ZvL^ twice  KCf 

and  it  can  be  shewn  that  1^/1  =  twice  KB, 

and  -.'  Kll='KC,  I.  E.  Cor. 

/.  HK=^KL. 

In  like  manner  it  may  be  shewn  that  HG,  GMy  ML,  each 

.'.  the  pentagon  GIIKLM  is  equilateral. 

t 

Thus  a  regular  peatt:gon  has  been  .ilescr.bed.  about  the  ®. 

(i.  K.  p. 
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IMioposiTioN  XI II.     IMtor-.iJ-.M. 
To  inscrihf  a  circk  in  a  (jirm  rajuhir  pentnfjon. 


Let  ABf'DE  bo  tlie  given  u'i;!ilar  pi'nt;iL'on. 

It  /x  ritjnind  to  inscriht'  n  r^-  in  the  /  <  nfnfio)}. 
Bisect  L  H  JU'JJ,  CUE  bv  tlie  st.  lines  CO,  1)0,  nu-etint^  in  0. 

JoniOB,  OA,OE. 


Then,  in  AS  i>rO,X>(;0, 
nC=DC,  and  CO  is  cM,:ii!on.  iv.A  z  UCO=  l  DCO, 


.'.  L  onc=  L  ODC. 

Then,  ':  l  A1\C=  l  CDE, 

andz  67>/i:=twicez  OI)i\ 

.•.z.lLV- twice  i  OBC. 

Hence  Oil  bisects  l  A  B( '. 


1.4. 

Hyp. 


^ 


In  the  same  way  wo  can  shew  that  OA,  OE  bisect 
thezs  £Ji;,  .17!:/). 
Draw  OF,  OG,  OIJ,  OK,  Oi±  to  AB,  BC,  CD,  BE,  FA 
Then,  in  AS  GOC,  HOC, 


I  GCO=  z  HCO,  and  z  OGC=  z  OIJC 


am 


I  or 


IS  common, 


oa=oiL 


I.  2n 


/. 


So  also  it  niav  bo  slic 


n 


tl:at  O/',  OX,  0/v  are 


cach  =  Or/or  07/; 

.-.  OF,  OG,  OH,  OK,  OL  are  all  eqnai. 

Hence  a  •)  described  with  centre  O  and  radius  OF 

will  pass  thn)n;j;h  (/,  H,  K,  L, 

and  will  touch  the  sides  of  the  pentac^on, 

•.•  the  z  s  at  F,  G,  Jl,  K,  L  are  rt.  z  s. 


III.  k;. 
Thus  a  ©  will  bo  inscribed  in  the  penta^jon.     q.  E.  F. 
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PUOPOSITION  XIV.       PliOHLEM. 

To  dcficribc  a  circle  about  a  given  regular  iicntagon. 


Let  ABODE  be  the  given  regular  pentagon. 

It  is  required  to  describe  a  0  aboiit  the  fcniagcm. 

Bisect  the  z  s  BCD,  CDE  by  the  st.  lines  CO,  DO,  nieetlnu' 
in  0. 

Join  OB,  OA,  OE.  '' 

Then  it  mwj  be  shewn,  as  in  the  preceding  Proposition,  that 

OB,  OA,  OE  bisect  the  l  s  CBA,  BAE,  AED. 

'■  And  •.•  lBCD=  l  CDE, 

and  L  0(7-)= half  l  BCD,  and  z  0/JC'=lialf  z  CDE, 

.'.  L  OCD=  L  ODC, 

and.-.  OD=OC. 

In  the  same  way  we  may  shew  that  OB,  OA,  OE 
each=  OD  or  OC -, 

.-.  OA,  OB,  OC,  OD,  OE  are  all  equal, 
and  a  0  described  with  centre  0  and  radius  OA  will  paps 
through  B,  C,  D,  E, 

and  will  be  depnribed  about  the  pentagon. 

Q.  E.  F. 
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J'll()l^)SITION  XV.      Pllol'.LF.M. 

To  liiscrihr  a  rcyidar  hcxicjunin  a  (jiccn  circle. 


Let  ABCDEF  be  the  given  ©,  of  which  0  is  the  centre. 
If  /'.s'  required  to  inscribe  a  reijnlar  hexagon  in  the  0. 

])ra\v  the  fliamoter  vl(>/>, 
and  witli  centre  JJ  and  radius  DO  de.scril)e  a  ©  EOCG 
Join  EO,  CO,  and  produce  thcni  to  /]  and  F. 
Join  .17),  BC,  CD,  DE,  EF,  FA. 
Then  *.•  0  is  tlie  centre  of  0  ACF,  .'.  OE=OD] 
and  •.•  D  is  the  centre  of  0  CCE, .'.  OD^DE  ; 

.*.  OEI)  is  an  equilateral  A, 
and  .'.  z  EOD  —  xha  third  part  of  two  rt.  l  s.  I.  32 

So  also  z  jDO(*=tlie  third  part  of  two  rt.  z  s, 
and  .*.  z  i>06*=the  thiid  part  of  two  rt.  z  s.  I.  13 

Thus  z  s  EOD,  DOC,  HOC  are  all  equal  ; 
and  to  these  the  vertically  opposite  zs  BOA,  AOFj  FOE 


are  equal ; 


I.  If) 


.-.  z  s  AOp,  BOn,  COD,  DOE,  EOF,  FOA,  are  all  equal, 
and  .-.  arcs  AB,  BC,  CD,  DE,  EF,  FA  are  all  equal. 

'  III.  2f5. 

and  .-.  chords  AB,  BC,  CD,  DE,  EF,  FA  are  all  equal. 

HI.  29, 

•  Thus  the  hexagon  ABCDEF  is  equilateral. 

Also  •.'  each  of  its  z  s= two-thirds  of  two  rt.  Z  s, 

.*.  the  hexagon  A  BCDEF  is  equiangular. 
Thus  a  regular  hexagon  has  been  inscribed  in  the  ©. 

0.  ?:,  f. 


1.32 

1.13 

i  OF,  FOE 

I.  15. 

i  all  equal, 

r|ual. 

in.  2f). 

1  equal. 

HI.  29. 
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PiioposiTioN  XVI.     Problem. 
To  inscribe  a  rojular  quindccagon  in  a  (jivcn  cirde. 


Let  ABC  he  the  given  © .  , 
It  is  rcgi'ircd  to  inscribe  in  tJie  ©  a  regular  quindecagon. 
Let  Al)  be  the  side  of  un  equilateral  A  inscribed  in  the  ® , 


IV.  2.    ] 


i' 


and  AD  the  side  of  a  regular  pentagon  inscribed  in  the  © . 

IV.  11. 

Then  ol  such  equal  parts  as  the  whole  Oce  ABC  contains 
fifteen, 

arc  AJJB  must  contain  five, 

and  arc  AD  must  contain  three, 

and  .*.  arc  DB,  their  difference,  must  contain  two. 

Bisect  arc  DB  in  E.  III.  .30 

Then  arcs  DE,  EB  are  each  the  fifteenth  part  cf  the  whole 
Oce.  V 

If  then  chords  J) J5^,  J^B  be  drawn, 

and  chords  equal  to  them  he  placed  all  round  the  Oce,    IV.  1. 

a  regular  quindecagon  will  be  inscribed  in  the  ® . 

Q.  K.  r. 
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Miscellaneous  Exercises  on  Book  TV, 

1.  The  porpcndiculars  lot  fall  on  the  sides  of  an  rqnilatcral 
triangle  from  the  ceutro  of  the  circle,  described  about  tho 
triangle,  are  equal. 

2.  Inscribe  a  circle  in  a  given  regular  octagon. 

3.  Shew  that  in  the  diagram  of  Prop.  X.  there  is  a  second 
triangle,  which  has  each  of  two  of  its  angles  double  of  the  third. 

4.  Describe  a  circle  about  a  given  rectangle. 

5.  Shew  that  the  diameter  of  the  circle  which  is  described 
about  an  isosceles  triangle,  which  has  its  vertical  angle  double 
of  either  of  the  angles  at  tho  base,  is  equal  to  the  base  of 
the  triangle. 

6.  The  side  of  the  equilateral  triangle,  described  about  a 
circle,  is  double  of  the  side  of  the  equilateral  triangle,  inscribed 
in  the  circle. 

7.  A  quadrilateral  figure  may  have  a  circle  described  about ' 
it,  if  the  rectangles  contained  by  tho  segments  of  the  diagonals 
be  equal. 

8.  The  square  on  the  side  of  an  equilateral  triangle,  inscribed 
in  a  circle,  is  triple  of  the  square  on  the  side  of  the  regular 
hexagon,  inscribed  in  the  same  circle. 

9.  Inscribe  a  circle  in  a  given  rhombus. 

10.  ABC  is  an  equilateral  triangle  inscribed  in  a  circle; 
tangents  to  the  circle  at  A  and  B  meet  in  M.  Shew  that  a 
diameter  drawn  from  M,  and  meeting  the  circumference  in  D  and 
C,  bisects  the  angle  A  MB,  and  th.it  DC  is  equal  to  twice  MD. 

11.  Compare  the  areas  of  two  regular  hexagons,  one  in- 
scribed in,  the  other  described  about,  a  given  circle. 

12.  Inscribe  a  square  in  a  given  semicircle. 

13.  A  circle  being  given,  describe  six  other  circles,  each  of 
them  equal  to  it,  and  in  contact  with  each  other  and  with  the 
ipyen  circle.      -      > 
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14.  Given  the  angles  of  a  triangle,  and  the  perpendiculars 
from  any  point  on  the  three  sides,  construct  the  trian<;le. 

"tJ5.  Having  given  the  radius  of  a  circle,  determine  its  centre, 
when  the  circle  touches  two  given  lines,  which  are  not  parallel. 

16.  If  the  distunce  ieh/cen  the  centres  of  two  circles,  which 
cut  one  another  at  right  angles,  is  equal  to  twice  one  of  the 
radii,  the  comn;on  chord  is  the  side  of  the  regular  hexagon, 
inscribed  in  one  of  the  circles,  and  tlio  side  of  the  equilateral 
triangle,  inscribed  in  the  other. 

17.  If  from  0,  tlie  ctntiO  of  ihe  circle  inscribed  in  a  triangle 
ABC^  OD,  OJ'Jy  OFht'  drawn  puipeadicular  to  the  sides  BC^ 
CAf  ABy  respectively,  and  from  ui/y  point  P  in  OB,  drawn 
p;»rallel  to  AB,  perpendiculars  hQ,  VII  bo  drawn  upon  OD 
and  OE  respectively,  or  IIiokq  prodnoed,  shew  that  the  triangle 
QP-O  is  equiangular  to  the  triangle  J  J>\,f, 
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EUCLID'S  Iil.l.MEi\'TS,        [Booki  L  to  IV. 


Euclid  Paiers  sU  in  the  Mathematical  Trijws  at  Cambridye 

from  1«48  to  lb72. 


Questions  aiisiiifv  out  of  the  Piopositions,  to  which  they 
are  attached,  have  l)ccn  proposed  in  tho  Euclid  Papers  to 
Candidates  for  Matlicniaticiil  Honours  h;iiice  tho  year  1848. 

A  complete  set  of  these  questions,  so  far  as  they  refer  to 
Books  i.-iv.,  is  here  ^iven.  The  figures  preceding  each  question 
denote  the  particular  Proposition  to  which  the  question  was 
attached.  It  is  expected  that  the  solution  of  each  question  is 
to  he  obtained  mainly  by  using  the  Proposition  which  precedes 
it,  and  that  no  Proposition  which  comes  later  in  Euclid's  order 
should  be  assumed. 

Of  some  of  the  questions  here  given  we  have  already  made 
use  in  the  preceding  pages.  As  examples,  however,  of  what 
has  been  hitherto  expected  of  Candidates  for  Honours,  and  in 
order  to  keep  the  series  of  Papers  complete,  we  have  not 
hesitated  to  repeat  them. 

1848.  I.  34.  If  the  two  diagonals  be  drawn,  shew  that  a 
parallelogram  will  be  divided  into  four  equal 
parts.  In  what  case  will  the  diagonal  bisect 
the  an,i;lc's  of  the  parallelouram? 
III.  15.  Shew  that  all  equal  straight  lines  in  a  circle 
will  be  touched  by  another  circle. 

Til.  20.  If  two  straight  lines  AEB,  CED  in  a  circle 
intersect  in  E,  the  angles  subtended  hj  AG 
and  BD  at  the  centre  are  together  double  of 
the  angle  AEG. 
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lti49. 


1850. 


1851. 


1.  1.  By  a  method  Hiniilnr  to  tlmt  u,  4*d  in  t'nis  pro- 
blem, describe  on  a  given  finite  stnii;^dit  lino 
an  isosceles  triangle,  the  sides  of  which  shall 
be  each  etiiial  to  twice  the  base. 

n.  11.  Shew  that  in  Euclid's  ti^ure  fi)nr  other  lines 
besido  the  j^iven  line,  are  divided  in  the  re- 
quired manner. 

IV.  4.  Describe  a  circle  touching  one  side  of  a  triangle 
and  tlie  produced  parts  of  the  other  two. 

I.  31.  If  the  opposite  sides,  or  the  opposite  angles,  of 
any  quadrilateral  figure  be  equal,  or  if  its 
diagonals  bisect  each  other,  the  quadrilateral 
is  a  parallelogram. 

II.  14.  Given  a  square,  and  one  side  of  a  rectangle 

which  is  equal  to  the  square,  find  the  other 
side. 

III.  31.  The  greatest  rectangle  that  can  be  inscribed  in 

a  circle  is  a  square. 

HI.  34.  Divide  a  circle  into  two  segments  such  that  the 
angle  in  one  of  them  shall  be  five  times  the 
angle  in  the  other. 

IV.  10.  Shew  that  the  base  of  the  triangle  is  equal  to 

the  side  of  a  regular  pentagon  inscribed  in  the 
smaller  circle  of  the  figure. 

I.  38.  Let  ABCy  ABD  be  two  equal  triangles,  upon 
the  same  base  AB  and  on  opposite  sides  of 
it :  join  CD,  meeting  AB  in  E :  shew  that 
CE  is  equal  to  ED. 

1.  47.  If  ABC  be  a  triangle,  whose  angle  -4  is  &  right 

angle,  and  BE,  CF  be  drawn  bisecting  the 

,  opposite  sides  respectively,  shew  that  four 

times  the  sum  of  the  squares  on  BE  and  CF 

is  equal  to  five  times  the  square  on  BC. 

III.  22.  If  a  polygon  of  an  even  number  of  sides  be  in- 

scribed in  a  circle,  the  sum  of  the  alternate 
angles  together  with  two  right  angles  is  equal 
to  as  many  right  angles  as  the  figure  has  side«» 
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IV.  16.  In  a  given  circle  inscribe  a  triaiif^le,  whose 
niiiilcs  are  as  the  numbers  2,  5  and  8. 
I.  42.  Divide  a  triangle  by  two  straij^ht  lines  into 
three  parts,  which,  when  properly  arranged, 
shall  form  a  parallelogram  whose  angles  are 
of  iliven  magnitude. 

II.  12.  Triangles  are  described  on  the  same  base  and 

having  the  difference  of  the  squares  on  the 
other  sides  constant  :  shew  that  the  vertex  of 
any  triangle  is  in  one  or  other  of  two  fixed 
straight  lines. 
tv.  3.  Two  equilateral  triangles  are  described  about 
the  same  circle  :  shew  that  their  intersections 
will  form  a  hexagon  equilateral,  but  not  gene- 
rally equiangular. 
1853.  i.B.Cor.  If  lines  be  drawn  through  the  extremities  of  the 
base  of  an  isosceles  triangle,  making  angles 
with  it,  on  the  side  remote  from  the  vertex, 
each  equal  to  one  third  of  one  of  the  equal 
angles,  and  meeting  the  sides  produced,  prove 
that  three  of  the  triangles  thus  formed  are 
isosceles. 
L  29.  Through  two  given  points  draw  two  lines,  form- 
ing with  a  line,  given  in  position,  an  equi- 
lateral triangle. 
II.  11.  In  the  figure,  if  li  be  the  point  of  division  of 
the  given  line  AB,  and  DA  be  the  side  of  the 
square  which  is  bisected  in  E  and  produced 
to  E^  and  if  DTI  be  produced  to  meet  BE  in 
Jy,  prove  that  DL  is  perpendicular  to  BF^  and 
is  divided  by  BE  similarly  to  the  given  line. 

III.  32.  Through  a  given  point  without  a  circle  '^raw  a 

chord  such  that  the  difference  of  the  angles 
in  the  two  segments,  into  which  it  divides  the 
circle,  may  be  equal  to  a  given  angle. 

III.  36.  From  a  given  point  as  centre  describe  a  circle  cut- 
ting a  given  line  in  two  points,  so  that  the  rect- 
'  j^  angle  contained  by  their  distances  from  a  fixed 

point  ill  the  line  may  be  equal  to  a  given  square 
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I.  43.  If  K  be  the  common  angular  point  of  the  paral- 
lelograms about  the  diameter,  and  BD  the 
other  diameter,  the  difference  of  the  paral- 
lelograms is  equal  to  twice  the  triangle  BKD. 

II.  li.  Produce  a  given  straight  line  to  a  point  Buch 

that  the  rectangle  contained  by. the  whole 
line   thus  produced  and  the  part  produced 
shall  be  equal  to  the  square  on  the  given 
.    straight  line. 

III.  22.  If  the  opposite  sides  of  the  quadrilateral  be  pro- 

duced to  meet  in  P,  Q,  and  about  the  tri- 
angles so  formed  without  the  quadrilateral 
circles  be  described  meeting  again  in  i?,  shew 
that  P,  it,  Q  will  be  in  one  straight  line. 

IV.  10.  Upon  a  given  straight  line,  as  base,  describe  an 

isosceles  triangle  having  the  third  angle 
treble  of  each  of  the  angles  at  the  base. 


1855.  I.  20.  Prove  that  the  sum  of  the  distances  of  any  point 
from  the  three  angles  of  a  triangle  is  greater 
than  half  the  perimeter  of  the  triangle. 

I.  47.  If  a  line  be  drawn  parallel   to  the  hypotenuse 

of  a  right-angled  triangle,  and  each  of  the 
acute  angles  be  joined  with  the  points  where 
this  line  intersects  the  sides  respectively  oppo- 
site to  them,  the  squares  on  the  joining  lines 
are  together  equal  to  the  squares  on  the  hypo- 
tenuse and  on  the  line  drawn  parallel  to  it. 

II,  9.  Divide  a  given  straight  line  into  two  parts,  such 

that  the  square  on  one  of  them  may  be 
double  of  the  square  on  the  other,  without 
employing  the  Sixth  Book. 

Ill,  27.  If  any  number  of  triangles,  upon  the  same  base 
BC,  and  on  the  same  side  of  it,  have  their 
vertical  angles  equal,  and  perpendiculars 
meeting  in  D  be  drawn  from  P,  C  upon  the 
opposite  sides,  find  the  locus  of  2>,  and  shew 
that  all  the  lines  wliicii  bisect  the  angle  £i)C 
pass  through  the  sume  point. 
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1855.  IV.  4.  If  the  circle  inscribed  in  a  triangle -4 BO  touch 
the  sides  AB,  -40  in  the  points  D,  E,  and  a 
Btraiffht  line  be  drawn  from  A  to  the  centre 
of  the  circle,  meeting  the  circumference  in  Gf, 
shew  that  0  is  the  centre  of  the  circle  in- 
scribed in  the  triangle  ADE. 

1866.  I.  34.  or  all  parallelograms,  which  can  be  formed  with 

diameters  of  given   length,  the  rhombus  is 
the  greatest. 

II.  12.  If  AB,  one  of  the  equal  rides  of  an  isosceles 
triangle  ABC,  he  produced  beyond  the  base 
to  D,  so  that  BD=AB,  shew  that  the  square 
on  CD  is  equal  to  the  square  on  ^JB  together 
with  twice  the  square  on  BC. 

IV.  15.  Shew  how  to  derive  the  hexagon  from  an  equi- 
lateral triangle  inscribed  in  the  circle,  and 
from  this  construction  shew  that  the  side  of 
the  hexagon  equals  the  radius  of  the  circle, 
and  that  the  hexagon  is  double  of  the  tri- 
angle. 

1867.  I.  35.  ABCisan  isosceles  triangle,  of  which  A  is  the 

vertex:  AB,  AG  are  bisected  in  D  and  E 
respectively  ;  BE,  CD  intersect  in  F :  shew 
^  that  the  triangle  ADE  is  equal  to  three  times 

the  triangle  DEF. 
n.  13.  The  base  of  a  triangle  is  given,  and  is  bisected 
by  the  centre  of  a  given  circle,  the  circum- 
ference of  which  is  the  locus  of  the  vertex  ; 
prove  that  the  sum  of  the  squares  on  the  two 
sides  of  the  triangle  is  invariable. 
III.  22.  Prove  that  the  sum  of  the  angles  in  the  four 
segments  of  the  circle,  exterior  to  the  quadri- 
lateral, is  equal  to  six  right  angles. 
IV.  4.  Circles  are  inscribed  in  the  two  triangles  formed 
by  drawing  a  perpendicular  from  an  angle  of 
a  triangle  upon  the  opposite  side,  and  analo- 
gous circles  are  described  in  relation  to  the 
two  other  like  perpendiculars  :  prove  that  the 
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Bum  of  the  diameters  of  the  six  circles  toge- 
ther with  the  sum  of  the  sides  of  the  original 
triangle  is  equal  to  twice  the  sum  of  the  three 
perpendiculars. 

1858.  I.  28.  Assuming  as  an  axiom  that  two  straight  lines 

cannot  both  be  parallel  to  the  same  straight 
line,  deduce  Euclid's  sixth  postulate  as  a 
corollary  of  the  proposition  referred  to. 
IL  7.  Produce  a  given  straight  line,  so  that  the  sum 
of  the  squares  on  the  given  line  and  the  part 
produced  may  be  equal  to  twice  the  rectangle 
contained  by  the  whole  line  thus  produced  and 
the  produced  part. 

III.  19.  Describe  a  circle,  which  shall  touch  a  given 
straight  line  at  a  given  point  and  bisect  the 
circumference  of  a  given  circle. 

1859.  I.  41.  Trisect  a  parallelogram  by  straight  lines  drawn 

from  one  of  its  angular  points. 
II.  13.  Prove   that,  in   any  quadrilateral,  the  squares 
on  the  diagonals  are  together  equal  to  twice 
the  sum  of  the  squares  on  the  straight  lines 
joining  the  middle  points  of  opposite  sides. 

III.  31,  Two  equal  circles  touch  each  other  externally, 
and  through  the  point  of  contact  chords  are 
drawn,  one  to  each  circle,  at  right  angles  to 
each  other :  prove  that  the  straight  line, 
joining  the  other  extremities  of  these  chords, 
is  equal  and  parallel  to  the  straight  line 
joining  the  centres  of  the  circles. 
IV.  4.  Triangles  are  constructed  on  the  same  base  with 
equal  vertical  angles :  prove  that  the  locus 
of  the  centres  of  the  escribed  circles,  each  of 
which  touches  one  of  the  sides  externally 
and  the  other  side  and  base  produced,  is  an 
arc  of  a  circle,  the  centre  of  which  is  on  the 
circu.iiference  of  the  circle  circumscribuig  the 
V  triangles. 
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1860.  I.  36.  If  a  straight  line  DME  be  drawn  through  the 

middle  point  M  of  the  base  BG  of  a  triangle 
ABCf  so  as  to  cut  off  equal  parts  J.D,  AE 
from  the  sides  ylJK,  AG,  produced  if  neces- 
,   •  sary,  respectively,  then  shall  BD  be  equal  to 

GE. 

II.  14.  Shew  how  to  construct  a  rcctnngle  which  shall 
be  equal  to  a  given  square  ;  (1)  when  the 
sura,  and  (2)  when  the  difference  of  two  ad- 
jacent sides  is  given. 

III.  36.  If  two  chords  AB^  AG  be  drawn  from  any  point 

-4  of  a  circle,  and  be  produced  to  D  and  E^ 
so  that  tho  rectangle  ylC,  AE  \%  equal  to  the 
rectangle  AB,  AD,  then,  if  0  be  the  centre 
of  tho  circle,  ^0  is  perpendicular  to  DE. 

IV.  10.  If  A  be  the  vertex,  and  BD  the  base  of  the 

constructed  triangle,  D  being  one  of  the  points 
of  intersection  of  the  two  circles  employed  in 
the  construction,  and  E  the  other,  and  AE 
be  drawn  meeting  BD  produced  in  F,  prove 
that  FAB  is  another  isosceles  triangle  of  the 
same  kind. 

1861.  L  32.  If  ABG  be  a  triangle,  in  which  C  is  a  right 

angle,  shew  how,  by  means  of  Book  I,  to 
draw  a  straight  line  parallel  to  a  given 
straight  line  so  as  to  be  terminated  by  GA 
and  GB  and  bisected  by  AB. 

II.  13.  If  ABG  be  a  triangle,  in  which  0  is  a  right 
angle,  and  DE  be  drawn  from  a  point  D  in 
AG  at  right  angles  to  AB,  prove,  without  j 
using  Book  III.,  that  the  rectangles  AB^  AE 
,  and -4(7,  ^7)  will  be  equal 

m.  32.  Two  circles  intersect  in  A  and  B,  and  GBD  is 
drawn  perpendicular  to  AB    to  meet  the 
/    :,*  circles  in  G  and  D ;  if  AEF  bisect  either  the 

interior  or  exterior  angle  between  GA  and 
DA,  prove  that  the  tangents  to  the  circles  ai 
E  and  F  intersect  in  a  point  on  AB  prodiicod- 
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1861.    IV.  4.  Descriljo  a  circle  touching,'  the  side  B(j  of  the 
triangle  ABC^  and  the  other  two  sides  pro- 
duced, and  prove  that  the  distance  between 
/  the  points  of  contact  of  the  side  i>C'  with  the 

inscribed  circle,  and  the  latter  circle,  is  equal 
to  the  difference  between  the  sides  AB  and 
AQ, 

I,  4.  Upon  the  sides  AB,  BC,  and  CD  of  a  parallelo- 
gram ABCDj  three  equilateral  triangles  are 
described,  tliat  on  BC  towards  the  same  parts 
as  the  parallelogram,  and  those  on  AB,  CD 
towards  the  opposite  parts.  Prove  that  the 
distances  of  the  vertices  of  the  triangles  on 
AB,  CD,  from  tliat  on  BC,  are  respectively 
equal  to  the  two  diagonals  of  the  parallelo- 
gram. 

11.  10.  Divide  a  given  straight  line  into  two  parts,  so 
that  the  squares  on  the  whole  line  and  on 
one  of  the  parts  may  be  together  double  of 
the  square  on  the  other  part. 

m.  28.  A  triangle  is  turned  about  its  vertex,  until  one 
of  the  sides  intersecting  in  that  vertex  is  in 
the  same  straight  line  as  the  other  previously 
was  :  prove  that  the  line,  joining  the  vertex 
with  the  point  of  intersection  of  the  two 
positions  of  the  base,  produced  if  necessary, 
bisects  the  angle  between  these  two  positions. 

rv.  10.  Prove  that  the  smaller  of  the  two  circles,  em- 
ployed in  Euclid's  construction,  is  equal  to 
the  circle  described  about  the  required  tri- 
an;4le.  .  -'    . 

1863.  I.  47.  T^/o  triangles  ABC,  A'B'C  have  their  sides 
respectively  parallel.  BBi,  CCi  are  drawn 
perpendicular  to  B'C;  CCi,  AA^  to  C'A!\  and 
AAi,  BBi  to  A'B>.  Prove  that  the  sum  of  the 
squares  on  AB^,  BCi,  CA^  together,  is  equal 
to  the  sum  of  those  on  J.C'i,  BA-i,  CB3  together. 
II.  11.  Divide  a  given  straight  line  into  two  parts,  such 
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that  the  rectangle  contained  by  the  whole  and 
one  part  may  be  equal  to  that  contained  by 
the  other  part  and  a  given  straight  line. 

1863.  III.  28.  Two   equal  circles  intersect   in   Ay  B  \  PQT 

perpendicular  to  AB  meets  it  in  T,  and  the 
circles  in  P,  Q.  AP,  BQ  meet  in  R  \  AQy 
BP  in  S :  prove  that  the  angle  BTS  is  bi- 
sected by  TP,  ^ 

1864.  I.  33.  If  a  quadrilateral  figure  have  two  sides  parallel, 

and  the  parallel  sides  be  bisected,  the  line 
joining  the  points  of  bisection  shall  pass 
through  the  point  in  which  the  diagonals  cut 
one  another. 

11.  14.  Divide  a  given  straight  line  (when  possible) 
into  three  parts  such  that  the  rectangle  con- 
tained by  two  of  them  shall  be  equal  to  a 
given  rectilineal  figure,  and  that  the  squares 
on  these  two  parts  shall  together  be  equal  to 
the  square  on  the  third, 
in.  06.  If  from  a  given  point  A  without  a  given  circle 
any  two  straight  lines  APQ,  ARS,  be  drawn, 
making  equal  angles  with  the  diameter  which 
passes  through  A,  and  cutting  the  circle  in 
P,  Q,  and  R,  S,  respectively,  then  PS,  QR, 
shall  cut  one  another  in  a  given  point. 

rv.  11.  If  a  figure  of  any  odd  number  of  sides  have  all 
its  angular  points  on  the  same  circle,  and  all 
its  angles  equal,  then  shall  its  sides  be  equal. 

1865.  I.  20.  Give  a  geometrical   construction  for   finding   a 

point  in  a  given  straight  line,  the  difference  of 
the  distances  of  which  from  two  given  points 
on  the  same  side  of  the  line  shall  be  the 
greatest  possible. 

ri.  12,  The  base  BC  of  an  isosceles  triangle   ABC  is 
produced  to  a  point  D  ;  AD  is  joined,  and  in 
AD  a  point  E  is  taken,  such  that  the  rect- 
angle AD,  AE,  is  equal  to  the  square  on  either 
'  of  the  equal  sides  xiB,  AC^  of  the  triangle; 
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prove  that  the  rectangle  BD^  CD  is  equal  to 
the  rectangle  J  l>,  ED. 

1865.  III.  18.  A  given  straight  line  is  drawn  at  right  angles 

to  the  straight  line  joining  the  centres  of  two 
given  circles  :  prove  that  the  difference  be- 
tween the  squares  on  two  tangents  drawn, 
one  to  each  circle,  from  any  point  on  the 
given  straight  line,  is  constant. 

rv.  5.  Having  given  one  side  of  a  triangle,  and  the 
centre  of  the  circumscribed  circle,  determine 
the  locus  of  the  centre  of  the  inscribed  circle. 

1866.  I.  33.  Pjove  that  a  quadrilateral,  which  has  two  op- 

posite sides  and  two  opposite  obtuse  angles 
equal,  is  a  parallelogram. 

Shew  that  the  figure  is  not  necessarily  a  paral- 
lelogram, if  the  equal  angles  are  acute. 

ir.  9.  Prove  this  also  by  superposition  of  the  squares 
or  their  halves. 

III.  32.  If  four  circles  be  drawn,  each  passing  through 
three  out  of  four  given  points,  the  angle  be- 
tween the  tangents  at  the  intersection  of  two 
•  of  the  circles  is  equal  to  the  angle  between 
the  tangents  at  the  intersection  of  the  other 
two  circles. 

IV.  2.  In  a  given  circle  inscribe  a  triangle  such  that 
two  of  the  sides  of  the  triangle  shall  pass 
through  given  points  and  the  third  side  be  at 
a  given  distance  from  the  centre  of  the  given 
circle. 

1867.    I.  16.  Any  two  exterior  angles  of  a  triangle  are  together- 
greater  than  two  right  angles. 

I,  43.  What  is  the  greatest  value  v.hich  these  comple- 
ments, for  a  given  parallelogram,  can  have  ? 

H.  11.  Divide  a  given  straight  line  into  two  parts  such 
that  the  squares  on  the  whole  line  and  on  one 
of  the  parts  shall  be  together  double  of  the 
square  on  the  other  part. 
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1867.  III.  22.  If  the   chords,   which  bisect  two   angles  of  a 

tiianj,^le  inscribed  in  d  circle,  be  eqiuil,  prove 
lh:it  eitlicr  the  angles  are  e(iunl,  or  the  third 
angle  is  equal  to  the  angle  of  an  equilateral 
triangle. 

1868.  I.  41.  OKJiM  and    OLDN  are   parallelograms  about 

the  diameter  of  a  parallelogram  ABCD.  In 
MNj  which  is  parallel  to  BA,  take  any  point 
P  and  prove  that,  if  PO,  produced  if  neces- 
sary, meet  KL  in  Q,  LP  will  be  parallel 
ioDQ. 
II.  12.  In  a  triangle  ABC,  7),  B,  F  are  the  middle 
points  of  the  sides  BC,  CA,  AB  respectively, 
and  K,  L,  M  are  the  feet  of  the  perpendi- 
■^  ciilars  on  the  same  sides  from  the  opposite 

angles.  Prove  that  the  greatest  of  the  rect- 
angles contained  by  BC  .and  DK,  CA  and 
BL,  AB  and  FM,  is  equal  to  the  sum  of  the 
othe.  two. 

III.  35.  Through  a  ])oint  within  a  circle,  draw  a  chord, 
such  that  the  rectangle  contained  by  the  whole 
chord  and  one  part  may  be  equal  to  a  given 
square. 

Determine  the  necessary  limits  to  the  magni- 
tude of  this  square. 
IV.  4.  If  two  triangles  ABC,  A'B'C  bo  inscribed  in 
the  same  circle,  so  that  AA!  BB'  CC  meet 
in  one  point  0,  prove  that,  if  0  be  the  centre 
of  the  inscribed  circle  of  one  of  the  triangles, 
,  it  will  be  the  centre  of  the  perpendiculars  of 

the  other. 

I860,    1.  40.  ^^C'is  a  triangle,  E  and  F  are  two  points  ;  if 
the  sum  of  the  triangle^  ABB  and  BCEhe 
equal  to  the  sum  of  the  triangles  ABF  and 
BCF,  then  under  certain  conditions  EF  will 
/  be  parallel  to  AC.    Find  these  conditions, 

and  determine  when  the  difference  instead  of 
the  sum  of  the  triangles  must  be  taken. 
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18C9.  II.  11.  Shew  that  the  point  of  section  lies  between  the 
extriMiiitics  of  the  line. 

III.  33.  An    acute-angled    triangle    is    ini^cribcd    in    a 

circle,  and  the  paper  is  folded  along  each  of 
the  sides  of  tie  triangle  :  Shew  that  the 
circuiuferences  of  the  three  segments  will  pass 
through  the  Fame  point.  State  the  equivalent 
proposition  for  an  obtuse-angled  trian_i:le. 

IV.  11.  Shew   that  the   circles,    each  of  which  touches 

two  sides  of  a  regular  pentagon  at  the  ex- 
tremities of  a  third,  meet  in  a  point. 

1870.  1.  26.  ABC  J)  is  a  square  and  E  a  point  in  BC ;  a 

straight  line  J'JF  is  drawn  at  right  angles  to 
AB,  and  meets  the  straight  line,  which  bisects 
the  angle  between  CD  and  BC  produced  in  a 
point  F :  prove  that  AB  is  equal  to  BF. 
U.  9.  The  diagonals  of  a  quadrilateral  meet  in  E,  and 
F  is  the  middle  point  of  the  straight  line 
joining  the  middle  points  of  the  diagonals : 
prove  that  the  sum  of  the  squares  on  the 
straight  lines  joining  E  to  the  angular  points 
of  the  quadrilateral  is  greater  than  the  sum  of 
the  squares  on  the  straight  lines  joining  F  to 
the  same  points  by  four  times  the  square 
on  EF. 

111.  32.  AB,  CD  are  parallel  diameters  of  two  circles, 
and  J. (7  cuts  the  circles  in  P,  Q  :  prove  that 
the  tangents  to  the  circles  at  P,  Q  are  parallel. 

IV.  10.  Hence  shew  how  to  describe  an  equilateral 
and  equiangular  pentagon  about  a  circle  with- 
out first  inscribing  one. 

1871.  I.  38.  Through    the    angular    points   A,   B,   C,   of  a 

triangle  are  drawn  three  parallel  straight  lines 
meeting  the  opposite  sides  in  A'j  B\  C  re- 
spectively :  prove  that  the  triangles  AB'C\ 
BOA',  CA'B'  are  all  equal 
II.  10.  Produce  a  given  straight  line  so  that  the  square 
on  the  whole  line  thus  produced  may  bo 
double  the  square  on  the  part  produced. 
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1871.  III.  32.  The  opposite  sides  of  a  quadrilateral  inscribed 

in  a  circle  are  produced  to  meet  in  P,  Q,  and 
about  the  four  triangles  thus  formed  circles 
are  described  :  prove  that  the  tangents  to  these 
circles  at  P  and  Q  forri  a  quadrilateral  equal 
in  all  respects  to  the  original,  and  that  the 
line  joining  the  centres  of  the  circles,  about 
the  two  quadrilaterals,  bisects  TQ. 

IV.  B.  A  triangle  is  inscribed  in  a  given  circle  so  as 
to  have  its  centre  of  perpendiculars  at  a  given 
point :  prove  that  the  middle  points  of  its 
sides  lie  on  a  fixed  circle. 

1872.  I.  47  If  GE^  BD  be  the  squares  described  upon  the 

side  AC,  and  the  hypotenuse  AB,  and  if 
V  EBy  CD  intersect  in  F,  prove  that  AF  bi- 

sects the  angle  EFD. 

III.  22.  Two  circles  intersect  in  A,  B :  PAP',  QAQ'  aro 

drawn  equally  inclined  to  AB  to  meet  the 
circles  in  P,  P\  Q,  Q' :  prove  that  P  ^'  is 
equal  to  QQ'. 

IV.  4.  Having  given  an  angular  point  of  a  triangle,  the 

circumscribed  circle,  and  the  centre  of  the  in- 
iicribiid  cii'cie,  constj'ucc  the  tiiangie. 


I 


m 


II 


BOOK    V. 


SECTION  r. 
^/z  Multiples  and  Equimultiples, 

Dep.  I.  A  GREATER  maguitiule  is  a  Mult^'ple  of  a  less  magni- 
tude, when  the  greater  contains  the  kss  an  exfi-ct  number 
of  times. 

Def.  II.  A  LESS  magnitude  is  a  Suh-multi'pU  of  a  greater 
magnitude,  when  the  less  is  contained  an  exact  number  of 
times  in  the  greater. 

These  definitions  are  applicable  not  merely  to  Geometrical 
magnitudes,  such  as  Lines,  Angles,  and  Triangles  ;  but  also  to 
such  as  are  included  in  the  ordinary  sense  of  Llie  word  Magni- 
tude, that  is,  anything  which  is  made  up  of  parts  like  itself, 
such  as  a  Distance,  a  Weight,  or  a  Sum  of  Money. 

Postulate. 

Any  one  magnitude  being  given,  let  it  be  granted  that  any 
number  of  other  magnitudes  may  be  found,  each  of  which  is 
equal  to  the  first.  '      - 

Method  of  Notation. 

Let  A  represent  a  magnitude,  not  as  one  of  the  letters  used 
in  Algebra  to  represent  the  measure  of  a  magnitude,  but  let  A 
stand  for  the  magnitude  itself.  Thus,  if  we  regard  A  as  repre- 
senting a  weight,  we  mean,  not  the  nnmber  of  pounds  con- 
tained in  the  weight,  but  the  weight  itself. 
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Let  the  words  i4,  B  (ogdhr  represent  the  magnitude  obtained 
by  putting  the  magnitude  B  to  the  magnitude  A, 

Let  Af  A  together  be  abbreviated  into  2.4, 

Af  Aj  A  together  3yJ, 

and  so  on. 

Let  A,  A rcpoated  m  times  be  denoted  by  mA, 

m  standing  for  a  whole  number. 

Let  mA,  mA repeated  n  times  bo  denoted  by  nmAj 

where  nm  stands  for  tlie  arithmetical  product  of  tiie  lohoU 
numbers  n  and  m. 

Let(w  +  >0-4  stand  for  the  mnrjnitiide  obtained  by  putting 
nA  to  mA,  in  and  n  standing  for  whole  numbers. 

These,  and  these  only,  are  the  symbols  by  which  we  propose 
to  shorten  and  simplify  the  proofs  of  this  Book:  capital 
letters  standing,  in  all  cases,  for  magnitudes ;  and  small  letters 
standing  for  ivhole    umbers. 

Scales  of  Multiples. 

By  taking  a  number  of  magnitudes  each  equal  to  u4,  and 

putting  two,  three,  four of  them  together,  we  obtain  a  set 

of  magnitudes,  depending  upon  A,  and  all  known  when  A  is 
known ;  namely, 

Af  2Aj  3Af  4Af  5A and  so  on  ; 

each  being  obtained  by  putting  A  to  the  preceding  one. 

This  we  call  the  Scale  of  Multiples  of  A. 

If  m  be  a  whole  number,  mA  and  mB  are  called  Equi- 
multiples of  A  and  B,  or,  the  same  multiples  of  A  and  B 
respectively. 

Axioms. 

1.  Equimultiples  of  the  same,  or  of  equal  magnitudes,  are 
equal  to  one  another. 

-  ■     w  ' 

2.  Those  magnitudes,  of  which  the  same,  or  equal,  magni- 
tudes are  equinmltiples,  are  equal  to  one  another.    . 
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3.  A  multiple  of  a  greater  magnitude  is  greater  thou  the 
saino  multiple  of  u  loss. 

4.  That  maf,'nitude,  of  v  hich  a  multiple  is  fjreater  than  the 
same  multiple  of  another,  is  greater  than  that  other  nia^^iu- 
tude. 


.  :  \\ 


Note  1.  If  A  and  B  be  two  commcnsnr;i))le  nm^nitiidos,  it 
is  easy  to  show  that  there  is  su/nc  multiple  of  A^  which  is 
equal  to  iome,  nudtiple  of  B. 

For  let  M.  be  a  common  measure  of  A  and  B  \  then  the 
scale  of  multiples  of  M  is 

M,  23/,  33/, 

Now  out  of  the  multiples  in  this  scale,  suppose  j)3/,  is  equal  to  A^ 
and  ona suppose  g^/, B. 

Hence  the  multiple  q^M  is  equal  to  v^l,  V.  Ax.  1. 

and    the  same  multiple    is  equal   to  yB\ 
and  therefore  q^A  =  ])B.  I.  Ax.  1, 
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Proposition  I.  (Eucl.  V.  1.) 

If  any  number  of  mayniUulcs  he  cquimulti2)le8  of  as  manyy 
each  of  each  ;  whatever  multiple  any  one  of  them  is  of  its  suh- 
multipUy  the  same  multiple  must  all  the  first  magnitudes,  taken 
together,  he  of  all  the  other^  taken  together. 

Let  A  be  the  same  multiple  of  G  that  B  is  of  D. 
Then  must  A,  B  together  he  the  same  multiple  of  C,  D  together 
that  A  is  of  G. 

Let    A  =  G,  G,  G repeated  m  times. 

Then  B  ^  D,D,D repeated  m  times. 

.'.  A,B  together  =  G,D  ;  G,D-  G,D; repeated  m  times. 

.•.  A,  B  together  is  the  same  ) multiple  of  C,  D  together  that 
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Proposition  II.  (Eucl.  v.  2.) 

If  the  first  he  the  same  multiple  of  (he 'seconds  that  the  third  iA 
of  the  fourth^  and  the  fifth  the  same  mullijile  of  the  second  that 
the  sixth  is  of  the  fourth  ;  the  first  together  with  the  fifth  must  he 
the  same  multiple  of  the  second,  that  the  third  together  with  the 
sixth  is  of  the  fourth. 

Let  Aj  B,  C,  D,  E,  F  be  six  magnitudes,  such  that 
A  is  the  same  multiple  of  B,  that  C  is  of  D,  and 
E  is  the  same  multiple  of  B,  that  F  is  of  D. 
Then  must  A,  E  together  be  the  same  multiple  of  By 
that  C,  F  together  is  of  D. 

Let  A  =  B,  B,  B, repeated  m  times  ; 

then  0  =  D,  D,  D, repeated  m  times. 

Also,  let  E  —  Bj  B,  B, repeated  n  times  ; 

V        then  F  =  D,D,D, repeated  n  times. 

.*.  A,  E  together  =  B,  B,  J5, repeated  m  +  n  times, 

and  0,  F  together  =  D,D,Df repeated  m  +  n  times. 

.*.  A,  E  together  is  the  same  multiple  of  JB, 
that  0,  F  together  is  of  D. 

Q.  B.  D. 

Proposition  III.  (Eucl.  v.  3.) 

If  the  first  he  the  same  multiple  of  the  second  that  the  third 
%s  of  the  fourth ;  and  if  of  the  first  and  third  there  be  taken 
equimultiples,  these  must  be  equimultiples,  the  one  of  the  second^ 
and  the  other  of  the  fourth. 

Let  A  be  the  same  multiple  of  B  that  0  is  of  D  ; 
and  let  E  and  F  be  taken  equimultiples  of  A  and  0. 
Then  must  E  and  F  6e  equimultiples  of  B  and  D. 

For  let  A  =  B,  B, repeated  m  times =mB  ; 

then       G  =  D,  D, repeated  m  times =rnj[>. 

Again,  let  jE(  =  A,  A, repeated  n  times  ; 

then     F  =  C,  C, repeated  n  times. 

,',    E  =  mB,  mB, repeated  n  times=nm5 ; 

audi''  =  mD,  mD^ repeated  n  times =nmZ>. 

**.  £  is  the  same  multiple  of  B  that  F  is  of  D. 

^  1.  D. 
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On  Ratio  and  Proportion. 
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Def.  III.  If  A  and  B  be  magnitudes  of  the  same  kind,  the 
relative  greatness  of  A  with  respect  to  £  is  called  the  ratio  of 
A  to  B. 

Note  2.  When  A  and  B  are  commmsurahh,  we  can  estimate 
their  relative  greatness  by  considering  wliat  multiples  they  are 
of  some  common  standard.  But  as  this  method  is  not  appli- 
cable when  A  and  B  are  incommensurable,  we  have  to  adopt 
a  more  general  method,  applicable  both  to  commensurable  and 
incommensurable  magnitudes. 

If  A  and  B  be  magnitudes  of  the  same  kind,  commensurable 
or  incommensurable,  the  scale  of  multiples  of  .4  is 

A,2A...mA,  {m+l)A.,.2mA,{2m+\)A...3mA...nmA... 

and  the  Ratio  of  5  to  J.  is  estimated  by  considering  the  posi- 
tion which  B,  or  some  multiple  of  B,  occupies  among  the 
multiples  of  A. 

If  A  and  B  be  commensurable,  a  multiple  of  B  can  be  found, 
such  that  it  would  occupy  the  same  place  among  the  nmltiples 
of  Af  which  is  occupied  by  some  one  of  the  multiples  of  A  ; 
that  is,  this  particular  multiple  of  I>  represents  the  same 
magnitude  as  that,  which  is  represented  by  some  one  of  the 
multiples  of  ^.     See  Note  1,  p.  213. 

If,  for  example,  the  7th  nmltiple  in  the  scale  of  B  represents 
the  same  magnitude  as  that  which  is  represented  by  the  5th 
multiple  in  the  scale  of  A,  or  in  other  words,  if  7B  =  5-4,  we 
are  enabled  to  form  an  exact  notion  of  the  greatness  of  B 
relatively  to  4. 
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When  ^  and  5  are  incommensurable,  the  relation  mA^nB 
can  have  no  existence  ;  that  is,  no  pair  of  multiples,  one  in 
each  of  the  scales  of  multiples  of  A  and  5,  represent  tlie  sanio 
mafjiiitude.  But  we  can  always  determine  whether  a  'par- 
ticnlar  multiple  of  B  be  greater  or  less  than  some  one  of  the 
multiples  of  A  ;  that  is,  we  can  always  find  between  what  two 
successive  multiples  of -^  any  given  multiple  of  B  lies. 

Hence,  whether  A  and  B  be  commensurable  or  incommen- 
surable, we  can  always  form  a  third  scale,  in  which  the 
multiples  of  B  are  distributed  among  the  multiples  of  A. 

Suppose,  for  example,  we  discover  the  following  relations 
between  particular  multiples  of  A  and  B: 

B  greater  than  A  and  less  than  2^, 
2B  greater  than  ZA  and  less  than  4 J., 
3^  greater  than  5  J.  and  less  than  6Af 

and  so  on  ;  the  third  scale  will  commence  thus 

A,  B,  2A,  ZA,  2B,  4A,  bA,  3J5,  6^, 

and  so  on  ;  the  scale  not  beinc:  formed  by  any  law,  but  con- 
structed by  special  cnlcuiiiliotifci  lor  each  term. 

Such  a  scale  we  call  the  Scale  of  Relation  of  A  and  B, 
and  we  give  the  following  Definition  : — 

The  Scale  of  Relation  of  two  magnitudes  of  the  same  kind 
is  a  list  of  the  multiples  of  both  ad  infinitum^  all  arranged  in 
order  of  magnitude,  so  that  any  multiple  of  either  magnitude 
being  assigned,  the  scale  of  relation  points  out  between  which 
multiples  of  the  other  it  lies. 

Note  3.  It  may  here  be  remarked  that,  if  A  and  B  be 
two  finite  magnitudes  of  the  same  kind,  however  small  B  may 
be,  we  may,  by  continuing, the  scale  of  multiples  of  J5  suffi- 
ciently far,  at  length  obtain  a  multiple  of  B  greater  than  A. 

Also,  if  B  be  less  than  A,  one  multiple  at  least  of  the  scale 
of  JS  will  lie  between  each  two  consecutive  nmltiples  of  the 
scale  of  A.  From  these  considerations  wq  sball  be  justifie4  W 
fuming 
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(1.)  That  we  can  always  take  wi£  greater  than  A  or  than  j;^4. 

(2.)  That  we  can  always  take  nB  such  that  it  is  greater  than 
fA  but  not  greater  than  gj.,  provided  that  B  is  less 
than  A^  and  2?  than  q. 

We  can  now  make  an  important  addition  to  Definiti(m  iii., 
BO  that  it  will  run  thus  : — 

If  A  and  B  be  magnitudes  of  the  same  kind,  the  relative 
greatness  of  A  with  respect  to  B  is  called  the  Ratio  of  A  to  1.', 
and  this  Ratio  is  determined  by,  that  is,  depculs  solely  upon, 
the  order  in  which  the  nmltiples  of  A  and  B  occur  in  the 
Scale  of  Relation  of  A  and  J5. 
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Def.  IV.  ^lagnitudes  are  said  to  have  a  Ratio  to  each  other, 
which  can,  being  multiplied,  exceed  each  the  other. 
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This  definition  is  inserted  to  point  out  that  a  ratio  cannot 
exist  betweenf  two  magnitudes  unless  two  conditions  be  ful- 
filled :— first,  the  magnitudes  must  be  of  the  same  kind ; 
secondly,  neither  of  them  may  be  infinitely  large  or  infinitely 
BmalL    See  Note  3. 


Def.  V.  When  there  are  four  magnitudes,  and  when  any 
equimultiples  of  the  first  and  third  being  taken,  and  any  equi- 
multiples  of  the  second  and  fourth,  if,  when  the  multiple  of  the 
first  is  greater  than  that  of  the  second,  the  multiple  of  the 
third  is  greater  than  that  of  the  fourth,  and  when  the  multiple 
of  the  first  is  equal  to  that  of  the  second,  the  multi^jle  of  the 
third  is  equal  to  that  of  the  fourth,  and  when  the  multiple  of 
the  first  is  less  than  that  of  the  second,  the  multiple  of  the 
third  is  less  than  that  of  the  fonrth,  then  the  first  of  the 
<irijfiiial  four  magnitudes  is  said  to  have  to  the  second  the 
same  ratio  which  the  third  has  to  the  fourth. 
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Note  4. — To  ninke  Dcf.  v.  clearer  we  j^ive  the  following 
illustration.  Suppose  A^  B,  C,  D  to  be  four  magnitudes  ;  the 
scales  of  their  multiples  will  then  be — 

Aj  2A,  3A mA 

B,  2B,  3i? nB 

C,  2(7,  sa mCf , 

D,  2D,  :W uD ; 


where  mA,  mC  stand  for  any  equimultiples  of  A  and  C,  and 
uB,  nD  stand  for  cmy  eqiiiiimltiples  of  B  and  D:  then  the 
Definition  may  be  stated  more  briefly  thus  : 

A  is  Siiid  to  have  the  same  ratio  to  I>  which  0  has  to  I), 
when  iiiA  is  found  in  the  same  position  among  the  multiples 
of  B,  in  which  mC  is  found  among  the  multiples  of  D ;  or, 
wliich  is  the  same  thing,  when  tJce  order  of  the  tmiltiples  of  A 
and  B  in  the  Scale  of  Itdatlon  of  A  and  B,  is  precischf  the  same 
as  the  order  of  the  multiples  of  (J  and  D  in  the  Scale  of  lid-ation 
of  G  and  D ;  or,  when  every  multiple  of  A  is  found  in  the  same 
position  among  the  multiples  of  B,  in  which  the  same  multiple 
of  C  is  found  among  the  multiples  of  IK  ^ 

Note  5.  The  use  of  Def.  v.  will  be  better  understood  by 
the  following  application  of  it. 

To  show  that  rectangles  of  equal  altitude  are  to  one  another 
!  ^,  as  their  bases. 
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Let  -4C^,  ac  be  two  rectangles  of  equal  altitude* 
Let  JB,  B'  and  B,  B!  stand  for  the  bases  and  the  areas  of 
these  rectangles  respectively. 

Take  AT),  DE,  EF, m  in  number,  and  all  equal, 

And  ad,  rfe,  efjg,  gh, nia  number,  and  all  eq^ual. 
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Complete  the  rectangles,  as  in  the  diajrrani. 
Then  base  AF  ~  m Z>, 
base    ah  =  nB\ 
rectnii<fle  A  P  =  w  /?, 
rectaii(,fle    r/p  =  nJi\ 
Now  we  can  prove,  by  super|>ositiou,  that  if  ^jP  be  greater 
tlian  ah,  AP  will  be  greater  than  ap,  and  if  equal,  equal ;  and 
if  loss,  less. 

That  is,  iimB  be  greater  than  nB\  mR  is  greater  than  nR'] 
and  if  equal,  equal  ;  and  if  less,  less. 
Hence,  by  Def.  v., 

B  is  to  B'  as  /;  is  to  R\ 
Hence  we  deduce  two  Corollurie;-:,  which  are  the  foundation 
of  the  proofs  in  Book  vi. 

Cor.  I.  Parallelograms  of  equal  altitude  are  to  one  another 
as  their  hoses. 

For  the  parallelograms  are  equal  to  rectangles,  on  -the  same 
bases  juid  between  the  same  parallels. 

Cor.  II.  Triangles  of  equal  altitude  are  to  one  another  as 
their  ha^?es. 

For  the  triangles  are  equal  to  the  halves  of  the  rectangles, 
on  the  same  bases  and  between  the  same  parallels. 

N.B. — These  Corollaries  are  proved  as  a  direct  Proposition 
in  Euch  VI.  1.  Cor.  ii.  could  not,  consistently  with  Euclid's 
method,  be  introduced  in  -his  place,  for  it  assumes  Proposi- 
tion XI.  of  Book  V. 
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Def.  VI.  Magnitudes  which  have  the  same  ratio  are  called 
Proportionals. 

If  Ay  By  Cj  D  be  proportionals,  it  is  usually  expressed  by 
«aying,  ^  is  to  ^  .as  C  is  to  D. 

The  magnitudes  A  and  C  are  called  the  Antecedents  of  the  ratios. 
B  andX) Consequents 

The  antecedents  are  said  to  be  homologous  to  one  another, 
that  is.  occupying  the  same  position  in  the .rad'os  (6/ioXoyot),  and 
the  consequents  are  said  to  be  homologous  to  one  another. 
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Def.  VII.  When  of  the  equimultiples  of  four  magnitudes, 
taken  as  in  Def.  v.,  the  multiple  of  the  first  is  greater  than  [or 
is  equal  to]  the  multiple  of  the  secontl,  but  the  multiple  of  the 
third  is  not  greater  than  [or  is  less  than]  the  multiple  of  the 
fourth,  then  the  first  is  said  to  have  to  the  second  a  greater 
ratio,  than  the  third  has  to  the  fourth. 

Note  6,  The  moaning  of  Def.  vii.  may  be  expressed,  after 
taking  the  scales  of  multiples  as  in  the  explanation  of  Def.  v., 
thus : — 

A  is  said  to  have  to  JB  a  greater  ratio  than  C  has  to  D, 
when  two  whole  numbers  m  and  n  can  be  found,  such  that 
mA  is  greater  than  nJB,  but  mC  not  greater  than  nD ;  or, 
such  that  mA  is  equal  to  nB,  but  mC  less  than  nD. 
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SECTION   III. 

CofUaining  the  Propositions  most  frequently  referred  to  in 

Book  VI. 


Note  7.  The  Fifth  Book  of  Euclid  may  be  regarded  in  two 
aspects  :  first,  as  a  Treatise  on  the  Theory  of  Ratio  and  Propor- 
tion, complete  in  itself,  uid  depending  in  no  way  on  the  pre- 
ceding Books  of  the  Elements ;  and  secondly,  as  a  necessary 
introduction  to  the  Sixth  Book. 

If  we  make  the  number  of  references  in  Book  vi.  a  test  of 
the  importance  of  particular  Propositions  in  Book  v.,  they 
will  be  arranged  in  the  following  order  : — 

Proposition  v.  is  referred  to  23  times. 
VI.  „  14 

VIII.  „  7 

XXI.  „  5 

XVIII.  „  3 

XII.  „  2     „ 

Propositions  x.,  xi,  xv.,  xvi.,  xix.,  xxii.,  are  referred  to  onet. 
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It  is  desirable,  then,  that  the  student  should  observe  that 
the  three  Propositions,  which  are  of  especial  importance  for 
Book  VI.,  are  included  in  this  Section. 
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Proposition  IV. 

If  four  magnitudes  he  j^foportionals,  and  any  eqnimvltijyles 
he  taken  of  the  first  and  third,  and  also  any  etiaimultijilcs  of 
the  second  and  fourth,  if  the  multiple  of  the  first  he  greater  than 
that  of  the  second,  the  multiple  of  the  third  must  he  greater  than 
that  of  the  fourth  ;  and  if  equal,  equal;  and  if  less,  less. 

Let  -4  be  to  J5  as  0  is  to  D, 
and  let  any  equimultiples  mA,  mChe  taken  of  A  and  0, 
an d  any  equimulti pies  nB,  nD of  B  and  i>. 

Then  if  mA  he  greater  than  nB,  mCmust  he  greater  than  nD ; 
and  if  equal,  equal ;  if  less,  less. 

For  if  mA  be  greater  than  nB,  but  mC  not  greater  than 
nD,  then  will  A  have  to  5  a  greater  ratio  than  C  has  to  D  ; 
which  is  not  the  case.  '  V.  Def.  7. 

Hence  if  mA  be  greater  than  nB,  mC  must  be  greater  than  nD. 

Similarly  it  may  be  shown  that,  if  mA  be  equal  to,  or  less 
thax\,  nBf  mC  must  also  be  equal  to,  or  less  than,  nD. 

Q.  E.  D. 

N.B. — "We  have  added  this  Proposition  to  meet  an  objection, 
which  might  be  made  to  a  reference  to  Definition  v.,  when  the 
converse  of  that  Definicion  is  wanted.  This  reference  is  of 
frf^quent  occurrence  in  Simson's  edition. 


PRorosiTioN  V.  (Eucl.  V.  11.) 

Haiios  that  are  the  same  to  the  same  ratio,  are  the  sa/ine  tc  one 
'TiHother. 

Let  ^  be  to  B  as  C  is  to  D, 

and  ^  be  to  ^  as  C  is  to  D. 
Then  must  A  he  to  B  as  E  is  to  F, 

Take  of  J,  Cf  E  any  equimultiples  mA,  mC,  mB, 
and  of    Bj  D,  F  any  equimultiples  nB,  nD,  nF, 
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Then  •/  A'l&io  B  as  C is  to  D, 

.*.  limA  be  greater  than  nil,  mC  is  greater  than  uD  ; 
and  if  equal,  equal ;  if  less,  less,  V.  4. 

Again,  •.*  0  is  to  D  as  ^  is  to  F, 
.*.  if  mC  be  greater  than  uD,  mE  is  greater  than  nF ; 
and  if  equal,  equal ;  if  less,  less.  V.  4. 

Hence,  if  mA  be  greater  than  nB^  mE  is  greater  than  nF ; 
and  if  equal,  equal ;  if  less,  less. 


.'.  ^  is  to  ^  as  £  is  to  i^. 


V.  Def.  5. 

Q.  8.  D. 


% 


Proposition  VI.  (Eucl.  v.  7.) 

Equal  magnitudes  have  the  same  ratio  to  the  sam^  magni- 
tude ;  a7id  the  same  has  the  sam^  ratio  to  equal  magnitudes. 

Let  A  and  B  be  equal*  magnitudes,  and  £J  any  other  magni- 
tude. 

Then  must  A  be  to  G  as  B  is  to  Cf 
and  G  must  be  to  A  as  G  is  to  B. 

Take  mA  and  mB  any  equimultiples  of  A  and  B, 
and  7iG  any  multiple  of  G. 


Then  '.'A  =  B,.\  mA  =  mB. 


V.  Ax.  1. 


.*.  if  mA  be  greater  than  nG,  mB  is  greater  than  nG ; 
and  if  equal,  equal ;  if  less,  less. 


.•.  ^  is  to  0  as  jB  is  to  G. 


V.  Def.  6. 


■  i 


'J- 


Again,  if  nObe  greater  than  mJ,  nCis  greater  than  mB; 
and  if  equal,  equal ;  if  less,  less. 


»%  C\siQ  A  Qa  C  is  to  B^ 


V.  Def.  6. 


;lv 
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Proposition  VII.  (Eucl.  v.  8.) 

0/  ixo  unequal  magnitudes,  the  gr^ater  has  a  greater  ratio  to 
any  other  magniiude  than  the  less  has  ;  and  the  same  magnitude 
has  a  greater  ratio  to  the  less,  of  two  other  magnitudes,  than  it 
has  to  the  greater. 

Let  A  and  B  be  auy  two  magnitudes,  of  which  A  is  the 
j,'rcater,  and  let  D  be  any  other  magnitude. 

Then  must  the  ratio  of  A  to  D  be  greater 
than  the  ratio  of  li  to  D. 

Take  such  equimultiples  of  A  and  B,  qA  and  qB, 
that  each  of  them  may  be  greater  than  D.  Note  3,  p.  21l5. 

Then  •/  ^  is  greater  than  B, 

.'.  qA  is  greater  than  qB.  V.  Ax.  3, 

Let  qA  «  qB,  R  together. 

Then,  however  small  R  may  be,  we  can  find  a  multiple  of 
R,  suppose  mR,  such  that  mR  is  greater  than  qB.  Note  3. 

Take  equimultiples  of  qA  and  qB,  mqA  and  mqB,  and  take 
a  multiple  of  D,  nD,  such  that  nD  is  not  less  than  mqB  and 
not  greater  than  (mq  +  q)  B.  Note  3. 

"^ .        Then  •.*  mqA  =  mqB,  mR  together,        -  V.  1. 

and  mR  is  greater  than  qB, 
.*.  mqA  is  greater  than  {mq  i-  q)  B, 
and,  a  fortiori,  mqA  is  greater  than  nD. 

But  mqB  is  not  ^  leater  than  »iD, 
.*.  the  ratio  of  -4  to  D  is  ^  eater  than  the  ratio  of  B  to  D. 

V.  Def.  7. 
Also,  the  ratio  of  D  to  B  must  he  greater  than  the  ratio  of 
DtoA. 

For,  the  same  multiples  being  taken  as  before, 
*.•  nD  is  not  less  than  mqB, 
and  r,D  is  less  than  mqA, 
.%    D  has  to  £  a  greater  ratio  than  D  has  to  A. 

V.  Def.  7. 

^  '  .  <i.  E.  O. 
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Proposition  VIII.  (Eucl.  v.  9.) 

Magnitudes,  which  have  the  same  ratio  to  the  mmc  magnitude, 
are  equal  to  one  another ;  and  those,  to  u'hich.  the  same  magni- 
tude has  the  same  ratio,  are  cpinl  :o  one  another. 

Let  A  aud  JJ  liave  the  same  ratio  to  C. 

Then  must  A-^  B. 

For  if  A  were  greater  than  B, 

A  would  have  a  greater  ratio  to  C  than  B  has  to  0 ;  V.  7. 
which  is  not  the  case. 

And  if  A  were  less  than  B, 

B  would  have  a  greater  ratio  to  C  than  A  has  toC;     V.  7. 

which  is  not  the  case. 

.'.A  =  B. 

Next,  let  C  have  the  sanK  latio  to  A  that  C  has  to  B» 

Then  must  A  =  B, 
For  we  can  show,  as  before,  that  A  cannot  be  greater  or  less 
than  B, 


•  ■  .a.    —  ^a 


Q.  E.  D. 


Proposition  IX.  (Eucl.  v.  10.) 

That  magnitude,  which  has  a  greater  ratio  than  another  has 
to  the  same  magnitude,  is  the  greater  of  the  two;  and  that 
magnitude,  to  which  the  same  has  a  greater  ratio  than  it  has 
to  another  magnitude,  is  the  less  of  the  two. 

Let  A  have  to  C  a  greater  ratio  than  B  has  to  G. 
Then  must  A  be  greater  than  B. 

For  if  A  were  equal  to  B,  then  would  A  have  the  same 
ratio  to  C  that  B  has  to  G ;  which  is  not  the  case.  V.  8. 

And  if  A  were  less  than  B,  then  would  A  have  to  G  a  ratio 
less  than  that  whicli  B  has  to  G ;  which  is  not  the  case.    V.  7. 

.'.A  is  greater  than  B. 

Next,  let  C  have  a  greater  ratio  to  B  than  it  has  to  A. 
Then  must  B  be  less  than  A.  - 

For  if  B  were  equal  to  A,  then  would  G  have  the  same  ratio 
to  B  which  it  has  to  A  ;  which  is  not  the  case.  V.  8. 

And  if  B  were  greater  than  A,  then  G  would  have  to  5  a 

ratio  less  than  that  which  G  has  to  A  ;  which  is  not  the 

case,  V.  7, 

,*.  JS  is  less  than  ^,  q.  E.  o, 

•  19 
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' 
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Proposition  X.  (Eucl.  v.  12.) 

If  any  '.tumher  of  magnitudes  he  jtroportionahy  as  one  of  the 
antecedents  is  to  its  consequent,  so  must  all  the  antecedents  taken 
together  be  to  all  the  consequents. 
Letanynumberof  magnitudes  J[,  7?,  C,.D,  E,  ^...be  proportiomils, 

that  is,  A  to  B  as  C  to  D  and  as  E  is  to  F... 
Then  must  Abe  to  Bos  A,  CfE.  ..together  is  to  B,  D,  F. .  .together. 

Take  of  ,4,  C,  E,...Q.ny  equimultiples  viA,  mC,  mE... 
and  of  JB,  D,  i''...any  equiDiultiples  uB,  nD,    ,F'.„ 
Then  *.•  -4  is  to  £  as  0  is  to  D  and  as  E  is  to  F... 

.'.  if  mA  be  greater  than  nBy  mC  is  greater  than  nD, 
and  mE  is  greater  than  nF... ;  and  if  equal,  equal ;  if  less, 
less.  V.  4. 

.*.  if  mA  be  greater  than  nB,  mA,  mC,  m£»'... together  are 
greater  than  nB^nDy  ni''... together;  and  if  equal,  equal;  if 
less,  less. 

Now  mA  and  mA^  viC,  to£... together  are  equimultiples  of 
A  and  A,  C,  -E... together.  V.  1. 

And  nB  and  nB,  nDy  ?j,^... together  are  equimultiples  of 
B  and  B,  D,  F... together. 

,\  Ala  to  Bob  A,  0,  ^...together  is  to  B,  D,  ^...tofjdther. 

V.  Def.  5. 

Q.  E.  D. 

Proposition  XI.  (Eucl.  v.  15.) 
Magnitudes  have  the  same  ratio  to  one  another  whi'ih  their 
equimultiples  have. 

Let  A  be  the  same  multiple  of  C  that  Bia  of  D. 

Then  must  Che  to  D  as  A  to  B. 
Divide  A  into  magnitudes  E,  F,  (T,...each  equal  to  C, 
and  B  into  magnitudes  H,  K,  Zf,...each  equal  to  D, 
the  number  of  the  magnitudes  being  the  same  in  both  cases, 
because  A  and  B  are  equimultiples  of  0  and  D. 

Then  •.*  E,  F,  G are  all  equal, 

and  Hf  K,  L are  all  equal 

.'.  ^  is  to  iZ,  as  J?'  to  Z,  aa  Gf  to  L...  V.  6 

:.  E  \a  lo  H  2i&  Ey  F,  Gf... together  is  to  H,  K,  L.. 

together,  v  V.  10. 

that  is,  JS(  is  to  JT  as  ^  to  5  ; 

-        widvJS;=C^andif=  A       . 

,'.  C  is  to  D^as.4  to  ^        '         <).  &  a 
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SECTION    IV. 

On  Proportion  by  Inversion^  Alternation^  and  Separation. 

Proposition  XII.  (Eucl.  v.  B.) 

If  four  magnitudes  he  inoportionalsy  they  mmt  also  be  pro- 
portionals  when  taken  inversely. 

Let  ^  be  to  J5  as  0  is  to  D.  * 

Then  inversely  B  must  he  to  A  as  D  is  to  C, 

Take  of  A  and  G  any  equimultiples  mA  and  wiO, 
and  of    B  and  D  any  equimultiples  nB  and  nD. 

Then  •/  ^  is  to  5  as  C  is  to  D, 

.*.  if  mA  be  greater  than  nBj  mC  is  greater  than  nD ;  and 
if  equal,  equal ;  if  less,  less.  V.  4, 

Hence,  if  nB  be  greater  than  mAy  nD  is  greater  than  mC  \ 
and  if  equal,  equal ;  if  less,  less. 


.',  i?  is  to  ^  as  D  is  to  (7. 


V.  Def.  6. 
^  S.D. 
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Proposition  XIII.  (Eucl.  v.  13.) 

If  the  first  has  to  the  second  the  same  ratio  which  the  third  has 
to  the  fourth,  but  the  third  to  the  fourth  a  greater  ratio  than  the 
fifth  has  to  the  sixth ;  the  first  must  also  have  to  the  second  a 
greater  ratio  than  the  fifth  has  to  the  sixth. 

Let  A  have  to  B  the  same  ratio  that  C  has  to  D, 
but  C  to  D  a  greater  ratio  than  E  has  to  F. 

Then  must  A  have  to  B  a  greater  ratio  than  E  has  to  F, 

For  •.'  C  has  to  J)  a  greater  ratio  than  E  has  to  F, 
we  can  find  such  equimultiples  of  G  and  E,  suppose  m(7and  wiJEf, 
and  such  equimultiples  of  D  and  F,  suppose  nD  and  nF, 
that  mC  is  greater  than  nD,  but  mE  not  greater  than  nF. 

V.  Def.  7. 
^  Then  '.'.A  is  to  £  as  0  is  to  D,  Hyp. 

and  mC  is  greater  than  nD, 
,\  mA  is  greater  than  nB.  Y.  4. 

1  And  mE  is  not  greater  than  nF. 

.*,  A  lias  to  J5  a  greater  ratio  than  ^  has  to  J?'.       V.  Def.  7. 

• .    .  .  Q.  E.  D. 


Proposition  XIV.  (Eucl.  v.  14.) 

T 

If  the  first  has  to  the  second  the  same  ratio  which  the  third 
has  to  the  fourth  ;  then,  if  the  first  he  greater  than  the  third  the 
second  must  be  greater  than  the  fourth ;  and  if  equal,  equal ; 
and  if  less,  less. 

Let  A  have  the  same  ratio  to  B  that  C  has  to  D. 

Tlien  if  A  be  greater  than  C,  B  must  be  greater  than  D. 

< 

For  •.•  -4  is  greater  than  0,  i^ 

and  B  is  any  other  magnitude, 

•*.  A  has  a  greater  ratio  tu  B  than  C  has  to  B.       Y.  7* 


[Book  V. 


e  third  has 
io  than  tlie 
e  second  a 
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But  ^  is  to  £  as  0  is  to  D. 
.*,  C  has  a  greater  ratio  to  D,  than  C  L  is  to  B,      V.  13. 
.'.  £  is  greater  than  D.  V.  9. 

Similarly  it  may  be  shown  that  if  A  be  less  than  C,  B  must 
be  less  than  D  \  and  that  if  -4  be  ciual  to  (7,  £  must  be  equal 

to  i^.  Q.  £.  D. 


'r 


of. 

» 

nOand  mJS, 

»iD  and  ?ii^, 

an  nlF. 

V.  Def.  7. 

Hyp. 

Y.4. 


V.  Def.  7. 

Q.  £.  D. 


th  the  third 
lie  third  the 
ualf  equal ; 


Proposition  XV.  (Eucl.  v.  16.) 

If  four  magnitudes  of  the  same  kind  be  proportionaJts,  they 
rrnist  also  be  proportionals  when  taken  alternately. 

Let  A,  B,  C,  D  be  four  magnitudes  of  the  same  kind,  and 
let  J.  be  to  5  as  C  is  to  D. 

^       Then  alternately  A  must  be  to  0  as  B  is  to  D, 

Take  of  A  and  B  any  equimultiples  mA  and  mB,  ' 

and  of   C  and  D  any  equimultiples  nC  and  nD.  i' 

Then  •••  viA  is  to  mB  as  A  is  to  J5,  V.  II. 

and  (7  is  to    D  as  ^  is  to  B,  Hyp. 

.     .*.  mA  is  to  mB  as  G  is  to  D.  V.  6. 

But  nC  is  to  nD  as  0  is  to  D  ;  V.  11. 

and  .*.  mA  is  to  mB  as  nC  is  to  7^Z).  V.  5. 

If  .*.  mA  be  greater  than  nC,  mB  is  greater  than  nD  ; 
and  if  equal,  equal ;  if  less,  lesH.  V.  14.         ~' 

,%  ^  is  to  6'  as  5  i»  to  Vi,  V.  Def.  6. 

'  Q,  S.  D. 
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Proposition  XVI.  (Eucl.  v.  18.)     . 

If  magnitudes  taken  separately  he  proportionals,  tJuy  mvst  be 
proportionals  also  when  token  jointly. 

Let  A  have  the  same  ratio  to  B  that  C  has  to  D. 

Thsn  must  A,  B  together  have  the  same  ratio  to  5, 
that  C,  D  together  has  to  D. 

First,  when  all  the  magnitudes  are  of  the^same  kinj^ 
\'  A  is  to  JB  as  C  is  to  D, 

.*.  -4  is  to  0  as  5  is  to  D.  ^.  \5. 

.*.  A,  B  together  is  to  C,  D  together  as  B  is  to  D,      "V .  10. 

and  .*.  A,  B  together  is  to  Ba&C,D  together  is  to  D.       V.  15. 

Next,  when  all  the  magnitudes  are  not  of  the  same  kind,  we 
may  employ  a  method  of  proof  whiclr  includes  the  former 
case :  thus — 

Take  of  A,  J?,  (7,  D  any  equimultiples  mA^  mB,  mC,  mD, 
and  of  B  and  D  take  any  equimultiples  nB,  nD, 

Then  •.*  J.  is  to  J5  as  0  is  to  D, 

.'.  if  mA  be  greater  than  nB,  mC  is  greater  than  nD  ;  and 
if  equal,  equal ;  if  less,  less.  V.  4. 

If  then  mA^  mB  together  be  greater  than  mB,  nB  together, 

mC,  mD  together  is  greater  than  mC,  nD  together  ; 

and  if  equal,  equal ;  if  less,  less.  *      I.  Ax.  2,  4. 

Now  mA,  mB  together  is  the  same  multiple  of  A,  B  together 
that  mC,  mD  together  is  of  G,  D  together  ;  V.  1. 

and    mB,  nB  together  is  the  same  multiple  of  B 
that  mD,  nD  together  is  of  D.  V.  2. 

,',  Af  B  together  is  to  B  as  C,  I>  together  is  to  D.    V.  Def.  6. 
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SECTION  V. 

Containing  the  Propositions  occasionally  referred  to  in 

Book  VI. 


Proposition  XVII.  (Eucl.  v.  4.) 

If  thef/rst  ofjov  f'^agnitudes  has  to  the  second  the  same  ratio 
which  the  third  .'  t  the  fourth,  and  any  equimultiples  of  the 
first  and  third  he  uucen,  and  also  any  equimultiples  of  the  second 
and  fourth,  then  must  the  multiple  of  the  first  have  the  same 
ratio  to  the  multiple  of  the  second  which  the  multiple  of  the 
third  has  to  that  of  the  fourth. 

If  J.  be  to  ^  as  C  is  to  D, 

and  mA,  mC  be  taken  equimultiples  of  A  and  (7, 
and  7i5,  nD •. of^audl),      ^ 

Vien  must  mA  be  to  nB  as  mC  is  to  nD. 

Take  of  mA,  mG  any  equimultiples  pmA,  pmG, 
and  of   nB,  nD qnB,   qnD. 

Then  pmA,  pmC  are  equimultiples  of  A  and  G,  V.  3. 

and    qnB,  qnD of^andjD.  V.  3. 

And  •.*  ^  is  to  5  as  0  is  to  I>, 

.*.  it  pmA  be  greater  than  qnB, 

pmG  is  greater  than   qnD ;  V.  4. 

and  if  equal,  equal ;  if  less,  less. 

Then  •.•  pmA,  pmO  are  equimultiples  of  mA,  mG, 
waAqnB,  qnD '. oinB,  nD, 

.*.  mA  is  to  nJB  as  mG  is  to  nD.  V.  Def.  6. 

Q.  s.  D. 
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'.    •     Proposition  XVIII.  (Eucl.  V.  A.) 

If  the  first  of  four  magnitudes  have  the  same  ratio  to  the 
second  that  the  third  has  to  the  fourth,  then,  if  the  first  he  greater 
than  the  secord,  the  third  must  be  greater  than  the  fourth  ;  and 
if  equal,  equal ;  and  if  less,  less. 

Let  J.  be  to  ^  as  0  is  to  D. 

Then  if  A  he  greater  than  B,  C  must  he  greater  than  D ; 
and  if  equal,  equal ;  and  if  less,  less. 

Take  any  equiiuiiltiples  of  each,  m^l,  mB,  mC,  mD.  ■' 

Then  '.'  A  ia  to  B  as  C  is  to  D, 

.*.  if  mA  be  greater  than  mB,  mC  is  greater  than  ml) ; 
and  if  equal,  equal ;  and  if  less,  less.  V.  4. 

'  First,  suppose  A  greater  than  B, 

then  mA  is  greater  than  mB,  V.  Ax.  3. 

and  .  •.  mC  is  greater  than  mD, 
and  .*.     0  is  greater  than     D.  .  V.  Ax.  4. 

Similarly  the  other  cases  may  be  proved. 

>  ,  Q.  £.  D. 


Proposition  XIX.  (Eucl.  v.  D.) 

If  the  first  be  to  the  second  as  the  third  is  to  the  fourth,  and  if 
the  first  he  a  multiple,  or  a  submuUiple,  of  the  second,  the  third 
must  he  the  sa/me  multi;ple,  or  the  same  submultijjlef  of  tha 
fourth. 

Let  -4  be  to  5  as  C  is  to  D, 

and,  first,  let  J.  be  a  multiple  of  J5.  ^ 

Then  must  G  be  the  same  multiple  of  D. 

Let  A =m£^,and  take  mD  the  same  multiple  of  i)  that  J.  is  of  B. 
Then  •.*  J.  is  to  B  as  0  is  to  D, 

.'.  A  ia  to  mB  asi  C i&  to  mD.  .,  ^        V.  17. 


But  A  s=  mB,  and  .'.(/»  mD. 


V.  18. 
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Next,  let  A  be' a  submultiple  oi  B. 

Tlien  must  C  be  the  same  submultiple  of  D,  —  ,■ 

For  ;•  A  h  to  B  as  C  ia  to  Dy 

.'.  £  is  to  ^  as  D  is  to  0,  V.  12. 

Now  £  is  a  multiple  of  -4,      " 

and  .*.  D  is  the  same  multiple  of  0,  by  the  first  case. 

Hence  C  is  the  same  submultiple  of  D,  that  A  is  of  B. 

Q.  B.  D. 


;l        f     r 


':! 


Proposition  XX.  (Eucl.  v.  20.) 

If  there  he  three  magnitudes,  and  other  three,  which  have  the. 
same  ratioy  taken  two  and  two,  then,  if  the  first  be  greater  than 
the  thirdf  the  fourth  must  be  greater  than  the  sixth ;  and  if  equals 
equal ;  if  less,  less. 

Let  A,  B,  Che  three  magnitudes,  and  D,  E, F other  three, 
and  let  A  ho  to  B  as  D  ia  to  E, 
and  ^  be  to  0  as  E  is  to  F, 
Then  if  A  be  greater  than  0,  D  must  be  greater  than  F ;  and 
if  equalf  equal ;  if  less,  less. 

First,  if  J.  be  greater  than  C, 

A  has  to  jB  a  greater  ratio  than  C  has  to  B.  V.  7. 

But  C  has  to  B  the  same  ratio  that  F  has  to  E,  Hyp.  &  V.  12. 
.*.  A  has  to  £  a  greater  ratio  than  F  has  to  E. 


.:  D  has  toE  a.  greater  ratio  than  F  has  to  E. 
.*.  i)  is  greater  than  F. 

Similaiiy  the  other  cases  may  be  proved. 


V.  13. 
V.  9. 
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Proposition  XXI.  (Eucl.  v.  22.) 
If  there  he  any  number  of  magnitudesj  and  as  many  otherSj 
which  have  the  sam4  ratio  taken  two  and  two  in  order j  the  first 
must  have  to  the  last  of  the  first  magnitudes  the  same  ratio  which 
the  first  of  the  others  has  to  the  la^st  of  these.  ' 

First,  let  there  be  three  magnitudes  Aj  B,  (7,  and  other 
three  D,  ^,  2^. 

And  let  ^  be  to  B  as  D  is  to  E, 
and  BheioCaa  Eiato  F. 
Then  must  Abe  to  G  as  D  is  to  F, 
Take  of  A  and  D  any  equimultiples  mAy  mD, 

ofBsiiidE nB,  nE, 

of  CmdF pC,pF. 

Then  •.*  -4  is  to  B  as  D  is  to  E, 

,'.  mA  is  to  nB  as  mD  is  to  nE.  V.  17. 

So  also,  nB  is  to  pG  as  nE  is  to  2'>F. 

.%  if  mA   be  greater  than  pC,  mD  is  greater  than  pF^ 

and  if  equal,  equal ;  if  less,  less.  V.  20. 

.-.  A  ia  to  G&sD  is  to  F,  V.  Def.  5. 

The  proposition  may  be  easily  extended  to  any  number  of 

magnitudes.  _  .         q.  e.  d. 

Proposition  XXII.  (Eucl.  v.  24.) 
If  the  first  have  to  the  second  the  same  ratio  which  the  third 
has  to  the  fourth,  and  the  fifth  have  to  the  second  the  same  ratio 
which  the  sixth  has  to  the  fourth,  then  the  first  and  fifth  together 
must  have  to  the  second  the  same  raJtio  which  the  third  and  sixth 
together  have  to  the  fourth. 

Let  -4  be  to  5  as  0  is  to  D, 
and  ^  be  to  JB  as  J?"  is  to  D. 
Then  must  A,  E  together  be  to  B  as  C,  F  together  istoD. 
For  •.•  J?  is  to  5  as  1^  is  to  D, 
.-.  jB  is  to  E  as  D  is  to  ^.  ' 
And  *.*  -4  is  to  5  as  0  is  to  D, 
and  J3  is  to  ^  as  D  is  to  ^, 
/.  -4  is  to  ^  as  0  is  to  J^ 
/.  A,  E  together  is  to  ^  as  0,  ^  together  is  to  F^ 
and  E  is  to  J?  as  J?'  is  to  D  ;  >; 

.*.  .4,  E  together  is  to  £  as  0,  i^  together  is  to  D.    V.  21. 

-:    Q.  B.  D, 


V.  12. 


V.  21. 
V.  16. 
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'v.'      < 


SECTION   VI. 

Containing  the  Propositions  to  which  no  reference  is  made 

in  Book  VI, 

Proposition  XXIII.  (Eucl.  v.  5.) 

If  one  magnitude  he  the  same  altiple  of  another,  which  a 
magnitude  taken  from  the  first  is  of  a  magnitude  taken  from  the 
ether,  the  remainder  must  be  the  same  multijjle  of  the  remainder, 
that  the  whole  is  of  the  whole. 

Let  B  and  D  be  the  magnitudes  which  are  taken  away, 
and  A  and  C  the  magnitudes  which  remain,  ^ 

then  A,  B  together,  and  0,  D  together  will  be  the  wholes.    ' 

And  let  A,  B  together  be  the  same  multiple  of  C,  D  together, 
that  ^  is  of  D. 

IVien  must  A  he  the  same  multijyle  of  C  that  A,  B  together  is 
of  C,  D  together. 

Take  E  the  same  nmltiple  of  G  that  B  is  of  D, 

Then  E,  B  together  is  the  same  multiple  of  C,  D  together 
that  B  is  of  D.  V.  I. 

But  A,  B  together  is  the  same  multiple  of  C,  D  together 
that  £  is  of  D. 


.*.  E,  B  together  =  A,  B  together, 
and  .'.  E  ='  A. 

,'.  A\s  the  same  multiple  of  C  that  5  is  of  D. 


V.  Ax.  1. 
I.  Ax.  3. 

Q.  E.  D. 
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Proposition  XXIV.  (Eiicl.  v.  6.) 

If  two  magnitudes  he  equimultiples  of  two  otherSf  and  if 
equimultiples  of  these  he  talcen  from  the  first  two,  the  remainders 
are  either  equal  to  these  others^  or  equimultiples  of  them, 

Ijet  B  and  D  be  the  magnitudes  which  are  taken  away, 

and  A  and  G  the  magnitudes  which  remain  ; 

then  A  J  B  together  and  (7,  D  together  will  be  the  wholes. 

Let  A,  B  together  be  the  same  multiple  of  P, 
that  0,  D  together  is  of  Q^  ,  , 

and  let  B  be  the  same  multiple  of  P,  that  B  is  of  Q. 

Then  must  A  and  C  he  equal  respectively  to  P  and  Qy 
or  A  and  G  be  equimultiples  of  P  and  Q. 

For  let  Ay  B  together  =  Py  P repeated  m  +  n  times, 

then  Cy  D  together  =  Qy  Q repeated  m  +  n-timeg. 

Also,  let  B  =  P,  P repeated  n  times, 

then  D  =  Qy  Q repeated  n  times. 

Hence  J.  =  P,  P repeated  m  times, 

,       and  G=  Qy  Q repeated  m  times. 

,       If  then  ^  =  P,  m  =  1,  and  .-.  C  =  <;) ; 

and  if  iL  be  a  multiple  of  P,  0  is  the  same  multiple  of  Q. 

,  >-         -  Q.  E.  D. 
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Proposition  XXV.  (Eucl.  v.  17.) 

If  magnitudeSf  taken  jointly^  6e  proportionals,  they  shall  also 
he  proportionals  when  taken  separately ;  that  is,  if  two  Tnagni' 
tudes  together  have  to  one  of  them  the  same  ratio  which  two 
others  have  to  one  of  these,  the  remaining  one  of  the  first  two 
must  have  to  the  other  the  same  ratio  which  the  remaining  one 
of  the  last  two  has  to  the  other  of  these. 

Let  A,  B  together  have  the  same  ratio  to  B 
that  0,  D  together  have  to  D. 

Tlien  must  A  he  to  B  as  G  to  D. 

Take  of  A,  B,  C,  D  any  equimultiples  mA,  mB,  mCf  mD^ 
and  again  of  J5,  D  take  any  equimultiples,  rRB,  wDr 

Then  *.•  mA  is  the  same  multiple  of  A  that  mB  is  of  5, 

.'.  mAf  mB  together  is  the  same  multiple  of  A,  B 
together  that  mA  is  of  A.  V.  1. 

And  *.•  mC  is  the  same  multiple  of  C  that  mD  is  of  D, 

.*.  mC,  mD  together  is  the  same  multiple  of  0,  D 
together  that  mC  is  of  G.  V.  1. 

But  mA  is  the  same  multiple  of  A  that  mG  is  of  (7. 

.*.  mA,  mB  together  is  the  same  multiple  of  A,  B 
together  that  mG,  mD  together  is  of  G,  D  together. 

Again,  mB,  nB  together  is  the  same  multiple  of  B  that 
mD,  nD  together  is  of  D. 

Now,  since  A,  B  together  is  to  B  as  G,  D  together  is  to  D, 

.*.  if  mA,  mB  together  be  greater  than  mB,  nB  together, 

mG,  mD  together  is  greater  than  mD,  nD  together ;  and  if 

equal,  equal ;  if  less,  less.  V.  4. 

That  is,  if  mA  be  greater  than  nB,  mG  is  greater  than  nD ; 

and  if  equal,  equal ;  if  less,  less.  I.  Ax.  3,  5. 

.•.  ^  is  to  5  as  C  is  to  A     .  V.  Def.  6. 

'^         .  Q.  B.  D. 
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Proposition  XXVI.  (Eucl.  v.  19.) 

7/  a  Mohdt  magnitude  he  to  a  whole  as  a  magnitude  taken 
from  the  Jirst  is  to  a  magnitude  taken  from  the  oth^r,  the  re- 
mainder mtist  be  to  the  remainder  as  the  whole  is  to  the  whole. 

Let  Af  B  together  have  the  same  ratio  to  C,  D  tofrether  that 
B  iias  to  D. 

Then  must  A  he  to  G  as  A^  B  together  is  to  (7,  D  together. 

For  \'  Aj  B  together  is  to  C,  D  toj»ether  as  B  is  to  Df 

,'.  A,  B  together  is  to  J5 as  (7,  jD  together  is  to  X),  V.  16 
and  .  •.  -4  is  to  jB  as  0  is  to  D,  V.  25. 

Hence  J.  is  to  C  as  5  is  to  D.  V.  15. 

But  A  J  B  together  is  to  C,  D  together  as  B  is  to  D.     Hyp. 
.*.  A  is  to  C  as  AjB  together  is  to  C,  D  together.    V.  5. 

Q.  E.  O. 

Proposition  XXVII.  (Eucl.  v.  21.) 

If  there  he  three  magnitudes,  and  other  three,  which  have  the 
same  ratio,  taken  two  and  two,  hut  in  a  cross  order,  then  if  the 
first  he  greater  than  the  third,  the  fourth  must  he  greater  than 
the  sixth  ;  and  if  equal,  equal ;  and  if  less,  less. 

Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  other  three, 
and  let  ^  be  to  5  as  E  is  to  F, 
and  i>  be  to  0  as  D  is  to  E.    , 
TJien  if  A  be  greater  than  C\  l>  must  be  greater  than  F; 
and  if  equal,  equal ;  and  if  less,  less. 
First,  if  A  be  greater  than  G, 

A  has  to  ^  a  greater  ratio  than  G  has  to  B,        V.  7. 
and  .'.  E  has  to  F  a  greater  ratio  than  G  has  to  B.        V.  13. 


Now  *.*  £  is  to  C  as  D  is  to  E, 
.'.  Gia  to  B  aa  E  is  to  D. 
Hence  E  has  to  F  &  greater  ratio  than  E  has  to  J). 
.'.  2>  is  greater  than  J^. 
Similarly  the  other  cases  may  be  proved.       *^ 


V.  12. 

V.  a 
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Proposition  XXVIII.  (Eucl.  v.  23.) 

If  there  be  any  number  of  magnitudes^  and  as  many  others, 
which  have  the  same  ratio,  taken  two  and  two  in  a  cross  oi-dcr, 
the  first  must  have  to  the  last  of  the  first  magnitudes  the  same 
ratio  which  the  first  of  the  others  has  to  the  last  of  tliese. 

Let  A,  By  C  be  three  magnitudes,  and  D,  E,  F  other  three, 
and  let  ^  he  to  5  as  ^  is  to  F, 
and  jB  be  to  0  as  D  is  to  ^. 
Then  must  A  be  to  C  as  D  is  to  F.  ■    ' 

0(  Ay  B,  D  tjike  any  equimultiples  mA,  mBy  mD,  and 
of  Cy  Ey  F  take  any  equimultiples  7iC,    nE,  nF. 

Now  %•     ^  is  to     B  as     E  is  to    Fy 

.'.  mA  is  to  mB  as  nE  is  to  nF ;  V.  11,  and  V.  5. 

and  •••     B  is  to     Oas     D  is  to    Ey 

.'.  mB  is  to  nC  as  mD  is  to  nE.  V.  1/. 

Hence,  if  mA  be  greater  than  nC,  mD  is  greater  than  nF, 
and  if  equal,  equal ;  and  if  less,  less.  V.  27. 

.'.  u4  is  to  0  as  D  is  to  F.  V.  Def.  5. 

The  propositiou  may  be  easily  extended  tu  any  number  of 
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Proposition  XXIX.  (Eucl.  v.  25.) 

If  four  magnitudes  of  the  same  kind  be  proportionals^  the 
greatest  and  least  of  them  together  must  he  greater  tlian  ilis  oQwr 
two  together. 

Let  -4  be  to  B  as  0  is  to  D, 
and  lot  A  be  the  greatest  of  the  four  magnitudes,  and  conse- 
quently D  the  least.  V.  18,  and  V.  14. 

Then  must  Ay  D  together  he  greater  than  B,  C  together. 

Let  A  =  By  P  together,  and  G  =  D,  Q  together. 
Then  '.'  By  P  together  is  to  B  as  Dy  Q  together  is  to  D, 

,'.  P  is  to  £  as  Q  is  to  D,  V.  26. 

aud  B  is  greater  than  D. 

.'.  P  is  greater  than  Q,  V.  14. 

Hence  P,  By  D  together  are  greater  than  Qy  By  D 
together,  I.  Ax.  4. 

,*•  A^  J)  togelhei'  are  greater  than  B,  C  together. 

Q.  I.  D. 


tBodi  V. 


Book  v.]  PROPOSITIONS  NOT  CITED  IN  BOOK  VI.  241 


i    I 


,n  tii^  other 


and  conae- 
and  V.  14. 

ither. 


to  A 

V.  26. 
V.  U. 


I.  Ax.  4. 

iieiher. 

Q.  E.  D. 


Proposition  XXX.  (Eucl.  v.  0.) 

J/'  </ie  yi)-s<  be  the  same  muliii)le  of  the  second,  or  the  same 
cubnuiltiple  of  it,  that  the  third  is  of  the  fourth,  tJie  first  must 
be  to  the  second  as  the  third  is  to  the  fourth. 

First,  let  A  be  the  same  multiple  of  B,  that  (7  is  of  D. 
TheJi  must  A  be  to  B  as  C  is  to  D. 

Let  A  =  pB  and  .\  C  =  p)X 

Take  of  A  and  C  any  equimultiples  mA,  mC, 
and  of  £  and  Dany  eqninmltiples  uBy  nD. 

Then  mA  =  mpB  and  mC  =  mpD,  V.  3. 

Now  if  »}i/)ii  be  greater  than  wB, 
wy^D  is  greater  than  nD ; 
and  if  equal,  equal ;  if  less,  less. 

That  is,  if  mA  be  greater  than  nB,  mC  is  greater  than  nD ; 
and  if  equal,  equal ;  and  if  less,  less. 

.*.  -4  is  to  5  as  C  is  to  D.  V.  Def.  6. 

Next,  let  A  be  the  same  submultiple  of  B,  that  C  is  of  D<. 
Then  must  Abe  to  B  as  C  is  to  D. 

For  •.'  -4  is  the  same  submultiple  of  B,  that  C  is  of  D, 
.*.  jB  is  the  same  multiple  of  A ,  that  D  is  ^f  U, 
,\  B  is  to  A  as  D  k  to  Cfhy  the  first  case, 

and  .'.  J.  is  to  JS  as  0  is  to  D.  V.  12. 
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Proposition  XXXI.  (Eucl.  v.  E.) 

If  four  magnitudes  he  proportioncdsy  they  must  also  he  'pro- 
•portionals  hy  conversion ;  that  is,  the  first  must  be  to  its  excess  ' 
above  (lie  second  as  the  third  is  to  its  excess  above  the  fourth. 

Let  -4,  B  together  be  to  J5  as  0,  D  together  is  to  D. 
Then  must  A,  B  together  he  to  A  as  C,  D  together  is  to  C. 

For  :'  A,  B  together  is  to  JB  as  0,  i)  together  is  to  D, 

.*.  ^  is  to  £  as  0  is  to  D,  V.  25. 

and .%  J5  is  to  -4  as  D  is  to  C,  V.  12. 

and ,',  A,B  together  k  to  A  Bai-,l>  together  is  to  0.   Y.  16. 
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;      BOOK  VI. 

INTRODUCTORY  REMARKS. 

« 

The  chief  subject  of  this  Book  is  the  Similarity  of  Recti- 
liuear  Figures. 

Def.  I.  Two  rectilinear  figures  are  called  similar^  when  they 

satisfy  two  conditions : — 

I.  For  every  angle  in  one  of  the  figures  there  must  be  a 
corresponding  equal  angle  in  the  other. 

II.  The  sides  containing  any  one  of  the  angles  in  one  of  the 
figures  must  be  in  the  same  ratio  as  the  sides  containing  the  cor- 
responding angle  in  the  other  figure:  the  antecedents  of  the  ratios 
being  sides  which  are  adjacent  to  equal  angles  in  each  figure. 

Thus  ABC  and  DEF  are  similar  triangles,  if  the  angles  at 
Ay  Bf  C  he  equal  to  the  angles  at  D,  E,  Fj  respectively,  and 
if     BA  be  to  AC  as  ED  is  to  DF, 
'  and  AC  be  to  CB  as  DF  is  to  FE, 
and  CB  be  to  BA  as  FE  is  to  ED, 

A 


U 


*        n  c  E  F  . 

The  sides  adjacent  to  equal  angles  in  the  triangles  are  thus 
homologous,  that  is,  BAy  AC^  CB  iire  respectively  homologous 
to  ED,  DFyFE. 

It  will  be  shown  in  Prop.  iv.  that  in  the  case  of  triangles  the 
second  of  the  abovejconditions  follows  from  the  first. 

In  tho  case  of  quadrilaterals  and  polygons  both  condi- 
tions  are  necessary :  thus  any  two  rectangles  have  each  angle 
of  the  one  equal  to  each  angle  of  the  other,  but  they  are  not 
necessarily  similar  figures. 

N.B. — ^The  very  important  Prop.  xxv.  (Eucl.  vi.  33)  is  indepen- 
dent of  all  the  other  Propositions  in  this  Book,  and  might  bo 
placed  with  advantage  at  the  very  commencement  of  the  Book. 
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Proposition  I.    Theorem. 

Triangles  of  the  same  altihide  are  to  one  another  as  their 
hoses,  • 


Let  the  as  ABC,  ADC  have  the  same  altitude,  that  is,  the 
perpendicular  drawn  from  A  to  BD, 

Then  must  A  ABC  be  to  A  ADC  as  base  BC  is  to  base  DC. 

In  DB  produced  take  any  number  of  straight  lines 
BG,  GH  each=BC.  1.3. 

In  BD  produced-  take  any  number  of  straight  lines 
DK,  KL,  LM  esich=DC.  I.  3. 

Join  AG,  AH;  AK,  4L,  AM. 

'  Then  '.•  CB,  BG,  GH  are  all  equal, 

.•.  AS  ^£0,  ^G^JB,  ^ifG' are  all  equal.  1.38. 

.*.  A  AHC  is  the  same  multiple  of  A  ABC  that  HC  is  of  BC. 

So  also, 
A  AMC  is  the  same  multiple  of  A  ADC  that  MC  is  of  DC. 

And  A  AHC  is  equal  to,  greater-  than,  or  less  than  A  AMC, 

according  as  base  HC  is  equal  to,  greater  than,  or  less  than 
baseiVfO.  ^  I.  38. 

Now  A  ^fl'O  and  base  ^(7  are  equimultiples 
of  A  ABC  and  base  BC, 

and  A  AMC  and  base  MC  are  equimultiples  * 

of  A  ADC  and  base  DC. 

,\  A  ABC  is  to  A  ^DO  as  base  BC  is  to  base  DC.  V.Def.  5. 

Q.  E.  D. 


Book  VI.] 


PkOPOStTTON-  /. 


^5 


.er  as  their 


Cor.  I.  Parallelograms  of  the  same  altitude  are  to  one  another 
as  their  bases. 

Let  ACBE,  ACDF  be  parallelograms  having  the  same  alti- 
tude, that  is,  the  perpendicular  drawn  from  A  to  BD. 

Then  must  CJACBE  be  to  O  A  CDF  as  BC  is  to  DO, 


FoTnJACBE=t\\'ice  a  ABC, 
andCJACDF^twLe  A  ADG, 


1.41. 
1.41. 


.',EJACBE  is  to  O  ACDFiis  A  ^^(7is  to  A  ^PO,   V.  11. 
and.-.0^(7^i;istoO^(7Di^as     £0  isto     DO.       V.5. 

Q.  E.  D.  '^, 

Cor.  II.  Triangles  and  Parallelograms,  that  have  equal 
altitudes,  are  to  one  another  as  their  bases. 

t 

Let  the  figures  be  placed,  so  as  to  have  their  bases  in  the 

same  straight  line  ;  and  having  drawn  perpendiculars  from  the 
vertices  of  the  triangles  to  the  bases,  the  straight  line,  which 
joins  the  vertices,  is  parallel  to  that,  in  which  their  bases  are, 
because  the  perpendiculars  are  both  equal  and  parallel  to  one 
another.  I.  33. 

Then,  if  the  same  construction  be  made  as  in  the  Proposition, 
the  demonstration  will  be  the  same. 

Ex.  1.  ABO,  DEFare  two  parallel  straight  lines  ;  show  that 
the  triangle  ADE  is  to  the  triangle  FBO  aa  DE  is  to  BO. 

Ex.  9.  ff.  from  any  point  in  a  diagonal  of  a  parallelogram, 
straight  laies  be  drawn  to  the  extremities  of  the  other  diagonal, 
the  four  triangles,  into  which  the  parallelogram  is  then  divided, 
must  be  equal,  two  and  two. 
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Proposition  II.    Theorem. 

If  a  straight  line  he  drawn  loaralld  to  one  of  the  sides  of  a 
triangle,  it  must  cut  the  other  sides,  or  those  sides  2)Toduced,  pro- 
portionally. 


Let  DE  he  drawn  II  to  BO,  a  side  of  the  A  ABG. 
Then  must  BD  be  to  DA  as  CE  to  EA. 
Join  BE,  CD. 

Then  *.•  A  BDE=  A  CDE,  on  the  same  base  DE 

and  between  the  same  lis,  DE,  BG.  I.  37. 

^    .-.  A  BDE  is  to  A  ADE  as  A  CDE  is  to  A  ADE  V.  6. 

But  A  BDE  is  to  A  ADE   as    BD     is  to     DA,  VI.  1. 

and  A  CDE  is  to  A  ADE    as    CE     is  to     EA  ;  VI.  1. 

.V      BD    is  to      DA      ^    CE     is  to     EA.  V.  5. 

Ex.  1.  If  any  two  straight  lines  be  cut  by  three  parallel 
i^Aes,  they  are  cut  proportionally.  {N.B. — This  is  of  great 
uoe.) 

Ex.  2.  If  two  sides  of  a  quadrilateral  be  parallel  to  each 
oiAer,  a  straight  line,  drawn  parallel  to  either  of  them,  shall 
cui  the  other  sides,  or  these  produced,  proportionally. 


^^ 
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And  Conversely, 

If  the  sideSj  or  the  sides  produced,  he  cut  proportionally,  the 
straight  line  which  joins  the  points  of  section  must  be  parallel  to 
the  remaining  side  of  the  triangle. 

Let  the  sides  AB,  AC  of  the  L  ABC,  or  these  produced, 

be  cut  proportionally  in  D  and  E,  so  that 

BD  is  to  D^  as  CE  is  to  EA, 
and  join  DE. 

Then  mmt  DE  be  parallel  to  BG. 

The  same  construction  being  made, 
V  ^D  is  to  D^  as  0^  is  to  J^J, 
and  BD  is  to  D^  as  l  BDE  is  to  A  ADE,  VI.  1. 

and  CE  is  to  ^^  as  A  CDE  is  to  A  ADE,  VI.  1. 

/.  A  BDE  is  to  A  ADE  as  A  CDE  is  to  a  ADE,  V.    5. 
and  /.  A  BDE=  a  CDE;  V.   8. 

and  they  are  on  the  same  base  DE ; 

.-.  DE  is  II  to  BC.  I.  39. 

Q.  2.  D. 


'•  :    'M 


Ex.  3.  If  there  be  four  parallel  straight  lines,  two  of  these 
lines  intercept  upon  two  given  lines,  of  unlimited  length,  OA,OB, 
parts  proportional  to  the  parts  intercepted  upon  OA,  OB,  by 
the  remaining  two  parallel  straight  lines.  , 

Ex.  4.  If  the  four  sides  of  a  quadrilateral  figure  be  bisected, 
the  lines  joining  the  points  of  bisection  will  form  a  parallelo- 
gram. 

Ex.  5.  A  quadrilateral  figure  has  two  parallel  sides  :  shew 
'that  the  straight  line,  joining  the  point  of  intersection  of  its 
other  two  sides  produced  and  the  point  of  intersection  of  it9 
diagonals,  bisects  the  two  parallel  sides, 


I  r: 
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Proposition  III.    Theorem. 

If  the  vertical  angle  of  a  triangle  he  bisected  hy  a  (ttraight 
line,  which  also  cuts  the  base,  the  segments  of  the  base  must  have 
the  same  ratiOj  which  the  other  sides  of  the  triangle  have  to  one 
another. 


1.31. 

1.29. 
I.  29. 

Ax.  I. 

I.  B.  Cor. 


Let  z  BAC  of  a  ABC  be  bisected  by  the  st.  line  AD, 
which  meets  the  base  in  D.  '     , 

Then  m,ust  BD  he  to  DC  as  BA  is  to  AC. 
Through  a  draw  CIJ II  to  DA, 
and  let  BA  produced  meet  CE  in  E. 

Thcni  BAD=mtenov  I  AECy 
and  z  O^D  =  alternate  z  ^(7^, 
But  z  BAD=  L  CAD,  by  hypothesis, 
mid. '.  I  AEC=  A  ACE, 
'      and.-.    AC    =     AE. 
Then  '.•  AD  is  il  to  EC,  a  side  of  A  BEC,      ' 

.'.  BD  is  to  DC  as  BA  is  to  AE,  VI.  2. 

■  and  .-.  BD  is  to  DC  as  BA  is  to  AC.      -         V.  G. 

Ex.  1.  Shew  that  in  a  parallelogram  the  diagonals  do  not 
bisect  the  angles,  unless  the  sides  are  equal. 

Ex.  2.  Shew  how  to  trisect  a  straight  line  of  finite  length. 

Ex.  3.  Shew  that  the  bisectors  of  the  angles  of  a  triangle 
meet  in  the  same  point. 

Ex.  4.  The  bisectors  of  the  angles  A  and  0,  of  a  triangle 
ABC,  meet  the  opposite  sides  in  the  points  D  and  F :  BA  and 
BC  are  produced  to  E'  and  D\  «o  that  AE',  AC  and  CJ)'  aiQ 
«m  equal :  prove  that  ^'jy  is  parftUel  to  ED, 
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And  Conversely, 


■■-V,' 


],  utraight 
nmt  have 
%ve  to  one 


,  line  ADy 


1.31. 

1.29. 
1.29. 

Ax.  I. 

I.  B.  Cor. 

VI.  2. 

V.  c. 

lis  do  not 

length, 
la  triangle 

I  « 

la  triangle 
BA  and 
Id  CD'  m 


Tf  the  segments  of  the  hose  have  the  same  ratio,  which  the  other 
sides  of  the  triangles  have  to  one  another,  the  straight  line^ 
drawn  from  the  vertex  to  the  -point  of  section,  must  bisect  the 
vertical  angle. 

Let  BD  be  to  DC  as  BA  is  to  AG, 

and  join  AD. 

Then  must  L  BAD=  l  CAD. 


The  same  construction  being  made, 

•.•  BD  is  to  DC  as  BA  is  to  AO, 

and  BD  is  to  DC  as*  BA  is  to  AE, 

^  .*.  BA  is  to  AC  as  BA  is  to  AE, 

and .-.  AC=AE, 
. "     and  .-.  I  AEC  =  z  ACE. 

But  z  ^^0=  exterior  z  BA  D, 
and  z  ^Oj&= alternate  z  CAD, 
.\lBAD=/.CAD. 


Hyp. 

VI.  2. 

V.  5. 

V.  8. 

I.  A. 

1.29. 

I.  29. 

Ax.  1. 

Q.  E.  D. 


Ex.  5.  Two  straight  lines  are  drawn,  bisecting  the  angles  at 
the  base  of  an  isosceles  triangle.  Shew  that  th-  straight  line, 
joining  the  points,  in  which  they  cut  the  sides,  is  parallel  to  the 

base,       ■ 


I     ( 


Ui 


1 1  • 
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Proposition  A.    Theorem. 

If  the  exterior  angle  of  a  triangle  he  bisected  by  a  straight  line, 
which  also  cuts  the  base  j^rodnced,  the  segments,  between  the 
dividing  straight  line  and  the  extremities  of  the  h(ue,  must  haix 
the  sajne  ratioy  which  the  other  aides  of  the  triangle  have  to  one 
another. 


Letz  EAC,  an  ext'zof  the  A  ABCf  be  bisected  by  the 
St.  line  AD  which  meets  the  base  produced  in  D, 
Then  must  BD  he  to  DC  as  BA  is  to  AG. 

Through  C  draw  CF  \\  to  DA,  meeting  AB  in  F.  I.  31. 


Then  z  ^^D=interior  z  AFC, 
and  z  CAD  =  alternate  z  ACF, 
But  z  EAD=  L  CAD,  by  hypothesis. 
.'.  L  AFC  =  L  AGF, 
\ndi.\AG=AF. 
Then  '.•  AD  is  ll  to  FG,  a  side  of  A  FBG, 
.'.  BD  is  to  DC  as  BA  is  to  AF, 
and  .*.  BD  is  to  DC  as  BA  is  to  AG. 


I.  20. 
I.  29. 

Ax.  1. 

I.  B.  Cor. 

VI.  2. 

V.  6. 


Ex.  1.  If  the  angles  at  the  base  of  the  triangle  be  equal, 
how  is  the  proposition  modified  ? 

Ex.  2.  If  B  be  any  point  in  a  straight  line  AG,  intersected 
by  another,  CD,  give  a  geometrical  construction  for  determin- 
ing a  point  D  in  Ci>,  such  that  4-P  is  to  J)B  as  4C  U  to  QR 
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And  Converselyy 

If  the  segments  of  the  base  produced  have  the  same  ratio,  which 
the  other  sides  of  the  triangle  have  to  one  anotJier,  the  straight 
line  drawn  from  the  vertex  to  the  point  of  section  must  bisect  tJie 
exterior  angle  of  the  triangle. 


ill 


Let  BD  bo  to  DC  as  BA  is  to  AC, 

and  join  ADz 

Then  must  l  CAD^  l  EAD, 


cted  by  the 


in  F.  1.  31. 

1.20. 
1.29. 

Ax.  1. 

I.  B.  Cor. 


VI.  2. 

V.6. 

[e  be  equal, 


intersected 
)r  determin- 
\C  is  to  QB. 


For,  the  same  construction  being  made, 

•••  BD  is  to  DCaaBA  is  to  AC, 
and  BD  is  to  DC  as  BA  is  to  AF, 
/.  BA  is  to  ACsisBAis  to  AF, 
and .-.  AC=AF, 
&nd. :/.  A  FC=  A  ACF. 

But  z  ^i^0=  exterior  z  EAD, 
and  z  -4  (7i^= alternate  z  CAD^ 
and  .-.  z  CAD^  L  EAD. 


Hyp. 
VI.  2. 
V.  6. 

V.  8. 

I.  A. 

1.29. 
.1.  29. 
Ax.  I. 


Q.  E.  D. 


Ex.  3.  If  the  base  be  divided  into  two  segments,  having  the 
same  ratio  with  the  segments  specified  in  the  Proposition,  the 
straight  lines,  drawn  from  the  two  points  of  section  to  the  vertex 
of  the  triangle,  are  at  right  angles  to  each  other. 

Ex.  4.  If  the  angle,  between  the  internal  bisector  and  a 
side,  be  equal  to  the  angle,  between  the  external  bisector  and 
the  base,  the  perpendicular  to  the  greater  side,  through  the 
vertex,  will  bisect  the  segment  of  the  base,  cut  off  between 
the  bisecting  lines. 


'i\ 


i._ 


If  ^i 
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Proposition  IV.    Theorem.  ^ 

Tlie  sides  ahout  the  equal  angles  of  triangles,  vhicli  are  equi- 
angular to  one  another,  arc  proinn'tionaU  ;  and  those  which  are 
opposite  to  the  equal  angles,  arc  homologous  sides. 


Let  ABC,  DBF  be  two  A  s,  having  the  z  s  at  -4,  B,  0  equal 
to  the  iHSit  B,  E,  F  respectively. 

Then  must  the  sides  ahout  the  equal  i  s  be  iiroportionals, 
those  being  homologous  sides,  which  are  opposite  the  equal  l  s. 

For  suppose  A  BFF  to  be  applied  to  a  ABO, 
so  that  D  coincides  with  A  and  I)E  falls  on  AB ; 
then  •.•  L  BAC  =  z  EDF, .:  DF  will  fall  on  AG. 

Let  G  and  H  be  the  points  in  AB  and  AG,  or  these  pro- 
duced, on  which  E  and  F  fall. 
Join  GH,     GH  will  be  |1  to  BC,  v  l  AGE- 

Then  BA  is  to  GA  as  C^is  to  HA, 
and  .-.  BA  is  to  ED  as  CA  is  to  FD, 
whence  BA  is  to  ^0  as  ED  is  to  DF, 

Similarly,  by  applying  the  A  DEF,  so  that  the  ABa,iF,E 
may  coincide  with  those  at  G,  B  successively,  we  might  show 
that 

AG  is  to  GB  as  DF  is  to  FE,  and  that 
GB  is  to  5^  as  FE  is  to  ED. 

'  Q.  E.  D. 

Ex.  Divide  a  ^ven  angle  into  two  parts,  such  that  the 
perpendiculars  from  any  point  of  the  dividing  line  upon  the 
two  arms  of  the  angle  may  be  in  a  given  ratio. 


z  ABO.  I.  28, 

VI.  2. 
V.    6. 


V.l 


0. 
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which  are 


PRorosiTioN  V.    Theorem. 

If  the  sides  of  tiro  trianglca,  about  each  of  their  anglen,  he 
2)ro;.ortionals,  the  triangles  must  be  cquianguhir  to  one  aiiofhirj 
and  mud  have  those  angles  equal,  which  are  opposite  to  the  homo- 
logons  sides. 


Bf  C  equal 

iportionalSf 
qual  L  s. 

?(7, 
AB\ 
AG. 

these  pro- 

BC.  I.  28, 

VL2. 
V.    6. 

V.  15. 

z  s  at  F,  -B 
might  show 

,t 

Q.  E.  D. 

h  that  the 
J  upon  the 


Let  the  A  s  ABC,  DBF  have  their  sides  proportional, 
so  that  BA  is  to  ylO  as  ED  is  to  DF, 
md  AC  m  to  CB  lis  DF  is  to  FE, 
and  CB  is  to  BA  as  FE  is  to  ED. 
Then  must  a   ABC  be  equiangular  to   a   EDF,  those  l  « 
being  equal,  which  are  opposite  to  the  homologous  sidc.<<,  that  is, 
L  BAC=  L  EDF,aiid  l  ABC=  l  DEF, and  l  ACB=  l  DFE. 
In  AB,  produced  if  necessary,  make  AG=DE, 
and  draw  GH  ||  to  BC,  meeting  AC  in  H. 
Then  A  AGH  is  equiangular  to  A  ABC, 
and  .'.  BA  is  to  AC  as  GA  is  to  AH. 
But  ED  is  to  DF as  BA  is  to  AC; 
and  .-.  ED  is  to  Di*' as  GA  is  to  AH. 
But  ED=GA,  and  .-.  DF=AH. 
So  also  it  may  be  shown  that  GH=EF. 
Then  in  as  AGH,  DEF 
'.'  GA=ED,  and  AH=DF,  and  HG=FE, 
.-.  z  GAH=  L  EDF ;  l  AGH=  l  DEF ;   t  AHG=  l  DFE. 

'I.  c. 
Butz  Gf^ir=  L  BAC;  l  AGH=  l  ABC:  z  AHG==  z  ACB. 
.-.  z  BAC=  L  EDF ;  z  J.£C=  z  DEF,  and  z  ACB^  z  DJ'^. 

.  Q.  £.  D, 


T  31. 
I.  20. 
VI.  4. 

Hyp. 

V.  5. 
V.  14. 


% 
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pROrOSITlUN  VI.      TlIKOUKM. 

//  bi'o  triniif/Jes  have,  one.  ati'jli'.  of  the  f»ie  efpinl  to  ovc  angle 
of  thi'  ofJiii-y  and  tin',  s'uh'n  ahoiif  ilic  equal  aiifift.'i  /'roiiortlDiialsy 
l!h  triaiHjIcn  III  list  })('  iquiautpilar  to  oucanotlnr,  ami  miiM  haVi) 
thotic  a)i(jJ(.;  equal,  which  are  o^ij^ositc  to  the  huinulo'juus  sides. 


In  the  A s  ABC,  DEF,  let  l  BAC=  a  EDF, 
and  let  BA  be  to  ^0  as  ED  to  DF. 

Then  must  a  ABC  he  equiavgnlar  to  A  DEF, 
2nd  L  ABC=  L  I)EF,  and  l  ACB==  l  DFE. 

In  AB,  produced  if  nccossary,  make  AG=DE, 
and  draw  GJI  ||  to  BC. 

Then  a  AGH  is  eqnianp;nlnr  to  A  ABC, 
'     and  .'.  GA  is  to  AH  as  BA  is  to  AC, 
and  .-.  GA  is  to  AH  as  ED  is  to  DF.     • 

But  GA  =ED,  by  construction, 
iin6i.\AH=DF. 


I.  31.  ' 

I.  29. 

VL4. 

V.5. 

V.14. 


Then  •.'  GA  =ED,andAH=DFiim\  l  GAH=  l  EDF\ 
.\^AGH=  A  DEF,  and  A  AHG=  A  DFE,  1.4. 

and  .-.  z  ABC=  l  DEF,  and  z  ACB=  l  DFE. 

Q.  E.  D. 

Ex.  1.  If  from  B,  C,  tlie  extremities  of  the  base  of  a  triangle 
ABC,  be  drawn  BD,  CE,  perpendicuLar  to  the  opposite  sides, 
shew  that  the  triangles  ADE,  ABC  are  equiangular.  * 

Ex.  2.  A  variable  chord  OP  is  drawn  through  a  fixed  point 
O  on  thp  circumference  of  a  circle,  ariu  Q  is  taken  in  it,  so  that 
the  rectangle  OP^  OQ  is  constant,  find  the  locus  of  Q. 
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MUcdlaneoun  Excrn'aca  on  Props.  I.  io  VI. 

1.  If  two  triiinj^U'S  stand  on  the  same  base,  and  tlieir  vcvticoa 
be  joined  by  a  straitfht  line,  the  tiianj^les  are  as  the  parts  of 
this  line  intercepted  between  the  vertices  and  the  base. 

2.  If  a  circle  be  described  on  the  radius  of  another  circle 
as  its  diameter,  and  any  straight  line  be  drawn  through  the 
point  of  contact,  cutting  the  two  circles,  the  part,  intercepted 
between  the  greater  and  lesser  circles,  shall  be  equal  to  the 
part  within  the  lesser  circle. 

3.  The  side  BCf  of  a  triangle  ABC,  is  bisected  in  D,  and 
any  straight  line  is  drawn  through  D,  meeting  AB,  AC,  pro- 
duced if  necessary,  in  E,  F,  respectively,  and  the  straight  lino 
through  A,  parallel  to  BC,  in  (?.  Prove  that  DE  is  to  DF 
a&GEiaioGF. 

4.  If  the  angle  A,  of  the  triangle  ABC,  be  bisected  by  AD, 
which  cuts  BC  in  1),  and  0  be  the  middle  point  of  BC,  tiien 
OD  bears  the  saMie  ratio  to  OB  that  the  diflference  of  the  sides 
bears  to  their  sum. 

5.  The  lines  drawn  from  the  base  of  a  triangle  perpondicul.ir 
to  the  line  bisecting  the  vertical  angle,  are  in  the  same  ratio 
us  the  sides  of  the  trianjilc. 

O 

G.  If  D,  E  be  points  in  the  sides  AB,  AC  respectively  of 
the  triangle  ADC,  such  that  the  triangles  I) AC,  EAB  are 
equal,  shew  that  the  sides  AB,  AC  are  divided  proportionally 
in  D  and  E. 

7.  If  two  of  the  exterior  angles,  of  a  triangle  ABC,  be 
bisected  by  the  lines  COE,  BOD,  intersecting  in  0,  and  meet- 
ing the  opposite  sides  in  E  and  D,  prove  that  OD  is  to  OB 
as  AD  is  to  AB,  and  that  OC  is  to  OE  as  ^0  is  to  AE. 

8.  C,  B,  the  angles  at  the  base  of  an  isosceles  triangle,  are 
joined  to  the  middle  points,  E,  F,  of  AB,  AC,  by  lines  inter- 
secting in  G.  Shew  that  the  area  BCG  is  equal  to  the  area 
AEGF. 

9.  If,  through  any  point  in  the  diagonal  of  a  parallelogram, 
a  straight  line  be  drawn,  meeting  two  opposite  sides  ol'  th<«' 
figure,  the  segments  of  this  line  will  have  the  same  ratio  as 
those  of  the  diagonal. 


11 
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Proposition  VII.    Theorem. 

Tf  two  triangles  have  one  angle  of  the  one  eqvnl,  to  frntf,  angle 
of  the  other  J  and  the  sides  about  a  second  angle  in  each  projnrr-. 
tionals ;  then,  if  the  third  angles  in  each  he  both  acute,  both 
obtuse,  or  if  one  of  them  be  a  right  angle,  the  triangles  must 
be  equiangular  to  one  another,  and  must  have  those  angles 
equal,  about  which  the  sides  are  I'roportionals. 


In  the  AS  ABC,  DEF,  let  a  BAC=  i  EDF, 

and  let  AB  be  to  BC  as  DE  is  to  EF, 

and  let  i  s  ACB,  DFE  be  both  acute,  both  obtuse,  or  let 
one  of  them  be  a  right  angle. 

Then  must  A  s  ABC,  DEF  be  equiangular  to  one  another, 
having  i  ABC=-  l  DEF,  and  l  ACB=  i  DFE. 

For  if  z  ABC  be  not=  l  DEF,  let  one  of  them,  as  z  ABC, 
be  greater  than  the  other,  and  make  z  ABG=  z  DEF,    I.  23. 

and  let  BG  meet  AC  in  G. 

Then  *.•  z  BAG=  z  EDF,  and  z  ABG=  l  DEF,      " 

.*.  A  ^5G^  is  equiangular  to  A  DEF,  1.32. 

and  .-.  ^B  is  to  P(^  as  jDZ:  is  to  ^i^.  VI.  4. 

But  ^5  is  to  50  as  D^  is  to  J^Ji?*,  Hyp. 

.-.  AB  is  to  BG  as  AB  is  to  BC,  V.  5. 

and  .-.  BG=BC,  V.  8. 

md  ,\  I  BCG=  A  BGC.  I,  a, 
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First,  let  z  ACB  and  i  DFE  be  both  acute, 

then  z  AGB  is  acute,  and  /.  z  BGC  is  obtuse  ;      I.  13. 
.'.  L  BCG  is  obtuse,  which  is  contrary  to  the  hypothesis.     ^ 

Next,  let  L  ACB  and  z  DFE  be  both  obtuse, 

then  z  AGB  is  obtuse,  and  .*.  z  ^GC?  is  acute  ;      I.  13. 
.*.  l_  BCG  is  acute,  which  is  contrary  to  the  hypothesis. 

Lastly,  let  one  of  the  third  i  s  ACB,  DFE  be  a  rij^ht  z  . 
If  z  ACB  be  a  rt.  z  , 

then  z  BGC  is  also  a  rt.  z  ;        .  I.  A. 

.*.  z  s  BCG,  BGC  together=two  rt.  z  s, 
>,vhich  is  impossible.  .       I.  17. 

Again,  if  z  DFE  be  art.  z  , 

then  z  ^G^5  is  a  rt.  z  ,  and  .'.  z  £G^0  is  a  rt.  Z  .      I.  13. 

Hence  z  7?C6r  is  also  a  rt.  z  ,  I.  a. 

and  .'.  z  s  jBCG',  5G^(7  together = two  rt.  z  s, 

which  is  impossible.      .  I.  17. 

Hence  z  ABC  is  not  greater  than  z  D^jP. 

So  also  we  might  shew  that  z  DEF  is  not  greater  than 

z  .450. 

.'.  z  ^50  =  z  X>^J', 

and  .-.  z  ^05  =  z  DJ'^.  I.  32. 

Q.  E.  D. 

N.B. — This  Proposition  is  an  extension  of  Proposition  e  of 
Book  I.  p.  42. 

Note. — We  have  made  a  slight  change  in  Euclid's  arrange- 
ment of  the  four  Propositions  that  follow,  because  Eucl.  vi.  8 
is  closely  connected  with  the  proof  of  Eucl.  vi.  13. 
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Proposition  VIII.    Problem.  '  (Eucl.  vi.  9.) 
From  a  ^jivcn  straight  line  to  cut  off  any  siihmultiple. 


Let  AB  be  the  given  st.  line. 

It  is  required  to  shew  hoto  to  cut  off  any  3uhmultiple  from  AB. 

From  A  draw  AG  making  any  angle  with  AB. 

In  AG  take  any  pt.  D,  and  make  AG  the  same  multiple  of 
AD  that  AB  is  of  the  submultiple  to  be  cut  off  from  it. 

Join  J50,  and  draw  DE  \\  to  BG.  I.  31. 

Then  '.-  ED  is  II  to  BG, 

.-.  GD  is  to  DA  as  BE  is  to  EA,  VI.  2. 

and  .-.  GA  is  to  DA  as  BA  is  to  EA.  V.  10. 

.'.  EA  is  the  same  subnmltiple  of  BA  that  DA  is  of  0^1. 

V.  19. 

Hence  from  AB  the  submultiple  required  is  cut  off. 

Q.  E.  F. 

Ex.  1.  Cut  off  one-seventh  of  a  given  straight  line. 
Ex.  2.  Cut  off  two-fifths  of  a  given  straight  line. 

iV^ofe.— rThis  Proposition  is  a  particular  case  of  Proposi- 
tion IX, 
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PRorosTTioN  IX.     Problem.     (Eucl.  vi.  10.)  :- 

To  divide  a  given  stralyht  Hue  similarhj  to  a  given  straight 
line. 


Let  AB  be  the  st.  line  given  to  be  divided,  and  AC  the 
divided  st.  line. 

It  is  required  to  divide  AB  similarhj  to  AC. 

Let  J.0  be  divided  in  the  pts.  J),  E. 

Place  AB,  J.  0  so  as  to  contain  any  angle. 
Join  BC,  and  through  D,  E  draw  DF,  EG  ||  to  BC.      I.  31. 
Through  B  draw  DHK  II  to  AB.  I.  31. 

•  Then  '.•  FH  and  GK  are  0.s, 

.'.FG=DII,aiidGB=HK.  1.34. 

And  •.•  IIE  is  ll  to  K"0, 

.-.  KH  is  to  JID  as  CE  is  to  J^JD,  VI.  2. 

that  is,  BG  is  to  GF  as  C^  is  to  ED. 

Again,  •.•  i^D  is  ||  to  GE, 

.'.  GF  is  to  FA  as  ED  is  to  D^.  VI.  2. 

Hence  u4jB  is  divided  similarly  to  J.C.     • 

Q.  E.  P. 


4 


Ex.  1.  Produce  a  given  straight  line,  so  that  the  whole  pro- 
duced line  shall  be  to  the  produced  part  in  a  given  ratio, 

Ex.  2.  On  a  |;ivcn  base  describe  a  triangle,  with  a  j^iveu 
vertical  angle  and  its  sides  in  a  given  ratio. 
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Proposition  X.    Proelem.    (Eucl.  vi.  11.) 
Tofuid  a  THIRD  x^roi^ortional  to  two  (jivcn  straight  lines. 


Let  AB  and  A  Che  the  given  st.  lines. 

It  is  required  to  find  a  third  iwoportional  to  AB,  AG. 

•    Place  ABj  J.  (7  so  as  to  contain  any  angle. 

Produce  AB,  AC  to  B  and  E,  making  BD=AC.  I.  3. 
Join  BC,  and  through  D  draw  BE  \\  to  BC.  .        I.  31. 

Then  •.•  BC  is  ||  to  BE, 

.'.  AB  is  to  BB  as  ^0  is  to  CE,  VI.  2. 

and  .-.  AB  is  to  ^0  as  ^C  is  to  CE.  V.  6. 

Thus  CE  is  a  third  proportional  to  AB  and  ^(7. 

•     '      ,     '  Q.  E.  F. 

Note.  This  Proposition  is  a  particular  case  of  Proposition  xi. 

Def.  II.  When  three  magnitudes  are  proportionals,  the  first 
is  said  to  have  to  the  third  the  duplicate  ratio  of  that,  which  it 
has  to  the  second. 

Thus  here  AB  has  to  CE  the  duplicate  ratio  of  AB  to  AC. 

Def.  III.  When  three  magnitudes  are  proportionals,  the  first 
ic  said  to  have  to  the  third  the  ratio  compounded  of  the  ratio, 
which  the  first  has  to  the  second,  and  of  the  ratio,  which  the 
second  has  to  the  third. 

Thus  here  AB  has  to  CE  the  ratio  compounded  of  the 
rados  of  AB  to  AG  and  AG  to  CK  '        ^ 
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Proposition  XI.    Theorem.     (Eucl.  vi.  12.) 

To  find  a  fourtjei   lyroportional   to    three  given  straight 
lines. 


!■     j  i\\ 

■       ►•    1 


Let  A,  B,  C  be  the  three  given  st.  lines. 

It  is  required  to  find  a  fourth  xiroportional  to  A,  B,  C. 

Take  DE^  DF,  two  st.  lines  making  an  z  EDF,  and  in  these 
makeDG=A,  GE=B,  and  DH=Gy 
and  through  E  draw  EF  II  to  GIL 
Tiien, -.-(^/f  isllto  Ei?', 

.-.  DG  is  to  GE  as  DH  is  to  IIF, 
and  .*.  A     is  to  B    as  G     is  to  HF. 
Thus  HJ'  is  a  fourth  proportional  to  A,  B,  G. 


1.3. 
1.31. 

VI.  2. 

V.  6. 


Q.  E.  F. 


Ex.  ABG  is  a  triangle  inscribed  in  a  circle,  and  BB  is 
drawn  to  meet  the  tangent  to  the  circle  :\t  A  in  D,  at  un  jingle 
ABD  equal  to  the  angle  ABC.  Show  that  AG  is  a  fourth 
proportional  to  the  lines  BDj  DAy  AB, 
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Proposition  XII.    Theorem.    (Eucl.  vi.  8.) 

In  a  right-angled  triangle,  if  a  j)cri.cndicnlar  he  drawn  from 
the  right  angle  to  the  base,  the  triangles  on  each  side  of  it  arc 
similar  to  the  lohole  triangle  and  to  one  another. 


Let  ABC  he  a  iie;ht-angled  A,  having  /.  BAC  a,  rt.  z  ,  and 
from  A  Ifct  uiD  be  drr^vn  ±  to  BC. 

Then  must  Ls  DBA,  DAC  he  sir.iilar  to  A  ABC,  and  to 
each  other. 

For-.Tt.  LBDA=xt.  z  ^^C,  and  iABD=lCBA, 

.-.  z  DAB=  l  ACB.  I.  32. 

.*.  A  DBA  is  equiangular,  and  .*.  similar  to  A  ABC.  VI.  4. 
In  the  same  way  it  may  be  shown 

that  A  DAC  is  equiangular,  and  .*.  similar  to  A  ABC. 
Hence  a  DBA  is  similar  to  A  DAC. 

Cor.  I.  DA  is  a  mean  proportional  between  BD  and  DC, 

For  BD  is  to  DA  as  I  1  is  t.  DC.  VI.  4. 

Cor.  II.  BA  is  a  mean  proportion  1  between  X'^'a  id  BD, 
For  BC  is  to  BA  as  EA  h  to  BD.  VI.  4. 

Cor.  III.  CA  is  a  mean  proportional  between  BC  and  CD, 
For  BC  is  to  CA  as  CA  is  to  CD.  VI.  4. 

<i.  1.  D. 

Ex.  1^  is  a  fixed  point  in  the  circumference  of  a  circle,  whose 
centre  is  C ;  PA  is  a  tangent  at  any  point  P,  meeting  CB  pro- 
duced in  A,  and  PD  is  drawn  perpendicularly  to  CB.  Prove 
that  the  line  bisecting  the  angle  AFD  always  passes  through  if. 
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Proposition  XIII.    Problem. 

To  Jind  a  mean  lyroportional  bdiveen  two  given  straight 
lines* 


I.  11. 
Ill,  31. 


Let  AB  and  BC  be  the  two  given  st.  lines. 
.  It  is  required  to  find  a  mean  i)roiiortional  between  AB 
and  BC. 
Place  AB  and  BC  so  as  to  make  ont    t  line  AC, 
and  on  AC  describe  the  semicircle  ADC. 
From  B  draw  BD^to  AC,  and  join  AD,  CD. 
Then  *.•  z  ADC  is  a  rt.  z  , 
and  DB  is  x  to  ^  C, 
,'.  DB  is  a  mean  proportional  between  AtB  and  BC. 

VI.  12,  Cor..  1. 

Q.  £.  F. 

Ex.  1.  Produce  a  given  straight  line,  so  that  the  given  line 
ma>  be  a  mean  i^ioportional  between  the  wliole  line  and  the 
part  produced. 

Ex  2  Shew  that  either  oMhe  sides  of  an  isosceles  triangle 
is  a  mean  proportional  between  the  base  and  the  half  of  the 
segment  of  the  base,  produced  if  necessary,  which  is  cut  oft' 
by  a  strair^ht  line,  drawn  from  the  vertex,  at  right  angles  to 
the  equal  side. 

Ex,  3.  Shew  l;hat  the  diameter  of  a  circle  is  a  mean  propor- 
tionri  bet^\een  the  sides  of  an  equilateral  trii'.  <,de  and  a 
hexagon,  described  about  the  circle. 

Fj\.  4.  From  a  point  A,  outside  a  circle,  a  line  is  drawn, 
cutting  the  circle  in  B  and  C.  Find  a  mean  proportional 
tetweeu  AB  and  AC. 


i; 


li 


,1 


I 


264 


EUCLID'S  ELEMENTS, 


tBookVt. 


Def.  IV.  Two  figures  are  said  to  have  their  sides  about  two 
of  their  angles  reciprocally  proportional^  when,  of  the  four 
terms  of  the  proportion,  the  first  antecedent  und  the  second 
consequent  are  sides  of  one  figure,  and  the  second  antecedent 
and  first  consequent  are  sides  of  the  other  figure. 

Thus,  in  the  diagram  on  the  opposite  page,  the  figures  AB 
and  BG  have  their  sides  about  the  angles  at  B  reciprocally 
proportional,  the  order  of  the  proportion  being 

DB  iitio  BE  as  QB  is  to  BF, 
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PuorOSITION  XIV.      TlIEOllEM. 

Equal  laralUlograms,  which  have  one  avgh  of  the  one  equal 
to  one  anqle  of  the  other,  have  tJieir  sides  about  the  equal  anylcs 
reciprocally  liroportional. 


\ 


a 


Let  AB,  BC  be  equal  Os,  having  i  FBD=  l  EBQ. 

Then  must  DB  be  to  BE  as  GB  is  to  BF. 
Place  the  Os  so  that  DB  and  BE  are  in  the  same  st.  line  ; 
then  must  GB  and  BF  also  be  in  one  st.  line.  I.  14. 

Complete  the  ZZ7  FE.      ' 
Then  •.•  O  AB  =      O  BC,  and  FE  is  another  O, 

.-.  EJ  AB  is  to  O  FE  as  O  BG  is  to  O  FE,        V.  6. 

But  as  O  AB  is  to  O  FE  so  is  DB  to  1>'J5;,    VI.  1,  Cor.  I. 

and  as  O  BG  is  to  O  FE  so  is  (?£  to  BF.    VI.  1,  Con.  I. 

.-.  DB  is  to  J5^  as  GB  is  to  L'i^\  V.  5. 

And  Conversely, 
Parallelograms,  ivhich  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  their  sides  about  the  equal  angles  reciiro- 
cally  proimrtional,  are  equal  to  one  another. 

Let  the  sides  about  the  equal    z  s  be  reciprocally  propor- 
tional, that  is,  let  DB  be  to  BE  as  GB  is  to  BF. 
Then  must  O  AB^CJBG. 
For,  the  same  construction  beinfj  made, 

•.•  DB  is  to  BE  as  GB  is  to  BF, 

and  that  DB  is  to  BE  -dn  IZ7  AB  is  to  O  FE,    VI.  1,  Cor.  L 

and  that  GB  is  to  BF  as  CJ-BG  is  toO  FE,    VI.  1,  Cor.  I. 

/.  O  AB  is  to  O  FE  as  O  BC  is  to  O  i^'iJ.       V.  5. 

and  .:  CJ  AB=CJ  BC.  V.  8. 

(i.  E.  D, 
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Proposition  XV.    Theorem. 

Equal  friangleSf  ^vhich  have  one  angle  nf  the  one  equal  to  one 
angle  of  the  other,  have  their  sides  about  the  equal  angles  recip- 
rocally proporlioiial. 


Let  A  BC,  A DE  be  equal  A  s,  having  a  BAC--=  ^  DAE, 

Tlim  mud  CA  he  to  AD  as  EA  is  to  AB. 

Place  the  a  s  so  that  CA  and  AD  are  in  the  same  st.  line  ; 
then  must  EA  and  AB  also  be  in  one  st.  line.  I.  14. 

Joini'D. 

Tliou  •/  A  ABC=  A  ADE,  and  ABD  is  another  A , 

.-.  A  .4  BC  is  to  A  ^  BD  as  A  ADE  is  to  a  ABD.  V.  0. 

Bat  as  A  ^  BC  is  to  a  ABD  so  is  CA  to  AD,  VI.  1. 

and  as  A  J  Z>£;  is  to  A  J  i5i)  so  is  EA  to  AB.  VI.  1. 

.'.  CA  is  to  AD  as  EA  is  to  AB.  V.  5. 

*  ■  ■ 

Ex.  1.  Shew  that,  provided  the  sides  of  one  of  the  triangles 
be  made  the  extremes,  it  is  indiflerent,  so  far  as  the  truth  of 
tiie  Proposition  is  concerned,  in  what  order  the  sides  of  the 
other  triangle  are  taken  as  the  means  of  the  four  pro- 
portionals. 

Ex.  2.  ABhy  AcC  are  two  giv^n  straight  lines,  cut  by  two 
others  BC,  he,  so  that  the  two  triangles  ABC,  Abe  may  be 
equal  ;  shew  that  the  lines  BC,  be  divide  each  other  in 
reciprocal  proportion.      ^  * 
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'         And  Conversely, 

Triangles,  which  have  one  angle  of  the  one  equal  to  one  angU 
of  the  othcTj  and  their  sides  ahout  the  equal  anglts  reciprocally 
^proportional,  are  equal  to  one  another. 

Let  the  sides  about  the  e<|Uiil  ^  s  be  reciprocally  proportional, 
that  is,  let  CA  be  to  AD  us  EA  is  tu  AB. 

TJien  must  a  ABC=  a  ADE, 

For,  the  same  construction  being  made, 

•.*  CA  is  to  AD  as  EA  is  to  AL\ 

and  that  CA  is  to  ^  D  as  lABC  is  to  a  ^  BD,  VI.  1. 

and  that  EA  is  to  J  B  as  a  A  l)E  is  to  A  ABD,  VI.  1. 

.-.  L  ABC  io  to  A  ABD  as  a  A  DE  is  to  A  ABD.  V.  6. 

mCi,\LABC=^c.ADE,  V.  8. 


i    i!" 


Q.  B.  D. 


Ex.  3.  Through  the  extremities  of  the  base  BC,  of  a  triangle 
ABC,  draw  two  parallel  lines,  BE  and  CD,  meeting  AC  and 
AB  produced  in  E  and  D  respectively,  so  that  BCD  may  be 
equal  in  area  to  ABE. 

Ex.  4.  P  is  any  point  on  the  side  AC,  of  the  triangle  ABC; 
CQf  drawn  parallel  to  BP,  meets  AB  produced  in  Q  ;  AN, 
AM  are  mean  proportionals  between  AB,  AQ,  and  AC,  AP, 
respectively.  Shew  that  the  triar.gle  ANM  is  equal  to  the 
triangle  ABC, 
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Proposition  XVI.    Theorem. 

If  four  straight  lines  he  j^roinyrtionals,  the  rectangle  contained 
by  the  extremes  is  equal  to  the  rectangle  contained  by  the  ineans. 


E. 


N 


Jt 


M 


A. 


a 
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Let  the  four  st.  lines  JJ5,  C7),  EF^  Gil  be  proportionals, 
BO  that  AB  is  to  CD  us  EF  is  to  GIL 

Tlien  must  red.  AB,  GII=rect.  CD,  EF. 

Draw  AM  A.  to  AB,  and  CN±  to  CD ;  I.  11. 

and  make  AM=GH,  and  CN=EFi 

and  complete  the  Os  B3I,  DN.  I.  31. 

Then  •.'  AB  is  to  CD  as  EF  is  to  Gil, 
and  that  EF=  CN,  and  GH^AM, 

.-.  AB  is  to  Ci)  as  CN  is  to  ^M.  V.  6. 

Thus  the  sides  about  the  equal  z  s  of  the  equianfjular 
ZZ7s  BM,  DN  are  reciprocally  proportional, 

md.\CJBM=CJDN',  VI.  14. 

that  is,  rect.  AB,  .'13/=rect.  CD,  CX. 
.'.  YQct.  AB,  Gil  =Tect.  CD,  EF. 

Ex.  1.  If  J5J  be  the  middle  point  of  a  semicircular  arc  AEB, 
and  EDC  be  any  chord,  cutting  the  diameter  in  D,  and  the 
circle  in  C,  prove  that  the  square  on  CE  is  equal  to  twice  the 
quadrilateral  AEBC,         . 
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And  Conversely, 

If  the  rectangle  contained  hy  the  extremes  he  equal  to  the  red' 
angle  contained  by  the  means,  the  four  draiyht  lines  are  pro- 
portionals. 

.  Let  lect.  AB,  Gll^rect.  CD,  EF. 

Then  mwt  AB  be  to  CD  as  EF  is  to  OH, 

For,  the  same  construction  being  made, 
•••  rect.  AB,  Gil  =  Tect.  CD,  EF, 
.*.  rect.  AB,  AM  =  rect.  CD,  CN, 
that  is,  O  BM=CJ  DX. 

and  these  ZZ7s  are  equiangular  to  one  another, 
and  .*.  the   sides   about   the   equal    z  s  are  reciprocally 
proportional,  VI.  14. 

and  .*.  AB  \a  to  CD  as  CN'ia  to  AM, 
and  .-.  AB  is  to  OD  as  EF  is  to  Gil,  V.  6. 

Q.  K.  D. 

Ex.  2.  If,  from  an  anf,'le  of  a  triangle,  two  straight  lines  be 
drawn,  one  to  the  side  subtending  that  angle,  and  the  other 
cutting  from  the  circumscribing  circle  a  segment,  capable  of 
containing  an  angle,  equal  to  the  angle,  contained  by  the  first 
drawn  line  and  tl>e  side,  which  it  meets  ;  the  rectangle,  con- 
tained by  the  sides  of  the  trinngle,  shall  be  equal  to  the  rect- 
angle, contained  by  the  lines  thus  drawu. 
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Proposition  XVII.    Theorem. 

If  threp>  (ttraifjht  lines  he  proportionals,  the  rectangle  contained 
by  the  extrcvw.s  is  equal  to  the  square  on  the  mean. 


I 


B- 


Let  the  three  st.  lines  A,  B,  C  be  proportionals,  and  let 
-4  be  to  ^  as  B  is  to  C. 

Then  mmt  red.  Ay  C=:8q.  on  B. 
Takei)=R 
Then  •.'  J.  is  to  J5  as  J5  is  to  0, 

.*.  ^  is  to  iJ  as  D  is  to  0,  V.  6. 

and  .'.  rect.  Ay  0=rcct.  JB,  A  VI.  1(J. 

that  is,  rect.  A,  C=sq.  on  B. 

And  Conversely, 

If  the  rectangle  contained  hij  the  extremes  he  equal  to  the 
square  on  the  mean,  the  three  straight  lines  are  proportionals. 

Let  Ay  By  C  be  three  straitrht  lines  such  that 

rect.  A.  C'=sq.  on  B. 

TJicn  must  A  be  to  B  a^  B  is  to  G, 
For,  the  same  construction  being  made, 

*.*  rect.  A,  C=sq.  on  B, 

andi?=A 
^     .'.  rect.  Ay  C=rect.  B,  D', 

and  .-.  ^  is  to  J5  as  D  is  to  (7,  "^        VI.  16. 

that  is,  ^  is  to  .B  as  £  is  to  C  V.  6. 

A        Q.  £.  D. 
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PRorosTTioN  XVIII.    Prorlem. 

Vl^on  a  given  stmit/ht  live  lo  (kscrihe  a  recHViucnr  fujuit, 
similar  and  similarly  situated  to  a  given  rectilinear  Jig  ure. 


11 


Let  AB  be  the  given  st.  line,  and  CDEF  the  given  rectil. 
fig.  oifour  sides. 

It  is  required  to  describe  on  AB  a  fig.  similar  and  similarhj 
situated  to  CDEF. 

Join  DFf  and  at  A  and  B,  make  z  BAG  ^  i  DCF,  and 
iABG=lCDF; 

then  A  BAG  is  equiangulur  io  lDCF. 
At  G  and  B,  make  z  BGll  =  i  JJFE,  and  z  07>7/=  z  FDE ; 

then  A  C/ii5  is  equiangular  to  A  FED. 
Then  •/  l  AGB=  l  CFD,  and  i  JiGH=  l  DFE, 

.'.lAGH=  iCFE.  Ax.  2. 

So  also  z  ^L7/=  z  C7>A\ 
And  we  know  that  z  i>MO  =  z  iX'i; 
and  that  z  6f//B  =  z  i^'AV^, 
.*.  rectil.  fig.  ABIIG  is  equiangular  to  fig.  CDEF. 
Also,  *."  A  BAG  is  e<iuiangular  to  A  DCFy 

.'.  BA  is  to  AG  as  I^C  is  to  CF  ;  VI.  4. 

and  •.*  lBGU  is  e([uiangular  to  txDFE^ 

.'.  GB  is  to  Gil  {IS  -Fi>  is  to  FE.  VI.  4. 

Also,  AG  is  to  (?J?  as  CF  is  to  i'D. 

.-.  J^OistoGHasCi^isto  J'^.  V.  21. 

Similarly,  it  may  shown  that 

GH  is  to  JJL'.as  FE  is  to  ED, 
and  that  HB  is  to  jB^  as  ED  is  to  DO. 
.-.  the  recta,  figs.  ABHG  and  CDEF  ure  simiLir. 


i 
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Nkxt.     Let  it  be  required  to  drscribe  on  AB  '\  fig.,  similar 
and  similarly  situated  to  the  rectil.  fig.  CDKEF. 


Join  DEf  and  on  AB  describe  the  fig.  ABIIGy  similar  and 
similarly  situated  to  the  quadrilateral  CDEF. 

At  B  and  H  make  z  HBL=  l  EDK,  and  z  BIIL^  l  DEK  ; 
then  A IILB  is  equiangular  to  A  EKD. 

Then  •/  the  fijrs.  ABHG,  CDEF  are  similar, 
.-.  z  GI1B=  L  FED  ; 
and  we  have  made  z  BHL=  l  DEK ; 

/.  whole  z  G^i2"L= whole  z  i^'^iT.  Ax.  2. 

For  the  same  reason,  z  ABL—  z  CD/v. 
Thus  the  fig.  AGIILB  is*  equiangular  to  fig.  CFEKD. 
Again,  •.'  the  figs.  AGIIB,  CFED  are  similar, 

.-.  GH  is  to  HB  as  i^^  is  to  ED  : 
also  we  know  that  HB  is  to  ifL  as  ED  is  to  E7v, 
.-.  GH  is  to  J/L  as  FE  is  to  iJA'. 
For  the  same  reason,  AB  is  to  BL  as  TD  is  to  DK. 
And  BL  is  to  LH  as  D/v  is  to  KE  ; 
.-.  the  five-sided  figs.  AGHLB,  CFEKD  are  similar. 
In  the  same  way  a  fig.  of  six  or  more  sides  may  be  described, 
on  a  given  line,  similar  to  a  given  fig. 


VI.  4. 

V.  21. 

VI.  4. 


Q.  E.  F. 
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Proposition  XIX.     Thkoukm. 

f^imilar  triangles  arc  to  one  another  in  the  duplicate  ratio  of 
their  homologous  sides. 


V\ 


V, 

VI.  4. 

{. 

V,21. 

V. 

^; 

VI.  4. 

iimilar. 

je 

describctl, 

Let  ABC,DEF  be  similar  ^vS, 

having  z  s  at  ^,  B,  C=  z  s  at  I>,  t!,  F  respectively, 

so  that  BC  and  EF  are  homologjus  sides. 

Then  must  a  ABC  have  to  A  DEF  the  diiplicatc  ratio  cf 
that  which  BC  has  to  EF. 

Suppose  A  DEF  to  be  applied  to  A  ABC,  so  thiit 
E  lies  on  B,  ED  on  BA,  and  .'.  EF  on  BC. 
Let  P  and  Q  be  the  pts.  in  BA,  BC  on  which  D  and  F  fall. 
Join  AQ. 

Then  A  ABC  is  to  A  ABQ  as  BC  is  to  BQ,  VI.  1. 

and  A  ABQ  is  to  a  PBQ  as  yl7J  is  to  BP.  VI.  1. 

But  ^L'  is  to  BP  as  7J6*  is  to  BQ,  VI.  4. 

.-.  A  ABQ  is  to  A  PBQ  as  L'C  is  to  BQ.  V.  5. 

Hence  A  ABC  is  to  A  ABQ  as  a  .42;rj>  is  to  a  PBQ.  V.  5. 
.'.  A  ABC  has  to  A  PBQ  the  duplicate  latio 
of  A  ABC  to  A  ^^g  ;                                                  VI.  Def.  2. 

.*.  A  ABC  has  to  a  PBQ  the  duplicate  ratio 
oi  BC  to  BQ.  V.  5. 

that  is,  A  u4B(7  has  to  A  DEF  the  duplicate  ratio 
oi  BC  to  EF. 

Q.  E.  D. 


Cor.  If  MN  be  a  third  proportional  to  BC  and  EF, 
BC  has  to  MN  the  dui)licate  ratio  of  BC  to  EF,        VI.  Def.  2. 
and  .-.  BC  is  to  MN  as  a  ABC  is  to  A  i>£:F. 
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Miscellaneous  Exercises  chiefly  on  Proposition  XIX. 

Ex.  1.  Prove  this  Proposition  without  drawing  .any  line 
inside  either  of  the  triangles. 

Ex.  2.  In  the  figure,  if  BC  be  equal  to  FD,  shew  that  the 
triangles  will  be  in  the  ratio  of  ^C  to  EF, 

Ex.  3.  Cut  off  the  third  part  of  a  triangle  by  a  straight  line 
parallel  to  one  of  its  sides. 

Ex.  4.  ABf  AG  are  bisected  in  D  and  E.  Prove  that  the 
quadrilateral  DBCE  is  equal  to  three  times  the  triangb 
ADE. 

Ex.  5.  If  a  regular  hexagon,  a  square,  and  an  equilateral 
triangle  be  inscribed  in  the  same  circle,  prove  that  the  squares 
described  on  their  sides  are  proportional  to  the  numbers  1,  2, 3. 

Ex.  6.  A  straight  line  drawn  parallel  to  the  diagonal  BD  of  a 
parallelogram ^Z>*C*i>  meets  All,  BC,  CD,  DA,  in  E,  F,  G,  if. 
Prove  that  the  triangles  AFG,  CEll  are  equal. 

Ex.  7.  If  two  triangles  have  an  angle  equal,  and  be  to  each 
other  in  the  duplicate  ratio  of  adjacent  sides,  they  are  similar. 

Ex.  8.  If  two  triangles  have  a  common  angle,  shew  that  tho 
areas  of  the  triangles  are  proportional  to  the  rectangles  con- 
tained by  the  sides  of  the  triangles  about  the  common  angle. 

Ex.  9.  From  the  extremities  A,  B,  of  the  diameter  of  a  circle, 
perpendiculars  AY,  BZ,  are  let  fall  on  the  tangent  at  any 
point  0.  Prove  that  the  areas  of  the  triangles  AGY,  BCZ  are 
together  equal  to  that  of  the  triangle  ACB. 

Ex.  10.  If  to  the  circle,  circumscribing  the  triangle  ABO,  a 
tangent  at  C  be  drawn,  cutting  AB  produced  in  D,  shew  that 
AD  is  to  DB  in  the  duplicate  ratio  of  ^C  to  CB, 

Ex.  11.  Construct  a  triangle  which  shall  be  to  a  given 
triangle  in  a  given  ratio.  - 
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Proposition  XX.    TiiEonEM.    (Eucl.  vi.  21.) 

Jtectilincar  figures,  which  arc  similar  to  the  same  rectilinear 
jhjarCf  art  also  similar  to  each  other. 


t  i 


f  ^ 


Let  each  of  the  rectiliuear  figures  A  and  B  be  similar  to  the 
rectilineiif  figure  C. 

Tlien  must  the  figure  A  he  similar  to  the  figure  B. 

For  *,•  A  is  similar  to  (7, 
.'.  A  is  pquinngular  to  0, 
and  A  and  C  have  their  sides  about  the  equal  z  s  pro- 
portionals. VI.  Def.  1. 
Again,  •.*  B  is  siniilnr  to  C, 

.'.  B  is  equiangular  to  C> 
and  B  and  C  have  their  sides  about  the  equal  z  s  pro- 
portionals. *       VI.  Def.  1. 

Hence  A  and  B  are  each  equiangular  to  C,  and  have  the 
sides  about  the  equal  z  s  of  each  of  them  and  of  C  pro- 
portionals. 

.".  A  is  equiangular  to  By  Ax.  1. 

and  A  and  B  have  their  sides  about  the  equal  i  s  pro- 
portionals. V.  6. 
.*.  the  figure  A  is  similar  to  the  figure  B.    VI.  Def.  1. 

.,  Q.  E.  D. 
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PllorOSITION  XXI.      TlIKOUEM.      (Eucl.  VI.  20.) 

Similar  i)ohj{jo)in  via  if  he  lUviiJnf  itito  the  ad  me,  nninhir  of 
similar  trianfjlcs,  haviiuj  the  .lama  ratio  to  one  another,  vhich 
the  pohjgons  hai'e  ;  and  the  pohitjtniH  arc  to  one  another  in  the 
duplicate  ratio  of  their  homologous  sides. 


D  C  K 

Let  ABODE,  FGHKL  bo  similar  polygons,  and  let  AD  bo 
the  side  homologous  to  FG. 

I.  TJie  polygons  may  he  divided  into  the  same  number  of 
similar  As. 

II.  These  As  Jiavc  each  to  each  the  same  ratio  which  the  poly- 
gons have. 

III.  The  polygon  ABCDE  has  to  the  pohjgon  FGIIKL  the 
duptlicate  ratio  of  that  which  the  side  AD  has  to  the  side  FG. 

Join  BE,  EC,  GL,  LII :  then 

I.  •.'  the  polygon  ABCDE   is  similar  to   the    polygon 
FGHKL, 

.-.  L  BAD  =  L  GFL, 
and  £^  is  to  JE  as  GF  is  to  FL. 
,'.  A  ABE  is  similar  to  A  FGL. 
and  .-.  z  ADE  =  z  FGL. 
Again,  •/  the  polygons  are  similar, 
.-.  z  ABC  =  z  FGH, 
and.-.  lEDC=  lLGII', 
and  *.•  the  As  ABE,  FGL  are  similar, 
.-.  EB  is  to  AB  as  LG  is  to  FG  ; 
also,  •.*  the  polygons  are  similar, 

.-.  AB  is  to  BC  as  FG  is  to  Gil ; 
and  .-.  EB  is  to  BC  as  LG  is  to  Gil, 
and  .-.  since  z  EBC  =  z  LGH, 

the  A  EBC  is  similar  to  a  LGH. 
For  the  same  reason  the  A  ECD  is  similar  to  A  LHK. 
Thus  the  polygons  are  divided  into  the  same  number  of 
similar  As. 


VI.  0  and  d. 
VI.  Def.  1. 

VI.  Def.  1. 
Ax.  3. 

VI.  Def.  1. 

VI.  Def.  1. 
V.  21. 

VI.  6  and  4. 
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II.  •.•  lABEU  similar  to  l  FGL^ 

.'.  A  Alil'J  lini.  to  A  FGL  the  duplicate  ratio  of 
BE  to  GL.  VI.  10. 

So  also,  A  /il'/fO  has  to  A  LGTT  tho  diiplicato  ratio  of 
BE  to  (?/:.  VI.  If). 

.-.  A  A  BE  is  to  A  FG L  as  a  EBC  is  to  a  ZG'i/.        V.  6. 
Again,  •.*  a  EBC  is  siiiiil.ir  to  a  LGII, 

.'.  A  EBC  has  to  A  LGU  the  duplicate  ratio  of 
EC  to  LH.  VI.  19. 

So  also,  A  ECD  has  to  A  LIIK  the  duplicate  ratio  of 
EC  to  LH,  VI.  19. 

/.  A  EBC  is  to  A  LGH  as  A  ECD  is  to  A  LEK.     V.  6. 
But  A  EBC  is  to  A  LGJI  us  a  ^EE  is  to  a  FGL. 
,\  as  A  ^EE  is  to  a  FGL  so  is  a  EBC  to  a  LGH, 
and  A  ECD  to  A  L/iA'. 
Now  as  one  of  the  antecedents  is  to  one  of  the  consequents 
so  are  all  the  antecedents  togethor   to   all   the  consequents 
together,  V.  10. 

and  .*.  A  ABE  is  to  A  FGL  as  polygon  ABCDE  is  to  polygon 
FGHKL. 

III.  Since  A  ABE  has  to  A  FGL  the  duplicate  ratio  of 
AB  to  EC,  .  VI.  19. 

•'•  polygon  ABCDE  has  to  polyguu  FGHKL  the  duplicate 
ratio  of -4E  to  EC.  V.  5. 

Q.  E.  D. 


Con.  I.  In  like  manner  it  may  he  proved,  that  similar 
figures  of  four  or  any  number  of  sides,  are  to  one  another  in 
the  duplicate  ratio  of  their  homologous  sides :  and  it  has  been 
already  proved  for  trianglesy  vi.  19.  Tlierefore,  universally, 
similar  rectilinear  figures  are  to  one  another  in  the  duplicate 
ratio  of  their  homoloo;ous  sides. 
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Coil.  II.  If  MN  bo  ii  tliinl  pp.portionnl  to  A  It  and  /'V/, 
AJi  has  to  ^fN  tin-  .luplicatc  ratio  d  AH  to  /'r/,  VI.  inf.  2. 
niul  .'.  Alt  is  to  iU.V  as  the  fi;iuro  on  J//  to  tlio  Himilar  and 
similarly  floscrilu'd  liijuro  on  I'd  ;  tliat  bein;;  true  in  tlic  caso 
of  (juadrilatLTJila  and  polyi^ons,  wliicli  Las*  been  already  proved 
for  triangles.  VI.  ID  Cor. 

pRorosrnoN  XXIT.    Tin:or.EM.     (End.  vi.  31.) 

In  right-atKjhd  triaufjlti^^thc  ru't il iui nr  Jigurc,  dcscnlnd  vpnn 
the,  side  opjmsite  to  the  right  atifjU'fU  equal  to  the  similar  and. 
similarly  described  figures  i(pon  the  sides  containing  the  right 
angle. 


Let  ABC  he  a  riplitan^led  a  ,  liaving  tlip  right  z  BAC 
Then  imist  the  rectilinear  Jiynre,  described  on  BL\  In  npud 
to  the  similar  and  similarly  described  Jig ures  on  BAy  AC. 
Draw  AD  L  to  BC. 

Then  A^i?CissimilartoADJ5^,  VI.  12. 

and  .-.  BC  is  to  BA  jus  BA  is  to  BD,  VI.  4. 

and  .*.  as  BC  is  to  BD  so  is  the  figure  described  on  BC  to 

the  similai  and  similarly  described  figure  on  BAj  VI.  21,  Cor.  2. 

and  .*.  as  BD  is  to  BC  so  is  figure  on  BA  to  figure  on  BC. 

V.  12. 
For  the  same  reason 

as  DC  is  to  BC  so  is  figure  on  ^C  to  figure  on  BC. 
Hence  as  BD,  DC  together  are  to  BC  so  are  figures  on  BA, 
AC  together  to  figure  on  BC.  V.  22. 

But  BDy  DC  together  are  equal  to  J5(7,  and 
/.  figures  on  BA^  AC  together  =  figure  on  BC.  V.  18. 

q.  £.  D. 


[Book  VI. 

I.  Dif.  2. 

miliir  ami 
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BAC 

\t\  In  uiual 
,  AC. 

VI.  12. 
VI.  4. 

d  on  BC  to 
I.  21,  Cor.  2. 
tture  on  BC. 
V.  12. 

re  on  BC. 
Iires  on  BA^ 

V.  22. 

BaV.18. 
Ct.  £.  I>* 


NoTF. — Tho    Proposition   wliich   follows   is   not  given    by 
Euclid,  but  i.s  necessary  t<Ttho  proof  of  Prop.  xxiv. 


Proposition  XXIII.    Tiikouem. 

If  two  reetiUntar  Jignrcs  be  equal  aud  also  siniilarj  their 
homologous  sides  must  be  equals  each  to  each. 


Let  the  rectil.  fij:p.  ABCDE,  FGIIKL  be  equal  and  similar, 
and  let  DC  and  KII  be  honiolo^jous  sides  of  the  fimirea. 

Tlicn  must  DC=  KII. 

For,  if  not,  let  DC  be  greater  than  KJI. 
Then  *.  .DO  is  to  DE  as  KII  is  to  KLy 

.'.  DE  is  greater  than  KL.  V.  14. 

Hence  HlKLII  be  applied  to  ^  DEC,  so  that  KU  falls  on 
ifC  and  KL  on  DE  {iov  i  IIKL  =  l  CDE\  IIL  will  full 
entirely  within  :.  DEC, 

.:  A  KLII  is  less  than  a  D£0. 
But  •••  A  DEC  is  to  A  KLII  as  figure  ABCDE  is  to 
fu^WTQ  FGHKLy  VI.  21. 

and  figure  ABCDE=fig\ivc  FGIIKL 
■'      .'.lDEC=lKLH,  .'  V.  18? 

or  tho  greater  =  the  less,  which  is  impossible. 
.'.  DC  is  not  greatei'  than  KII. 
Similarly  it  may  be  shown  that  DC  is  not  less  than  KH. 
,-.  DC=KH.  ^ 

<^.  E,  D, 
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X.  Proposition  XXIV.    (Eucl.  vi.  22.) 

If  four  straight  lines  he  ],roiortional<i,  the  siviilar  recti- 
linear Jifjures  similarly  described  upon  them  must  also  he  ijro- 
portionals. 


iV 


S 


0 


n 


B 


Let  the  four  straight  lines  AB^  CD,  EF,  GH  be  propor- 
tionals, that  is,  AB  to  CD  as  EF  is  to  GH  ; 

and  upon  AB,  CD  let  the  similar  rectilinear  figures  KAB, 
LCD  be  similarly  described ;  and  upon  EF,  GH  the  similar 
rectilinear  figures  MF,  NH  in  like  manner. 

^        Then  must  KAB  be  to  LCD  as  MF  is  to  NH. 

To  AB,  CD  take  a  third  proportional  X  and 

to  EF,  GH  take  a  third  proportional  0.  VI.  10. 

^  Then  •.*  AB  is  to  CD  as  EF  is  to  GH, 

V  .-.  CD  is  to  X   as  GH  is  to  0,  V.  5. 

and  .-.  AB  is  to  X    as  EF  is  to  0.  V.  21. 

But  as  AB  is  to  X    so  is  KAB  to  LCD,  VI.  21,  Cor.  2. 

and  as  EF  is  to  0    so  is  MF    to  iViT.     VI.  21,  Cor.  2. 
,%  ZU5  is  to  iCI>  as  MF  is  to  iVil.  V,  5. 
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And  Conversely, 

If  the  similar  figures,  similarly  described  on  four  straight 
lines,  he  j'roj^orlionals,  those  straight  lines  must  be  proportionals. 

The  same  construction  beinj;  made, 

let  KAB  be  to  LCD  as  MF  is  to  NH, 

then  must  AB  be  to  CD  as  EF  is  to  GH. 

Make  as  AB  to  CD  so  EF  to  PRy    '  VI.  11. 

and  on  PB.  describe  the  rectilinear  figure  SB,  similar  and  simi- 
larly situated  to  either  of  the  figures  MF,  Nil.  VI.  18. 

Then,  by  the  first  part  of  the  proposition, 

KAB  is  to  LCD  as  MF  is  to  SB. 

But  KAB  is  to  LCD  as  MF  is  to  NH.  Hyp. 

.-.  SB=NH,  '    V,  8. 

Also,  SB  and  NHare  similar  and  similarly  situated, 

audi .:  PB=GH.  VI.  23. 

Nov;  A  B  k  to  CD  as  EF  is  to  PB, 

and  .*.  ^B  is  to  CD  as  EF  is  to  OH.  •  V.  «. 


il 

il 
'I 

li 


I     ; 


■^J     'I 
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Proposition  XXV.    Iheorem.    (Eucl.  vi.  33.) 

In  equal  circles,  angles,  trhcthcr  at  the  centres  or  the  circum- 
ferences, have  to  one  another  the  same  ratio  as  the  arcs  ivhich 
subtend  them ;  and  so  also  have  tlie  sectors. 


In  the  equal  ©s  ABC,  DEF  let  the  z  s  BGC,  EHF  at  the 
centres,  and  the  z  s  BAC,  EDF  at  the  circuinferonccs,  he  sub' 
tended  by  the  arcs  BC,  EF.  ' . 

TJicn  I.  z  BGC  must  he  to  z  EIIF  as  arc  BC  is  to  arc  EF. 

^   ,  Take  any  number  of  arcs  CK,  KL,  each = I? (7, 

and  any  number  of  arcs  FM,  MN,  NB  ei\ch= EF. 
Then  •.*  arcs  BC,  CK,  KL  are  all  equal, 

.-.  z  s  BGC,  CGK,  KGL  are  all  equal.  III.  27. 

.*.  z  ^(rir  is  the  same  multiple  of  z  £(tO  that 
arc  BL  is  of  arc  BC. 

So  also,  z  EHR  is  the  same  multiple  of  z  EIIF  that 
arc  ER  is  of  arc  EF. 

And  z  BGL  is  equal  to,  greater  than,  or  less  thiin 
z  EHR, 

according  as  arc  BL  is  equal  to,  gi*eater  than,  or  less  than 

arc  ER.  III.  27. 

Now  z  BGL  and  arc  BL  are  equimultiples  of  z  BGC  andarc  J5C, 

and  z  i/fliJ  and  arc -EJi?  are  equimultiples  of  z  EHFands^rcEF. 

,-.  c  BGC  is  to  z  EHF  as  arc  BC  is  to  arc  EF.      V.  Def.  5, 
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J3.) 

Ihc  circnm- 
arc8  which 


mF  at  the 

nces,  "be  suV 

to  arc  EF. 

=EF. 

III.  27. 
that 

\F  that 

)r  less  thim 


II.  z  B AC  must  he  to  I  EDF  as  arc  DC  is  to  arc  EF. 

For  •.•  z  £(?C= twice  z  -B^C,  and  z  £1/2''= twice  z  ii:/)i'; 

III.  20. 
/.  z  B^C  is  to  z  EDF  as  z  I?(7(7  is  to  z  £//i^,  V.  1 1. 

and  .-.  ^  BAG  ia  to  I  EDF  as  arc  BG  is  to  arc  EF.  V.  5. 

III.  Sector  BGG  viusl  be  to  sector  EIIF  as  arc  BG  is  to 
arcEF. 

For  sectors  BGG,  GGK,  KGL  arc  all  equal,       III.  2G,  Cor. 
and  sectors  EHF,  FHM,  MUN,  N,HB,  are  all  equal, 

III.  26,  Cor. 

.*.  sector  BGL  is  the  same  multiple  of  sector  BGG  that 
arc  BL  is  of  arc  BG, 

and  sector  EHR  is  the  same  multiple  of  sector  EHF  tliat 
arc  EB  is  of  arc  ^J* ; 

also,  sector  BGL  is   equal  to,  greater  than  or  less  than 
sector  EHBf  according  as 

arc  BL  is  equal  to,  greater  than,  or  less  than  arc  EB^  III.  26. 
aud  .*.  sector  BGG  is  to  sector  EIIF  as  arc  BG  is  to  arc  EF. 

"■     '  Q.  E.  D.  • 

Cor.  In  the  sarm  circle,  angles,  whether  at  the  centres  or    * 
the  circumferences,  have  the  same  ratio  as  the  arcs  which  sub- 
tend them ;  and  so  also  have  the  sectors. 


i  ' 


»r 


or  less  than 

III.  27. 

and  arc  J5^/, 

'andarc£-F. 

V.  Def.  5, 
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PROrOSITION  B.      TlIKOREM. 

If  an  nnr/Je  of  a  irhuujh  he  bisected  h(  a  fitraight  line,  whirh 
likeivine  enf.i  (lie  hnse  ;  the  reetaufjle,  canlaincd  Inj  tJi.e  sides  of 
the  tridtKjIe,  is  eipml  to  the  ndaiujle^  contained  by  the  segments 
of  the  base,  together  with  the  square  on  the  line  bisecting  the 
angle. 


Let  z  BACoi  the  A  ABC  be  bisected  by  the  st.  line  AD. 

Then  red.  BA,  AC=rect.  BD,  DC  together  with  sq.  on  AD. 

Describe  the  ©  ABC  about  the  A ,  III.  b.  p.  135. 

produce  AD  to  meet  the  Ocein  E,  and  join  EG. 

Then  •.'  /.  BAD  =  l  CAE,  '  Hyp. 

and  L  ABD  =  z  AEC^  in  the  same  segment,  III.  21. 

^        /.  A  ABD  is  equiangular  to  A  AEC.  I.  32. 

*  .-.  BA  is  to  AD  as  EA  is  to  AG.  VI.  4. 

.V  rect.  BA,  ^(7=rect.  EA,  AD,  VI.  16. 

e=rect.  ED,  DA  together  with  sq.  on  AT). 

113. 

«rect.  BD,  D(7  together  with  sq.  on  AT), 

III.  36. 

.  •  i-  ■  "^"^    ■ " 

;  Q.  K.  D» 
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Proposition  C.    Theorem. 

If  from  any  ov^fhi  of  a  triangle  a  straight  line  he  dravn  per- 
'[undicuh'r  to  the  hate,  the  rcdangJe,  rnntaincd  hj  the  sides  of 
Vii.JriiiiKjle,  i^i  (iju.al  to  the  rectangle,  contaiHid.  hg  </.#  pr- 
I'.endietdar  and  the  diamticr  of  the  circle  described  about  the 
triangle. 


Let  ABC  bo  fi  A ,  and  AD  the  ±  from  A  to  BC. 

])e<eribe  the  S  ABC  about  the  A  ABC,  III.  <r. 

draw  the  diameter  AE,  and  join  EC. 
Thnt  must  rect.  BA,  AC  =  rcet.  EA,  AD. 

Vvv  '.'  rt.  /  BT)A  =  L  EC  A,  in  a  semicircle,  III.  31. 

and  L  ABD  =  i  AEC,  in  the  same  sef,Mnpnt,  III.  21. 

.*.  A  ABD  h  cquianctnlar  to  the  A  AEC.  I.  32. 

.-.  BA  is  to  AD  as  EA  is  to  AC,  VI.  4. 

•  '  {;nd  .-.  rect.  BA,  .10=rect.  EA,  AD.  VI.  16. 

Q.  E.  D. 

Ex.  1.  Shew  that  the  rectangle  contained  by  the  two  sides 
^an  never  be  loss  than  twice  the  triangle. 

Ex.  2.  ABC  is  a  triangle,  and  AM  the  perpendicular  upon 
BC,  and  P  any  point  in  B(^ ;  if  0,  0'  be  the  centres  of  the 
circles  described  about  ABP,  ACP,  the  rectangle  AP^  BG 
is  double  of  the  rectangle  of  ^M,  00\ 

Ex.  3.  A  bisector  of  an  angle  of  a  triangle  is  produced  to 
meet  the  circumscribed  circle.  Prove  that  the  rectangle,  con- 
tained by  this  whole  line  and  the  part  of  it  within  the  triangle, 
is  equal  to  the  rectangle  contained  by  the  two  sides. 
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PnorosiTioN  D.    TiiEOREir. 

T)u  rcrtaixjJe,  contained  hij  tin'  ih'ujonals  of  a  quadrilateral 
warribed  in  a  circle,  v-i  eeptal  to  the  sum  of  the  rcctaixjUs,  coil' 
taiii^  hy  iia  o2)i>o site,  sides.  ■.  ■    '   - 


Let  ABCD  be  any  quadrilatenil  inscribed  in  a  ®. 

Join  AC,  IW. 
Then  rcct.  AC,  BD=rcct.  AB,  CD  tor/ether  with  red. 
Make  I  ABE  =  iJJBC; 
and  add  to  eadi  the  i  EBD. 
-      Thenz  ABD  =  z  CBE ; 

and  z  BDA  —  l  BGE  in  the  same  segment ; 
.'.  A  ABD  is  equiangular  to  A  BCE, 
.-.  AD  is  to  BD  as  CE  is  to  BG, 
and  .-.  rect.  AD,  jBO=rect.  BD,  CE. 
Again,  •.*  z  ABE  =  z  DBC,  by  construction, 

and  z  BAE  =  z  BDC,  in  the  same  segment, 
.'.  A  ABE  is  equiangular  to  A  BCD. 
.-.  AB  is  to  AE  as  BD  is  to  CD, 
an^  .*.  rect.  AB,  CD = rect.  -BD,  J.jB;. 
Hence  rect.  AB,  CD  together  with  rect.  AD,  BG 
=rect.  BD,  AE  together  with  rect.  BD,  CE. 
=rect.  AG,  BD.  * 


AD,  BG. 

I. 

23. 

III. 

21. 

I. 

32. 

VI. 

4. 

VI. 

A 

16. 

III. 

21. 

I. 

32. 

V] 

[.4. 

VI. 

16. 

ILL 


Q.  E.  D. 


Ex.  If  the  diagonals  cut  one  another  at  an  angle  equal  to  one 
third  of  a  right  angle,  the  rectangles  contained  by  the  opposite 
bides  are  together  equal  to  four  times  the  quadrilateral  figure. 
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PnoroRiTioN  XXVI.    Theorem.     (End.  vi.  2.3.) 

Equiangular  paraJJflngmm!^  "hava  to  one  another  the  ratio^ 
which  is  comjwtmdcd  of  the  ratios  of  their  sides. 


I; 


\ 


M- 


Let  A  C  and  CF  be  equiangular Os,  having  z  BCD  —  i  ECG. 

Then  must  CJ  AC  have  to  O  CF  the  ratio  cowj^ounded  of 
the  ratios  of  their  sides. 


Let  BC  imd  CG  be  placed  in  a  straight  line. 
Tlieu  1)C  and  CE  are  also  in  a  straight  line. 


I.  14. 


Complete  the  O  DG,  and  taking  any  st.  line  JC, 

make  as  BC  is  to  CG  so  X  to  L  VI.  11. 

and  make  as  DC  is  to  CE  so  L  to  M.  VI.  11. 

Then  *.*  K  has  to  M  the  ratio  compounded  of  the  ratios  of 
K  to  L  and  L  \o  M, 

f     .'.  K  has  to  M  the  ratio  compounded  of  the  ratios  ot 
the  sides.  VI.  Def.  .3,  p.  2G0. 

Now  BC  is  to  CG  as  O  ^C  is  to  O  ClI,  VI.  1. 

and  DCU  to  CE  as  O  07/ is  to  O  CF,  VI.  1. 

.-.  K   is  to  L    as  CJ  AC  is  to  O  CJ/,  V.  5. 

'  and  L    is  to  M  as  O  CII  is  to  O  CF,  V.  5. 

Hence  X    is  to  M  as  O  J.C  is  to  O  CF  ;  V.  21. 

and  .-.  CJ  AC  has  to  O  CF  ihs  ratio  compounded  of  the 
ratios  of  th^ir  sides, 

•  •  <^.  E.  D, 


n 


i"* 
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pRorosiTiox  XXVIf.    TiiEoiiEM,    (End.  vi.  24). 

ParfdliJof/rfinis  ahont  On;  diauicUr  of  any  i)avaJhlttf}ram  a?'e 
siniihir  to  the  vhuU  ijurallcluf/rani  and  to  one  anotlicr. 


Let  ABC'D  be  a  O,  of  wliicli  the  diiuneter  is  AC;  and 
AEVG,  FllVK  tlie  Os  about  the  diameter. 

Then  nnist  these.  OJx  he  similar  to  ABCD  and  to  each  othrr. 
For  •.•  OF  is  II  to  I)(\ .'.  L  AGF  =  z  ADC,         I.  2[). 
and  •.•  FF  is  ||  to  BC,  .:  l  AEF  =  z  ABC ;       I.  2f). 
and  cadi  of  the  z  s  FFG,  7>V'D= opposite  z  i?.4i>,  I.  34. 

and  .-.  z  i7''G=  z  L'CI>.  Ax.  1. 

Tims  tlio  ZZ7.S  AEFG,  ABCD  are  equianfjular  to  one 
anotlier.  %  "  ■- 

Again,  •.•  KF  is  ll  to  BC, 
-    -  .-.  A  n  i.s  to  BC  as  ^E  is  to  EF ; 

and  .since  the  o])po.sito  sides  of  the  ZZ7s  are  equal, 
.-.  AB  is  to  AD  as  AE  is  to  .4(^, 
and  DC  is  to  C/}   as  GF  is  to  FE, 
and  CD  is  to  D.4  as  FG  is  to  (?.4.     • 
Thus  the  sides  of  the  ZZZs,  AEFG,  ABCD  about  their  equal 
angles  are  pioportional. 

.-.  IZJ  AEFG  is  similar  to  O  ABCD. 
'  Similarly,  O  FUCK  is  similar  to  O  ABCD  ; 

and  .-.  ZZ7  AEFG  is  similar  to  O  FIICK.     VI.  20. 

tj.  E.  D. 

Ex.  Show  that  each  of  the  complements  of  the  parallelogram 
ia  a  mean  proportional  between  the  parallelograms  about  the 
diameter.  -.      ^~^- 


VI.  4. 

V.  G. 
V.  0. 
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ruoroRiTioN  XXVIII.     TiiKoni-M.     (Kucl.  vr.  20.)      -^ 

If  fii'o  .'iiniilar  pnrnllilorfrnin.s'  Jiarr  a  nmininii  (tmjjc^  and  he 
similarly  situated^  they  arc  about  (he  saim:  iliamdcr. 


Let  the   Os   A  BCD,   AEFG    be    similar  and   siinilarly 
situated,  and  have  l  DAB  couimon. 

Then  must  ALCD  and  AEFG  he  about  the  f^amr.  diameter. 

For,  if  not,  lot  ABCI>  have  its  diameter,  AllC,  not  in  the 
same  st.  line  with  AF,  the  diameter  of  AEFd. 

Let  GF  meet  AUG  in  IT,  and  draw  IIK  i|  to  AD.        I.  ,31. 

Then  Os  ABCD,  AKIIG,  about  the  same  diameter,  are 
simihir.  VT.  27. 

and  .'.  DA  is  to  .iL',as  GA  is  to  AK.  VI.  Def.  1. 

But  •.•  ABCD,  AEFG  arc  similar  Os, 

.'.  DA  is  to  ABx\^  GA  is  to  AE. 

Bqucq  GA  i%  to  AK'.Mi  G A  \^  to  AE,  V.  .5. 

and  .-.  AK^AE,  V.  8. 

the  less  =  the  greater,  which  is  impossible. 

.*.  ABCD  and  AKHG  are  not  about  the  same  diameter, 
and.'.  ABCD  and  AEFG  must  have  their  diameters  in  the 
same  st.  line,  that  is,  they  are  about  the  same  diameter. 

i  Q.  E.  x>. 


^ 


i 


290 


EUCLin'^  ETF.MFXTS, 


FBoolt  VI. 


PiiorosiTioN  X\  IX.     Phohi.km.     (Kiicl.  VI.  25.) 

To  (hucrihe  a  ncfUincar  fujnn-  trhieh  shall  he  similar  to  o««, 
rt»(/  «(//Nj/  /.»  (hiollur,  (jircn  nctiliinKr  jitjnir,  ,    ' 


• 


™  ■ 


Let  A])C  and  I)  be  two  given  rectilinear  fifriires. 

It  is  required  to  describe  a  jhjnre  siinilar  to  ABC  and  cq^ual 
toD. 

On  liC  ilescribo  the  O  I'LEC  (>qn:il  t()  A  lU  \  and    I.  45,  Cor. 
oil  Ci; describe  the  O  CiiT^/  etiual  to  7>,  I.  A',,  Cor. 

andhavin<;.i'V7';  =  l  VUL. 
Then  JR^and  (\F  are  iii  a  straight  line,  I.  29  and  14. 

and  LE  wwCi  KM  -Ma  in  a  strainlit  line. 
Find  (t'7/,  a  mean  proportional  hctween  7>(^ind  CF,    VI.  13. 
and  on  Gil  describe  the  rectilinear  figure  KGll,  similar  and 
similarly  situated  to  ^47>(''.  VI.  18. 

Then  '.•  BC  is  to  Gil  as  Gil  is  to  CF, 

.-.  as  BC  is  to  CF  so  is  ABC  to  KGII.      VI.  20,  Cor.  2. 

But  as  BC  is  to  CF  so  is  O  7^7::  to  O  7^7^,       •        VI.  1. 

and  .-.  as  .17^(7  is  to  KGII  so  is  O  BE  to  O  i;i^.        V.  5. 

Now  ABC  is  equal  to  O  iJj&,  Constr. 

and .-.  KGH  =0  iJT?'.  ,  '  V.  14. 

But  O  i;7^=  the  figure  D. 

.-.  KGH   =7)  ;  and  KGH  is  similar  to  ABC. 
Heuce  a  figure  KGII  has  been  described  as  was  required. 

q.  E.  F. 
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l>!':i'.  V.  A  strai^flit.  lino  is  said  to  Im!  cr.t  in  cxtrnne  juul 
mean  rati(»,  wiicn  tlic  v.liolo  is  to  the  j^'iealtr  s(';^njent  as  the 
^'reater  si-^nnciiL  is  to  tlwi  lesH. 


M 


.  Proposition  XXX.     Phoplf.m.     (Kncl.  vi.  30.) 
To  cut  a  slnwjhl  Hue,  in.  ixtrcnir  muf  imttii  ratio. 


A. 


B 


Let  AB  bo  tho  ^aven  st.  line. 
It  is  required  to  cat  A  It  in  extreme,  and  menu  ratio. 
Divide  AJJ  in  tho  pt.  0,  so  tluit  rect.  AB,  BC  =  scj.  on  AC. 

II.  11. 
Then  vvcQt.  AB,  BC  =  !i([.  on  A(^.  ' 

.'.  A n  is  to  ACiXB  AC  is  to  BC,  VI.  1 7. 

and  ,'.  AB  is  cut  in  extreme  and  mean  ratio  in  ('.    Def.  5. 

q.  E.  F. 

*  •-  ,,   ,- 

Ex.  1.  If  two  dia^fonals  of  a  rc^^uhir  pentaj^on  be  drawn  to 
cut  one  another,  they  cut  one  another  in  extreme  and  mean 
ratio.  - 

Ex.  2.  If  the  radius  of  a  circle  be  cut  in  extreme  and  mean 
ratio,  the  greater  segment  will  be  equal  to  the  side  of  a  regular 
decagon  described  in  the  circle. 


^  f 


•r,'. 
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riiMposiTioN'  XXXI.     Tiir.DRKM.     (Eiicl.  VI.  3:2.) 

//'  tun  (rloii'/liti,  siM!l<Ai:LV  sitjatkd,  *'7nVA  Jidn  tan  aiiha 
of  th*'  (Hie  jn'i'jinilioinil  to  iiro  niilm  nf  Ihr  atln  r.  he  yiiind  dt 
oiir  fiiiijlc^  HO  us  lo  inirv  ihdr  htninihKjtmA  .-./r/. x  fniiiil'iJf  iUch 
to  iuchf  the  rcinaiiiinfj  sides  niUot  be  in  a  stiaiylit  imc. 


Let  the  :. s  Alii  ,  IX'IJ  l)c  simihirly  situatttl,  having  the 
5i<l..s  JLl,  AC  i)roi)ortioiial  to  CD,  DK,  and  let  BA  be  ||  to 
i'l>,ix\u\AC\\ioDE', 

TJten  mud  liC  and  CE  he  in  one  st.  line. 

For  '.•  jr  nuM'ls  tlio  lis  BA,  CD, 

.:  1  BAC  =  alternate  z  A  ( 7>.  I.  29. 

And  •/  CD  meets  the  lis  AC,  ])E, 

.'.  z  ACJ)  =  alternate  i  CDE.  I.  20. 

Hence  z  BAC  =  z  CUE.  Ax.  1. 

Then  •.•  BA  is  to  AC  as  CD  is  to  DE,  and  z  BAC  =  z  ( 'DE, 

.'.  A  ABC  is  cquianoular  to  A  DCE.  VI.  0. 

.-.  z  A  CB  =  L  DEC ;  VI.  Def.  1. 

and  .-.  z  s  ACB,  ACE  together  =  z  s  ACE,  DEC  together, 

=  two  right  angles.         I.  29. 
,*.  BC  and  CE  are  in  the  same  st.  line.  ^      I.  14. 

V 
'  .  Q.  E.  D. 
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MisceUaucous  E/crcUca  on  Iti'ok  VI. 

1.  Two  common  t;in;;cnts  to  two  oircKs  meet  nt  ^I.  If  tho 
diameter  of  tlie  smaller  ciivlo,  the  ilistiuitu  lu'tween  tho  centres, 
iuul  the  tliameter  <»f  tlie  hw^ev  circle,  he  in  the  ratio  (if  1,  'J,  '.), 
prove  liiat  the  distance  from  A  to  the  centre  of  e.ich  circle  id 
ci[iial  to  tlie  diameter  of  that  circle. 

2.  .Strai;;ht  lines  are  drawn  tIirou;^h  tho  an^^'ular  points  of  ii 
trian.u'le,  parallel  to  the  opposite  sides,  and  lhrou;,di  the  ani^nlar 
points  of  tlio  trian;j,le  thns  f»»rmed  strai;j;ht  lines  aro  drawn, 
parallel  to  its  o))posite  sides,  and  so  on;  show  that  all  theso 
trianirles  are  similar  to  the  ori;^'inal  tviar,i,de,  and  that  any  ono 
of  them  has  its  sides  hiftccted  by  the  angular  points  of  tho  pre- 
ceding' ti"..in;^le. 

3.  If  a  point  be  taken  within  an  ennilateral  trian'dc,  the  per- 


■o"-' 


pcndiculars  drawn  from  it  to  tho  three  sides  are  t<  _Ljetlier  ecinal 
to  tho  peipendicuiar  drawn  frum  one  of  tlio  angles  to  tho 
opposite  ^:do. 

'1.  rpnn  AlJ  as  base  two  trian<;les  A1U\  .1Z?D  aro  described, 
and  a  lino  cuttin*^  CA  is  drawn  parallel  to  CD.  From  tho 
])oint.s  where  this  line  meets  AC,  A  />,  lines  are  drawn  to  meet 
C7>,  Dli,  and  paralkd  to  tho  buso.     Show  that  theso  liiies  aro 


ctpi 


d. 


5.  If  0  1)0  tlio  centre,  r.ad  A  li  the  diameter  of  a  circle,  and 
if  on  AO  as  a  diameter  a  cinle  bo  descrilied,  then  the  eircum- 
ferenee  of  this  circle  will  Idsoct  any  chord,  drawn  iluuu^h  il 
from  A  to  meet  the  exterior  circle. 

6.  On  a  f,dvcn  base  describe  a  triangle,  havin^;  a  given 
vertical  ani,de,  and  one  cf  its  >ides  d^  iible  of  tho  other. 

7.  T'om  a  p^o'nL  E  \\\  tho  common  baso  of  two  trianiflos 
ACH,  ADD,  ftrai.^ht  lines  aro  drawn  ])aralicl  to  AC,  AIJ^ 
riectiii'4  7i(',  EJ)  in  J  and  C.  Sliew  that  tlie  lines  joining 
F,  G  and  (',  E  will  be  parallel. 

8.  Fi  "Oi  the  angular  points,  of  a  ti  ian^le  A  E>C,  straiglit  lines 
Al),  EE,  CF,  ore  diuwii  perpendicLdur  to  tho  opposite  sides 
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and  terminated  by  the  circumscribinf^  circle  ;  if  Z  be  the  point 
of  their  intersection,  shew  tliat  Z7>,  LE^  LF  are  bisected  by 
the  sides  of  the  tiiancrle. 

9.  If  D  and  ^  be  points  in  the  sides  of  a  triangle  ABC^ 
such  that  AD  ami  AE  arc  respectively  the  third  parts  oi  AB  and 
AG,  shew  that  BE  and  CD  cut  one  another  in  a  point  of 
quadrisection. 

10.  In  AB,  AC,  two  sides  of  a  trianicle,  are  taken  points 
D,  E  ;  AB,  AC  arc  produced  to  F,  (;,such  that  BF=AD,  and 
CG  =  AE:  an<l  BG,  CF,  FG  are  joined,  llie  two  former  meet- 
ing in  JI.  Sliow  that  the  triangle  FUG  is  equal  to  the 
triangles  BHC,  ADE  together. 

11.  If  the  angle,  between  the  internal  bisector  of  the  anjrle 
of  a  triangle  and  the  base,  be  equal  to  tlio  angle  between  the 
external  bisector  and  the  greater  side  producetl,  a  perpen- 
dicular on  this  side  through  the  vertex  will  bisect  the  seirmcnt 
of  the  base  between  the  internal  and  external  bisectors. 

in.  Triangles  on  equal  bases  and  between  the  same  parallels 
will  have  equal  areas  cut  off  by  a  line  parallel  to  their  bases. 

13.  From  A,  B,  the  extremities  of  the  diameter  of  a  circle, 
lines  ACE,  BCD,  are  drawn  through  a  point  C,  on  the  circum- 
ference, to  points  E  and  D,  such  that  EB  and  DA  touch  the 
circle.     Shew  that  ED  meets  the  tangent  at  O'in  AB  produced. 

14.  Draw  a  straight  line  cutting  two  concentric  circles,  so 
that  .the  part  of  it  which  is  intercepted  by  the  circumference 
of  the  greater  may  be  four  times  as  great  as  the  part  inter- 
cepted by  the  circumferenoe  of  the  less. 

15.  Shew  how  to  inscribe  a  rectangle  T^EF^?  in  a  triangle 
ABC,  so  that  the  angles  D,  E  may  be  in  AB,  AC  respectively, 
the  side  FG  coincident  with  the  base,  and  the  area  of  the  rect- 
angle be  equal  to  half  that  of  the  triangle. 

16.  If  the  bisectors  of  the  opposite  angles  A,  C,  oi  a  quadri- 
lateral figure  ABCD,  intersect  on  the  diagonal  BD,  then  will 
the  bisectors  of  the  angles  B,  D  meet  on  AG. 

17.  Two  sides  of  a  quadrilateral  described  about  a  circle  are 
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parallel ;  if  the  points  of  contact  divide  the  other  two  sidis 
proportionally,  they  are  equally  inclined  to  the  first  two. 

18.  If  two  triangles,  on  the  same  base,  have  their  vertices 
joined  by  a  straight  line,  which  meets  the  base,  or  the  base 
produced,  shew  tliat  the  parts  of  this  line,  bt-tween  the  vertices 
of  the  triangles  and  the  base,  are  in  the  same  ratio  to  each 
other  as  the  areas  of  the  triangles. 

19.  If  perpendiculars  be  drawn  from  any  point  on  the  cir- 
cumference of  a  ciiclc  to  two  tani;ents  and  the  chord  joining 
the  points  of  contact,  .shew  that  the  s(iuaie  on  the  perpendicu- 
lar to  the  chord  is  equal  to  the  rectangle  contained  by  the 
other  perpendiculars. 

20.  If  the  angles  B^  C,  of  the  triangle  ABC,  bo  respectively 
equal  to  the  angles  D,  E,  of  the  triangle  ADE  and  the  angles 
Bj  E,  of  the  triangle  ABE,  to  the  angles  D,  C,  of  the  triangle 
ADC,  then  these  pairs  of  triangles  shall  be  respectively  equal 
to  each  other  ;  and  if  BE,  CD,  intersect  in  F,  the  triangles 
BED,  CFE,  shall  also  be  similar. 

21.  If,  from  the  extremities  of  the  diameter  of  a  semicircle, 
perpendiculars  be  let  fall  on  any  line  cutting  the  semicircle, 
the  parts  intercepted  between  those  perpendiculars  and  the 
circumference  are  equal. 

22.  In  a  given  circle  place  a  chord,  parallel  to  a  given  chord, 
and  having  a  given  ratio  to  it.  - 

23.  ABC  is  an  equilateral  triangle.  Through  C  a  line  is 
drawn  at  right  angles  to  AC,  meethig  ^1^  produced  in  D,  and 
a  line  through  A  parallel  to  BC  in  E.  Through  K,  the  middle 
point  of  AB,  lines  are  drawn  respectively  parallel  to  AE,  AC, 
and  meeting  DE  in  F  and  G.  Prove  that  the  sum  of  the 
squares  on  KG  and  FG  is  equal  to  three  times  the  square 
on  FE. 

24.  Find  a  point  in  the  base  of  a  right-angled  triangle  pro- 
duced such  that  the  line  drawn  from  it  to  the  angular  point 
opposite  to  the  base,  shall  be  to  the  base  produced  as  the 

'  perpendicular  to  the  base  itsel£ 
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25.  ^i^  is  a  given  straight  line,  and  J)  a  given  point  in  it ; 
it  is  required  to  find  a  point  P,  in  AB  produced,  such  that 
^P  is  to  PP  as  AB  is  to  I)B, 

2(3.  If  two  circles  touch  each  other  externally,  and  parallel 
diameters  be  drawn,  the  straight  line,  joining  the  extremities 
of  those  diameters,  will  pass  through  the  point  of  contact. 

27.  If  two  circles  touch  each  other,  and  also  touch  a  straight 
lino ;  the  part  of  the  line,  between  the  points  of  contact,  is  a 
mean  proportional  between  the  diameters  of  the  circles. 

28.  Two  circles  touch  each  other  intern.;! Uj",  the  radius  of 
one  being  treble  that  of  the  other.  Shew  that  a  point  of  tii- 
section  of  any  chord  of  the  larger  circle,  drawn  from  the  point 
of  contact,  is  its  intersection  with  the  circumference  of  the 
smaller  circle. 

29.  If  AJjO  be  a  right-angled  triangle,  and  P  any  point  in 
its  hypotenuse  -4P,  determine  by  a  geometrical  construc- 
tion the  point  1\  to  which  AB  must  be  produced,  so  that  Pi 
is  to  PP  as  ^P  is  to  PP. 

30.  If  a  line  touching  two  circles  cut  another  line  joinir,g 
their  centres,  the  segments  of  the  latter  will  be  to  each  other 
as  the  diameters  of  the  circles. 

31.  If  through  the  vertex  of  an  equilateral  triangle  a  per- 
pendicular be  drawn  to  the  side,  meeting  a  perpendicular  to 
the  base,  drawn  from  its  extremity,  the  line,  intercepted 
between  the  vertex  and  the  latter  perpendicular,  is  equal  to 
the  radius  of  the  circumscribing  circle. 

32.  If  on  the  diagonals  of  a  quadrilateral  as  bases,  parallelo- 
grams be  described,  equal  to  the  quadrilateral,  find  the  ratio 
of  their  altitudes. 

33.  The  opposite  sides  AB^  DC  of  a  quadrilateral  ABCD, 
which  can  be  inscribed  in  a  circle,  meet,  when  produced,  at  P  ; 
Pis  the  point  of  intersection  of  tlie  diagonals,  and  PP  meets 
AD  in  G  ;  prove  that  tlie  rectangle  EA,  AB  is  to  the  rectanglo 
ED,  DC  as  AG  IB  to  GD. 
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3-1.  If  from  the  extremities  of  the  diiimcter  of  a  circle 
tan*4('iit.s  bo  drawn,  any  other  tungont  of  the  circle,  terminated 
by  them,  is  so  divided  at  its  point  of  contact,  that  the  radius 
of  the  circle  is  a  mean  proportional  between  the  set^nients  of 
the  tangent. 

35.  If  the  sides  of  a  trian<;le,  inscrilied  in  the  se;,'ment  of  a 
circle,  be  produced  to  meet  lines  drawn  from  the  extremities 
of  the  biise,  fornung  with  it  angh^s  equal  to  the  an»,fle  in  the 
segment,  the  rectangle  contained  by  tiiese  lines  will  be  equal 
to  the  square  on  the  base. 

36.  Describe  a  parallelogram,  which  shall  be  of  a  given 
altitude,  and  equal  and  ecjuiangular  to  a  given  parallelogram. 

37.  Two  circles  touch  each  other  internally  at  tlie  point  A, 
and  from  two  points  in  the  line  joining  their  centres  perpen- 
diculars are  drawn,  intersecting  the  outer  circle  in  the  points 
i>',  C,  and  the  inner  circle  in  the  points  D,  E.  Shew  that  AB 
is  to  -40  as  AD  is  to  AE. 

38.  Given  of  any  triangle  the  base,  and  the  point,  where  the 
line,  bisecting  the  exterior  vertical  angle,  cuts  the  base  pro- 
duced, find  the  locus  of  the  vertex  of  the  triangle. 

39.  Draw  a  line  from  one  of  the  angles  at  the  base  of  a 
triangle,  so  that  the  part  of  it  cut  off  by  a  line  drawn  from  the 
vertex  ])arallel  to  the  base,  may  have  a  given  ratio  to  the  part 
cut  olf  by  the  opposite  side. 

40.  If  AC  be  drawn  from  A  to  a  point  C  in  the  base  of  the 
triangle  AJM)^  so  that  AED,  ACD  are  similar  triangles,  bhew 
that  DA  touches  the  circle  descritjcd  about  ABC. 

41.  If  the  centres  A,  B,  of  two  circles  be  joined,  and  P  be 
the  point  in  the  line  AB^  from  Avhich  equal  tangents  can  be 
drawn  to  the  circles  ;  the  tangents  drawn  from  any  point  in  ii 
line,  which  passes  through  P  at  right  angles  to  AB  arc  uU 
equaL 

42.  Construct  a  trianglr^  similar  to  a  given  triangle,  and 
having  its  angular  points  upon  three  given  straight  lines,  which 
meet  in  a  point. 
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43.  Let  ABCD  be  any  parallelogram,  BD  its  diagonal. 
Then  the  perpendiculars,  from  A  on  BD,  and  from  B  and  D 
upon  -41)  and  J.^,  shall  all  pass  through  a  point. 

44.  If  a  quadrilateral  be  inscribed  in  a  circle,  its  diagonals 
shall  be  to  one  another  as  the  sums  of  the  rectangles  contained 
by  the  sides  adjacent  to  their  extremities. 

45.  A  square  is  described  on  the  base  of  an  isosceles  triangle, 
remote  from  the  vertex.  Prove  that,  if  the  vertex  be  joined 
to  the  corners  of  the  square,  the  middle  segment  of  the  base 
will  be  to  the  outer  one  in  twice  the  ratio  of  the  perpendicular 
on  the  base  to  the  base. 

46.  The  base  AB  of  an  isosceles  triangle  ABG  is  produced 
both  ways  to  D  and  E,  so  that  the  rectangle  AD,  BE  is 
equal  to  the  square  on  AC.  Shew  that  the  triangles  DAC, 
EBG,  are  similar. 

47.  If  each  of  the  angles  at  the  base  of  an  isosceles  triangle 
be  double  of  the  angle  at  the  vertex,  shew  that  either  side  is  a 
mean  proportional  between  the  perimeter  of  the  triangle,  and 
the  distance  of  the  centre  of  the  inscribed  circle  from  either 
end  of  the  base. 

48.  ABG  is  a  triangle,  and  0  is  the  centre  of  the  circle 
inscribed  in  the  triangle.  Shew  that  J.  0  passes  through  the 
centre  of  the  circle  described  about  the  triangle  BOG, 

49.  Draw  a  line  parallel  to  one  of  the  sides  of  a  triangle,  so 
that  it  may  be  a  mean  proportional  between  the  segments  into 
which  it  divides  one  of  the  other  sides. 

50.  If  an  equilateral  triangle  be  inscribed  in  a  circle,  and 
the  adjacent  arcs  cut  off  by  two  of  its  sides  bo  bisected,  shew 
that  the  line  joining  the  points  of  bisection  will  be  trisected  by 
the  sides.  , 

51.  ABG  is  an  equilateral  triangle,  BC  is  produced  to  D, 
and  GD  is  made  equal  to  BG :  GE  is  drawn  at  right  angles 
to  D0J5,  and  at  A  the  angle  GAE  is  made  equal  to  the  angle 
DGA  ;  DEf  DA  are  drav^n.    Slwjw  that  th«  rectangle  DA^ 
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CE  is  equal  to  the  rectangle  DE^  AC  together  with  the  square 
on  CB, 

62.  Two  straight  lines  AB,  CD,  intersect  in  E.  If  when 
AC,  BD  are  joined,  the  sides  of  the  triangle  ACE,  taken  in 
order,  are  proportionul  to  those  of  the  ti  iungle  JUBE,  taken  in 
order,  shew  that  A^  C\  B,  D,  lie  on  the  circumference  of  the 
saiiie  circle. 

63.  If  any  triangle  be  inscribed  in  a  circle,  and  froni  tl.e 
vertex  a  line  be  drawn  parallel  to  a  tangent  at  either  extremity 
cf  the  base,  this  line  will  be  a  fourth  proportional  to  the  latio 
and  two  sides. 

54.  If  a  triangle  be  inscribed  in  a  semicircle,  and  a  per- 
pendicular be  drawn  from  any  point  in  the  diameter,  meeting 
one  side,  the  circumference,  and  the  other  side  produced  :  the 
segments  cut  otl"  will  be  in  continued  proportion. 

65.  If  ABCD  be  any  quadrilateral  figure  inscribed  in  a 
circle,  and  BK,  JUL  be  perpendiculars  on  the  diagonal  AC, 
shew  that  BK  is  to  DL  as  the  rectangle  AB,  BO  is  to  the 
rectangle  AD,  DC, 

56.  If  a  rectangular  parallelogram  be  inscribed  in  a  right- 
angled  triangle,  and  they  have  the  right-angle  common,  the 
rectangle,  contained  by  the  segments  of  the  hypotenuse,  is 
equal  to  the  sum  of  the  rectangles,  contained  by  the  segments 
of  the  sides  about  the  right  angle. 

57.  If  from  the  vertex  of  an  isosceles  triangle  a  circle  be 
described,  ^.X-ith  a  radius  less  than  one  of  the  equal  sides,  but 
greater  than  the  perpendicular  from  the  vertex  to  the  base, 
the  parts  of  the  base  cut  off  by  it  will  be  equal 

58.  Through  a  fixed  point  -4  on  a  circle,  a  chord  AB  ia 
drawn,  and  produced  to  a  point  M,  so  that  the  rectangle  con- 
tained by  AB  and  AM  is  constant.     Find  the  locus  of  M. 

59.  If  two  sides  of  a  triangle  be  unequal,  the  sum  of  the 
greater  side  and  the  ]ierpciulicn]ar  upon  it  from  the  opposite 
angle  is  greater  than  the  sum  of  the  less  side  and  the  perpen- 
dicular upon  it  froiii  the  opposite  angle. 
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69.  From  one  angle  of  a  triangle,  perpend icul.irs  are  dropped 
on  the  external  bisectors  of  the  other  two  angles  ;  prove  that 
the  dLstance  between  the  feet  of  these  perpendiculars  is  equal 
to  ]i;df  the  sum  of  the  sides  of  the  triangle. 

61.  J.,  jB,  P,  Q,  ii*,  are  five  points  in. the  circu inference  of 
a  circle  ;  7),  (7,  r,  are  the  intersections  of  perpendiculars  of  the 
triangles  ABP^  AUQ,  ABU  respectively ;  prove  that  the 
triangles  FQB,  pqr  are  similar,  equal,  and  similarly  placed. 

62.  AD,  BE,  CF'dTC  perpendiculars  from  the  angular  points 
of  a  triangle  on  the  opposite  sides,  intersecting  in  P.  Prove 
that  the  rectangle  AP,  BC  is  equal  to  the  sum  of  the  rectangles 
FE,  AC  and  PF,AB. 

63.  ABC  is  a  triangle,  and  AD,  AE,  are  drawn  to  points 
D,  E,  in  the  base,  so  as  to  make  equal  angles  with  AB,  AC, 
respectively.  Shew  that  the  square  on  AB  is  to  the  sfpiare  on 
AC  as  the  rectangle  BD,  BE  is  to  the  rectangle  CD,  CE. 

64.  Find  a  straight  line,  such  that  the  perpendiculars,  let 
fall  upon  it  from  three  given  points,  shall  be  in  a  given  ratio 
to  each  other.  ^  . 

65.  Find  a  fourth  proportional  to  three  given  similar 
triangles. 

66.  If  the  sides  of  a  triangle  be  bisected,  and  the  points 
joined  with  tlie  opposite  angles,  the  joining  lines  shall  divide 
each  other  proportionally,  and  the  triangle,  formed  by  the 
joining  lines,  and  the  remaining  side,  shall  bo  equal  to  a  third 
of  the  original  triangle.  .  * 

67.  Find  the  locus  of  a  point,  such  that  the  distance  between 
the  feet  of  the  perpendiculars  from  it  upon  two  straight  lines, 
given  in  position,  may  be  constant. 

68.  ABCD  is  a  parallelogram,  AC,  BD  diagonals.  If 
parallel  lines  be  drawn  through  A,  C,  and  also  through  B,  D, 
the  diagonals  of  all  parallelograms  so  formed  will  pass  through 
the  same  point. 

69.  OPQ  is  any  triangle.  OR  bisects  PQ  in  B ;  FST 
bisects  on  in  S,  and  cuts  OQ  inJT.     Shew  that  OQ=dOT. 
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70.  If  the  side  B(\  of  a  triangle  jihC,  be  bisected  by  a  line, 
which  meets  ^l>aii(l  A(\  produced  if  necessary,  in  i>  and  E 
respectively,  .shew  that  xiE  is  to  EC  as  ^l/>  ij,  to  DB. 

71.  Two  circles  are  dralvn  in  the  same  plane,  luivini,'  a  com- 
mon centre  C.  If  the  tan^^ent,  at  any  point  V  of  the  inner 
circle,  meet  the  outer  in  (,),  and  be  produced  both  ways  to 
points  A^  B,  such  that  QA,  QB,  are  each  of  them  equal  to  QC, 
the  area  of  the  triangle  CAB  will  be  constant. 

72.  From  P,  a  point  without  a  circle,  whose  centre  is  (7, 
two  tangents  PA,  FB,  are  drawn,  and  also  a  line,  meeting  the 
circle  in  D,  and  AB  in  E.  If  CF  be  perpendicular  to  Fi), 
then  FD  is  a  mean  proportional  between  FF  and  FE. 

73.  Three  circles  touch  the  sides  of  a  triangle  ABC  in  the 
points  where  the  inscribed  circle  touches  them,  and  touch 
each  other,  in  the  points  G,  II,  K.  Prove  that  AG,  BH  and 
CK  meet  in  a  point. 

74.  If  ABC  be  a  right-angled  triangle,  and  EF,  parallel  to 
BC,  the  hypotenuse,  meet  AB,  AG  in  E,  F,  then  EH,  FL, 
AK  being  drawn  perpendicular  to  BC,  shew  that  the  difference 
of  the  rectangles  CK,  CII  and  BL,  BK  is  equal  to  the  differ- 
ence of  the  squares  on  AB,  AC. 

75.  From  a  point  A  in  the  circumference  of  a  circle  two 
chords  AB,  AC  are  drawn,  cutting  oft*  arcs  greater  than  a  quad- 
rant and  less  than  a  semicircle  ;  and  from  the  extremity  B  of 
tlif  greater  chord,  a  line  BD  is  drawn  in  a  direction  perpendi- 
cular to  that  of  the  diameter  through  A,  and  meets  AC  pro- 
duced in  D.     Shew  that  AD  is  to  AB  as  AB  is  to  AG. 

76.  Two  circles  intersect,  and  through  a  point  of  intersection 

two  lines  are  drawn,  terminated  by  the  circumferences  of  both 

circles  ;  one  of  these  lines  remains  fixed,  while  the  other  may 

have  any  position.     Shew  that  the  locus  of  the  intersection  of 

the  lines  joining  their  extremities  is  a  circle. 

> 

77.  If  the  side  jBC  of  an  equilateral  triangle  ABC  be  pro- 
duced to  any  point  I>,  and  AD  be  joined,  and  if  a  straight  line 
CE  be  drawn  parallel  to  A  B,  cutting  AD  in  E,  prove  that  the 
square  on  AE  is  to  the  rect.  DA,  DE  as  the  rect.  CE,  CB  is  to 
the  square  on  DG, 
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78.  In  a  triangle,  right-angled  at  Ay  if  the  side  ^Obe  double 
of  ABj  the  angle  B  is  more  than  double  the  angle  G, 

79.  From  the  obtuse  angle  of  a  triangle  draw  a  line  to  the 
base,  which  shall  be  a  mean  proportional  between  the'segments, 
into  which  it  divides  the  base. 

80.  AB^  ^C  are  two  straight  lines,  B  and  C  given  points  in 
the  same;  BD  is  drawn  perpendicular  to  AC^  and.  i>£  per- 
pendicular to  AB  ;  in  like  manner  CF  is  drawn  perpendicular 
to  AB,  and  FG  to  AG.    Shew  that  EG  is  parallel  to  BG. 

81.  ^J5  is  the  diameter  of  a  circle,  and  GD  a  chord  at  right 
angles  to  it,  E  any  point  in  GD.  If  AE  and  BE  be  drawn 
and  produced  to  cut  the  circle  in  F  and  Gy  the  quadrilateral 
FGGD  has  any  two  of  its  adjacent  sides  in  the  same  ratio  as 
the  remaining  two. 

82.  ADEB  is  a  semicircle ;  AB  the  diameter ;  DF,  EG 
perpendiculars  on  the  '^'iameter  ;  G  the  centre  of  a  circle,  which 
touches  the  semicircle  and  these  perpendiculars  ;  and  GH  is 
drawn  perpendicular  to  the  diameter.  Shew  that  GH  is  a 
mean  proportional  between  A  F  and  BG.    • 

83.  Divide  a  straight  line  in  a  given  ratio,  and  produce  it 
so  that  the  whole  line  thus  produced  shall  be  to  the  part  pro- 
duced in  the  same  ratio  ;  shew  that  the  circle  described  on  the 
line  between  the  two  points  of  section,  as  diameter,  is  such, 
that  if  any  point  of  its  circumference  be  joined  with  the  ex- 
tremities of  the  given  line,  the  straight  lines  so  drawn  shall 
also  be  in  the  given  ratio. 

84.  If  any  secant  be  drawn  tlsrough  tlie  intersection  of  two 
tangents  to  a  circle,  and  if  the  points  of  intersection  be  joined 
to  the  points  of  contact  of  the  tangents,  shew  that  the  rect- 
angles under  the  pairs  of  opposite  sides  of  the  quadrilateral 
formed  by  the  joining  lines  are  equal. 

85.  Triangles  on  the  same  base,  and  with  equal  Tertical 
angles,  are  to  one  another  as  the  products  of  their  sides. 

8G.  A  line  AGBD  is  divided,  so  that  AG  is  to  GB  as  AD  i.s 
to  DB.  Shew  that  a  semicircle,  described  on  CD,  is  the  lociu 
of  P,  such  that  AP  k  to  PBs^  AG  is  to  GB, 
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87.  If  the  two  diajjonals  of  a  quadrilateral,  inscribed  in  a 
circle,  be  given,  shew  that  the  quadrilateral  is  greatest,  when 
they  are  at  right  angles. 

*  88.  ABC  is  a  triangle,  D,  E^  the  middle  points  of  AB^  ACf 
and  BE,  CD,  moot  in  F  :  a  triangle  is  drawn,  having  its  sides 
parallel  to  AF,  BE,  CF.  Shew  that  the  lines,  joining  its  angular 
points  to  the  middle  points  of  its  opposite  sides,  will  be  paralhd 
to  the  sides  of  the  triangle  ABC. 

89.  A  circle  rolls  within  another,  of  twice  its  radius  :  if  P  be 
the  point  of  contact,  and  A  a  given  point  of  the  rolling  circle, 
PA  will  be  constant  in  diicction. 

90.  Two  circles  intei-sect  ;  the  line  ATTKB  joining  their 
centres  A,  B,  meets  tlicm  in  II,  K.  On  AB  is  described  an 
equilateral  triangle  AliC,  whose  sides  i>(',  ^0  intersect  the 
circles  in  F,  E.  FE  produced  meets  BA  produced  in  G. 
Shew  that  as  GA  is  to  GK,  so  is  CF  to  CE,  and  so  also  is  GH 
to  GB. 

91.  ABC  is  a  triangle  inscribed  in  a  circle,  and  perpendiculars 
are  drawn  from  any  point  in  the  circumference  to  the  sides  of 
the  triangle.  Prove  that  the  points  in  which  they  meet  the 
sides  are  in  one  straight  line. 

92.  An  isosceles  triangle  has  one  of  its  equal  sides  a  mean 
proportional  between  two  sides  of  another  triangle.  If  these 
two  sides  include  the  same  angle  as  the  vertical  angle  of  the 
isosceles  triangle,  shew  that  the  triangles  are  equal. 

93.  Two  triangles  ABC,  BCD,  have  the  side  BC  common, 
the  angles  at  B  equal,  and  the  angles  ACB,  BDC  right  angles. 
Shew  that  the  triangle  ABC  is  to  the  triangle  BCD  as  J  £  is 
toJBD. 

94.  Given  the  straight  line  which  is  drawn  from  the  vertex 
of  an  equilateral  triangle  to  a  point  of  trisection  of  the  base, 
find  the  side  of  the  triangle. 

95.  Straight  lines  being  drawn  from  the  angular  points  A, 
B,  C,  of  a  triangle  through  any  the  same  point,  so  as  to  cut  the 
opposite  sides  respectively  in  a,  b,  c,  shew  that  the  rectangle 
Ab,  Be  is  to  the  rectangle  Ac,  Ba  as  Cb  is  to  Co. 
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9C.  AJjCD  is  a  quafliilateral  inscrilied  in  a  circle,  nnd  its 
diji}^onn!.s  intc.^i'ct  in  F.  Show  tliat  tlic  rectangle  AF,  Fl)  is  to 
the  icctanp;lc  LF,  FiJ  as  tlie  square  on  AT)  is  to  tiio  S(iuaro 

on  nc. 

97.  ABCD  is  a  quarlrilatcral  figure  whoso  opposite  angles 
Jive  not  supplemental  ;  the  circle  describerl  about  AUD  cuts 
DC  in  F,  and  the  circle  d,cacribed  about  BCF  cuts  A  /*>  in  F. 
Shew  that  the  triangle  AF>F  is  equiangular  to  tlic  trian-^le  BCD^ 
and  the  triangle  FCF  to  the  triangle  ABD. 

08.  ACB  is  a  trinngle  whereof  the  side  AC  is  produced  to 
D  until  CD  is  equal  to  AC  \  and  BD  is  joined:  shew  that  if 
any  lino  drawn  parallel  to  AB  cuts  the  sides  AC  imd  CB,  and 
from  the  points  of  section  lines  be  drawn  parallel  to  DB,  these 
will  meet  AB  in  points  equidistant  from  its  extremities. 

no.  A  and  B  are  fixed  [)o;ut9,  and  AC,  BD  are  perpendi- 
culars on  CD,  a  given  stra^,d)t  line  :  the  straight  lines  AD,BC, 
intersect  in  E,  and  7'i'i^  is  drawn  perpendicular  to  CD,  Show 
that  FJF  bisects  the  angle  AFB. 

H)[).  If  0  be  the  centre  of  a  circle  circuuiscribed  about  the 
triangle  ABC,  obtu.se-angled  at  C,  and  if  on  06' as  diameter  n 
circle  be  described  meeting  AB  in  D  and  F,  then  either  CD  or 
CF  shall  be  a  mean  proportional  between  the  segments  into 
which  they  respectively  divide  AB. 

101.  The  exterior  angle  CBD  of  the  triangle  ABC  is  bisected 
by  the  line  BE,  which  cuts  the  base  produced  in  F.  Shew  that 
the  square  on  BF,  together  with  the  rectangle  ABy  BC,  is 
equal  to  the  rectangle  AE,  EG. 

102.  ABCD  is  a  quadrilateral  figure  inscribed  in  a  circle ; 
BA,  CD,  are  produced  to  meet  in  F,  and  AD,  BC,  are  pro- 
duced to  meet  in  Q.    Prove  that  PC  is  to  PB  as  QA  is  to  QB. 

Also,  shew  that  half  the  sum  of  the  angles  at  P  and  Q  is 
equal  to  the  complement  of  the  opposite  angle  ABC  of  the 
quadrilateral  figure.  / 

303.  Having  given  the  vertical  angle,  and  the  ratio  of  the 
sides  containing  it,  and  also  the  diameter  of  the  circumscribing 
circle^  coufitruct  the  triangle. 
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i04.  From  tlio  centre  of  a  {j;ivon  circle  draw  a  sti;ii^ht  lino 
to  meet  a  t;iven  tanj^^'iit  to  the  circle,  so  that  the  sej^ment  of 
the  line  between  the  circle  and  the  tangent  shall  be  any  required 
part  of  the  tangent. 

105.  Find  a  point  the  distances  of  wliich  from  three  ^^ivou 
points  not  in  the  f-anic  straight  line  arc  pn  i.i.rtional  to  j»,  </,  r 
respectively,  the  four  points  being  in  the  s^ame  jilane. 

lOf).  AB  is  the  diameter  of  n  circle,  /)  any  point  in  the 
circnniferenco,  and  C  the  middk'  point  of  the  arc  A  l>.  If  AC, 
AD,  BC,  be  joined,  and  AD  cut  BC  in  E,  the  circle  described 
.ibout  the  triangle  A  EH  will  touch  AC,  and  its  diameter  will 
be  a  third  proportional  to  7^0  ami  AB. 

107.  From  a  given  point  A  a  vaiiable  straight  line  is  drawn, 
meeting  a  fixed  ytraight  line  in  P,  :ind  a  point  Q  is  taken  on 
it  80  that  the  recti! nglo  AP,  AQ  \6  constant.  Find  the  locus 
of  Q. 

108.  On  a  given  base  describe  a  rectangle,  which  shall  be 
equal  to  the  difl'ereuce  of  the  squares  on  two  given  straight 
lines,  any  two  of  the  three  given  lines  ^being  together  greater 
ilian  the  third. 

109.  If  the  exterior  angles  of  a  triangle  be  bisected  by 
straight  lines,  forming  another  triangle,  shew  that  the  two 
triangles  cannot  be  similar,  unless  they  be  each  equilateral. 

110.  If  ABC,  A'BC  be  similar  triangles,  and  AB^AV, 
shew  the  areas  of  the  triangles  are  as  ^C  to  A'B'. 

111.  The  alternate  angles  of  a  regular  hexagon  are  joined : 
shew  that  the  area  of  the  hexagon  formed  by  the  intersections 
of  the  joining  lines  is  one-third  of  the  original  hexagon. 

112.  A  triangle  is  divided  by  a  straight  line  parallel  to  the 
base  into  two  parts,  the  areas  of  which  are  as  1  to  8 :  how 
does  the  straight  line  divide  the  sides  ? 

113.  The  line  AD  is  divided  into  three  equal  parts  in  the 
points  B  and  0;  a  circle  is  described  with  B  as  centre  and 
BA  as  radius,  and  any  circle  cutting  this  is  described  with  D 
as  centre.    Shew  that  if  a  ciiurd  to  both'  the  circles  be  drawn 
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from  -4,  through  one  of  the  points  of  intersection,  it  will  be 
bisected  by  this  pointf 

114.  ABC  is  an  ncu'te-nnirlecl  trianjjle,  E  and  F  aro  tho 
middle  points  of  the  sido.s  AH  and  AC.  Sliew  that  a  lino 
drawn  from  7i',  equal  to  EA,,^^  meet  the  base,  and  another 
from  F,  equal  to  FA,  also  to  meet  it,  will  intersect  the  base 
at  the  same  point. 

Hence  explain  how,  by  folding  a  piece  of  paper  such  as  the 
triangle  ABC,  it  may  bo  shewn  that  the  three  angles  of  a 
triangle  are  equal  to  two  right  angles. 

115.  If  ABC,  AJJE  be  two  equal  triangles  having  the  angles 
BAC,  DAE  equal,  and  if  they  be  placed  so  that  BA,  AE  are 
in  a  straight  line,  as  also  CA  imdAD  ;  and  if  i>C,  VE  be  pro- 
duced to  meet  in  F,  prove  that  FA  will  bisect  CE  and  also 
BD. 

116.  Within  a  circle,  whose  diameter  is  ^J5,  another  circle 
is  inscribed,  touching  the  outer  circle  in  A,  and  passing 
through  its  centre  0.  From  a  point  X,  in  AB,  a  line  NQP  is 
drawn  perpendicular  to  AB,  meeting  the  inner  circle  in  Q,  and 
the  outer  circle  in  P\  AN  being  equal  to  one-sixth  of  AB. 
Prove  that  the  duplicate  ratio  of  JSQ  to  KF  is  equal  to  the 
ratio  of  2  to  5. 

117.  Describe  a  square,  which  shall  be  equal  to  the  sum  of 
a  given  square  and  a  given  rectangle,  a  side  of  the  given  square 
being  greater  than  half  the  diflerence  of  the  two- sides  contain- 
ing the  rectangle. 
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INTRODUCTORY  REMARKS. 

In  BooU  t.  Dt'f.  7.,  it  is  laid  down  that  a  Piano  Surface  is 
one  ill  which,  if  any  two  points  be  taken,  the  straight  line  be» 
twcen  tiu'in  lies  wholly  in  tliat  surface. 

This  definition  should  be  extended  by  the  addition  of  the 
folloNvinj^  words,  aud  if  the  .straight  li)ie  be  jfroduccd,  every  point 
in  the  part  2^roduccd  will  lie  in  the  plane. 

Euclid  professes  to  prove  tliis  in  the  first  Proposition  of 
Book  XI.,  width  is  thus  enunciated:  "one  part  of  a  strai^^ht 
line  cannot  be  in  a  plane,  and  another  part  out  of  the  plane." 

But  this  has  been  assumed  ai^fain  and  a<,';»in  in  the  proofs  of 
earlier  propositions  ;  thus,  for  example,  we  have  called  a  circle 
a  plane  Jigaref  and  hnviiifj  drawn  any  radius  to  a  circle  we  hnve 
jissumed  that  the  radius,  produced  within  the  circumference, 
will  meet  the  circumference. 

From  the  extended  definition  of  a  Plane  Surface  it  follows 
that  a  straic^ht  line,  which  meets  a  plane,  must  either  lie 
entirely  in  that  plane,  or  meet  it  in  one  point  only  ;  for  if  il 
mot  the  plane  in  Tk"o  points,  it  would  lie  entirely  in  the  i)lane. 

The  Definitions  given  at  the  commencement  of  Book  xi. 
relate  partly  to  Plane  Surfaces  and  partly  to  Solid  Figures. 
By  a  slight  cliange  in  the  order  in  which  they  stand  in  the 
Greek  text,  we  obtain  the  advantage  of  arranjfins  them  in 
accordance  with  this  twofold  division. 

Di:finitions. 

Relating  to  Plan,  Surfaces, 

T.  A  Plane  Surface  is  one  in  which,  if  any  two  points  be 
taken,  the  straight  line  between  them  lies  wholly  in  that  sur- 
face ;  and  if  the  straight  line  be  produced,  every  point  in  the 
part  produced  will  lie  in  the  plane. 
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II.  When  a  strai<^lit  line  is  at  right  angles  to  tvtnj  straight 
line  in  a  plane  which  meets  it,  it  is  said  to  be  perpendicular  to 
the  plane. 

Note.—  It  will  be  shown  in  Prop.  iv.  that  when  a  straight 
line  is  at  right  angles  to  each  of  two  other  straight  lines  in 
a  plane,  which  meet  it,  it  is  at  right  angles  to  every  other 
straight  line  in  the  plane  which  meets  it. 

III.  A  plane  is  perpendicular  to  .1  plane,  when  the  straight 
lines,  drawn  in  one  of  the  planes  perpendicular  to  the  conimoD 
section  of  the  two  planes,  arc  perpendicular  to  the  other  plane. 

IV.  The  inclination  of  a  straight  line  to  a  plane  is  the  acute 
angle,  contained  by  that  straight  line  and  another,  drawn 
from  the  point  at  which  the  first  line  meets  the  plane,  to  the 
point  at  which  a  perpendicular  to  the  plane,  drawn  from  any 
point  of  the  first  line  above  the  plane,  meets  tlie  same  plane. 

V.  The  inclination  of  a  plane  to  a  plane  is  the  acute  angle, 
contained  by  two  straight  lines,  drawn  from  any  the  same 
point  of  their  common  section,  at  right  angles  to  it,  one  in  one 
plane,  and  the  other  in  the  othor  plane. 

VI.  Two  planes  are  said  to  have  the  same'  inclination  to  one 
another,  which  two  other  planes  have,  when  the  said  angles  of 
inclination  are  equal  to  one  another. 

VII.  Parallel  planes  are  such  as  do  not  meet  one  another 
though  produced. 

lidating  to  Solid  Figures. 

VIII.  A  Solid  is  that  which  has  length,  breadth,  and  thick- 
ness. 

IX.  That  which  bounds  a  solid  is  a  superficies.  ■ 

X.  A  Solid  Angle  is  that,  which  is  made  by  the  meeting  of 
more  than  two  plane  angles,  which  are  not  in  the  same  plane, 
at  one  point  . 
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Definitions  I.  to  X.  are  all  that  are  required  in  the  part  of 
Book  XI.  included  in  this  work.  Those  which  follow  are 
necessary  to  the  explanation  of  some  of  the  terms,  which  will 
be  found  in  the  Exercises  and  Examination  Papers. 

XL  Similar  solid  figures  are  such,  as  hove  all  their  solid 
angles  equal,  each  to  each,  and  are  contained  by  the  same 
Clumber  of  similar  planes. 

XII.  A  Pyramid  is  a  solid  figure,  contained  by  planes,  which 
<ire  constructed  between  one  plane  and  one  point  above  it,  at 
"which  they  meet. 

XIII.  A  Prism  is  a  solid  figure,  contained  by  plane  figures, 
of  which  two  that  are  opposite  are  equal,  similar,  and  parallel 
to  one  another ;  and  the  others  are  parallelograms. 

XIV.  A  Sphere  is  a  solid  figure,  described  by  the  revolution 
of  a  semicircle  about  its  diameter,  which  remains  fixed. 

XV.  The  Axis  of  a  Sphere  is  the  fixed  straight  line,  about 
which  the  semicircle  revolves. 

XVI.  The  Centre  of  a  Sphere  is  the  same  with  that  of  the 
semicircle. 

XVII.  The  Diameter  of  a  Sphere  is  any  straight  line,  which 
passes  through  the  centre,  and  is  terminated  both  ways  by  the 
superficies  of  the  sphere. 

XVIII.  A  Cone  is  a  solid  figure,  described  by  the  revolution 
of  a  right-angled  triangle  about  one  of  the  sides  containing  the 
right  angle,  which  side  remains  fixed.  If  the  fixed  side  be 
equal  to  the  other  side  containing  the  right  angle,  the  cone  is 
called  a  right-angled  cone  ;  if  it  be  less  than  the  other  side,  an 
obtuse-angled  cone  ;  and  if  greater,  an  acute-angled  cone. 

XIX.  The  Axis  of  a  Cone  is  the  fixed  straight  line,  about 
which  the  triangle  revolves. 
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XX.  The  Base  of  a  Cone  is  the  circle,  described  by  that  side, 
containing  the  right  angle,  which  revolves. 

XXI.  A  Cylinder  is  a  solid  figure,  described  by  the  revolu- 
tion of  a  rectangle  about  one  of  its  sides,  which  remains  fixed. 

XXII.  The  Axis  of  a  Cylinder  is  the  fixed  straight  line  about 
which  the  rectangle  revolves. 

XXIII.  The  Bases  of  a  Cylinder  are  the  circles,  described  by 
the  two  revolving  opposite  sides  of  the  rectangle. 

XXIV.  Similar  cones  and  cylinders  are  those  which  have 
their  axes  and  the  diameters  of  their  bases  proportionals. 

XXV.  A  Cube  is  a  solid  figure,  contained  by  six  equal 
squares. 

XXVI.  A  Tetrahedron  is  a  solid  figure,  contained  by  four 
equal  and  equilateral  triangles. 

XXVII.  An  Octahedron  is  a  solid  figure,  contained  by  eight 
equal  and  equilateral  triangles. 

XXVIII.  A  Dodecahedron  is  a  solid  figure,  contained  by 
twelve  equal  pentagons,  which  are  equilateral  and  equiangular. 

XXIX.  An  Icosahedron  is  a  solid  figure,  contained  by  twenty 
equal  and  equilateral  triangles. 

XXX.  A  Parallelepiped  is  a  solid  figure,  contained  by  six 
quadrilateral  figures,  of  which  every  opposite  two  are  parallel. 

POSTULATK 

Let  it  be  granted  that  a  plane  may  be  made  to  pass  through 
any  given  straight  line. 
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PRorosiTioN  I.    Theorem.    (Eucl.  xi.  2.) 

If  two  straight  lixes  wed  one  another,  a  plane  can  he  drawn 
to  contain  both ;  and  every  plane  containing  both  must  coincide 
with  the  aforesaid  plane. 


Let  the  two  st.  lines  -40,  BC  meet  in  G. 

TJien  a  plane  can  he  drawn  to  contain  AC  and  BO. 
Let  any  plane  BF  be  drawn  to  contain  AO,  Post. 

and  let  BF  he  turned  about  AC  till  it  pass  through  B. 
Then  ".•  B  and  C  are  points  in  the  plane  EF^ 

.-.  BC  lies  in  the  plane  EF.  XI.  Def.  1. 

Also,  any  plane  containing  AC  and  BC  must  coincide  ivith  EF. 
For  let  Q  be  any  point  in  a  plane  containing  AC  and  BC. 
Draw  QMN  in  this  plane  to  cut  BC,  AC  in  M  and  N. 
Then  ■.'  M  and  N  are  points  in  the  plane  EF, 

.'.  ^  is  a  point  in  the  plane  EF.  XI.  Def.  1; 

Similarly,  any  point  in  a  plane  containing  AC,  BC  must  lie 
in  i;;i^^; 

and  .*.  any  plane  containing  AC,  BC  must  coincide  with  EF. 

Q.  E.  D. 


Cor.  I.  Hence  it  follows  that  a  plane  is  completely  determined 
hy  the  conditioii  that  it  passes  through  iwo  intersecting  straight 
lines,  .    , 
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Cor.  II.  A  straiijht  line  and  a  j^oint  without  the  line  ddcrmina 
a  plane.  , 


ii:i 


Let  AB  be  a  straight  line,  and  C  a  point  without  AB. 
Draw  the  st.  line  CD  to  any  point  D  in  AB. 
Then  one  pUine  can  be  drawn  to  contain  AB  and  CD.       XI.  L 

.'.  one AB  and  C. 

Again,  any  plane  containing  AB  must  contain  D, 

.*.  any  plane  containing  AB  and  C  must  contain  CD  also. 
But  tliere  is  only  one  plane  that  can  contain  AB  and  CD, 

.\  there  is  only  one  plane    AB  and  C. 

**  Hence  the  plane  is  completely  determined. 

Cor..  III.  Three  ijoints,  not  in  the  same  straight  line,  determine 
a  plane. 

For  let  A,  B,  C  be  three  such  points  (fig.  Cor.  2). 
Draw  the  straight  line  AB. 

Then  a  plane,  which  contains  A,  B  and  C,  must  contain  AB 
and  0,- 

•  and  a  plane,  wliich  contains  AB  and  C,  must  contain  A,  B,  C. 
Now  AB  and  C  are  contained  by  one  plane,  and  one  only, 

Cor.  k 
.'.  A,  B,  C  are  contained  by  one  plane,  and  one  only. 
Hence  the  plane  is  completely  determined. 

•  Cor.  IV.  Two  parallel  lines  determine  a  plane. 

For,  by  the  definition  of  parallel  lines,  the  two  lines  are  in 
the  same  plane,  and  as  only  one  plane  can  be  drawn  to  contain 
one  of  the  lines  and  any  point  in  the  other  line,  it  follows  that 
only  one  plane  can  be  drawn  to  contain  both  lines. 


[Book  XX. 


Book  XI.] 


pRorosrrioisf  //. 


3n 


.c  ddcrminG 


at  JIB. 

W.       XL  L 

a 

A 

uin  CD  also. 
J3  and  CD, 
B  and  C. 


[i?ic,  determine 

W 
it  contain  ^1I> 

latain  A,  B,  C. 
land  one  only, 
Cor.  ± 
only. 


lines  are  in 
Iwn  to  contain 
tt  follows  that 


rnorosiTiox  11.     TiiF.or>F.M.     (End.  xi.  3.) 

If  t)ro  I  lanes  cut  one  another,  their  common  section  mmt  ha 
*i  straight  line. 


bs. 


Let  AB  and  CD  be  two  planes  that  cut  one  another. 
Then  must  their  common  section  he  a  straight  line. 

Let  M  and  N  be  two  points  common  to  both  planes. 

Draw  the  straight  line  3/^.  '^ 

Then  '.•  M  and  N  are  common  to  both  planes, 

.'.  the  St.  line  MNMes  in  both  planes.  XI.  Def.  1. 

A.nd  no  point,  out  of  this  line,  can  bo  common  to  buth  planes. 

For,  if  it  be  possible,  let  P  be  such  a  point. 

But  there  can  be  but  one  plune  common  to  the  point  P  and 
the  St.  line  MX.  XL  1,  Cor.  2. 

.  *.  P  is  not  common  to  both  planes. 

Hence  every  point  in  the  common  section  of  the  planes  lies 
in  the  straight  line  MX. 

'  .  '  Q.  E.  D. 

I^ote. — The  Propositions  which  follow  are  numbered  as  in 

Euclid. 
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Proposition  IV.    Theorem. 

If  a  straight  line  stand  at  right  angles  to  each  of  two  straight 
lines,  at  the  point  of  their  intersection,  it  must  alsohe  at  right 
angles  to  the  plane  that  passes  through  them. 


Let  the  st.  line  EF  he  ±  to  each  of  the  st.  lines  AB,  CP, 
at  E,  the  pt.  of  their  intersection.  ' 

TJien  must  EF  leLto  the  plane  passing  through  AB,  CD. 

Make  AE,  EB,  CE,  ED,  all  equal  to  one  another, 
and  through  E,  draw,  in  the  plane  in  which  AB,  CD  arc, 
any  st.  line  GEH,  and  join  AD,  CB. 

Take  any  pt.  F,  in  EF,  and  join  FA,  EG,  FD,  EC,  FII,  FB. 
Thenin  AS  J[^D,  jBEO, 

•••  AE^BE^?^n^  DE=CE,  and  z  AED=  z  BEC,  I.  15, 
.-.  AD=BC,  and  z  DAE=  z  CBE,  I.  4. 

Then  in  as  AEG,  BEH, 

'.•'i  AEG  =  L  BEH,  and  z  GAE  =  z  HBE,  and  AE=BE, 
.-.  GE=HE,  and  AG=BB',  I.  b.  p.  17. 

Then  in  AS  AEF,BEF, 
V  4E  =  BE^  and  EF  is  common,  and  rt.  z  AEF==Ti.  t  BEF, 

,'.4F=BF.  Li 
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So  also,  CF=DF 
Then  in  AS  ADF,BCF, 
V  AD=BG,  and  AF=BF,  and  DF=CF 
■      .'.  I  DAF  =  I  CBF. 
Again,  in  L8AFG,BFH, 

•.•  AF=BFj  and  AG=BH,  iindiFAG=i  FBIl, 

,\FG=FH.  1.4. 

Then  in  A  BFEG,FFHy 

•••  GE=HL\  and  ^i^  is  common,  and  FG=FH, 

.'.lFEG=  lFEH.  I.  c. 

./.  EFiB  JLto  GH. 


In  like  manner  it  may  be  shown  that  EF  is  ±  to  every  st. 
lisie  which  meets  it  in  the  plane  passing  throii^^h  AB,  GD. 
^\  JtIF  Ih  ;,  to  the  plane,  b  which  AB,  GD  arc.  XI.  Def.  2. 

Q.E.  a 


AB,  CD. 

18    another, 

B,  CD  are, 

C,  FII,  FB. 

BEC,  1. 15. 
1.4. 

AE=BE, 
I.  B.  p.  !"• 
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PnorosiTioN  Y.    Theorem. 

J  J  three  i^fntvjhf  Jims  onat  all  at  ove  point,  avd  c  r^lrolt/ht 
line  stand  at  ri'jlit  enu/Ics  to  ((uJi.  of  them  at  tJtat  jjolnt,  the.  three 
straight  lines  must  be  in  one  and  the  same  ijlam. 


Lot  the  St.  line  AB  be±to  each  of  the  st.  lines  BC,  BD, 
BE,  at  i>,  the  pt.  where  they  meet. 

TJien  must  BC,  BD,  BE  he  in  one  ana  the  same  plane. 

If  not,  let  BD,  BE  be  in  one  plane,  and  BC  without  it,  and 
let  a  plane,  passing  through  AB,  BC,  cut  the  plane,  in  which 
BD  and  BE  are,  in  the  st.  line  BF.  XL  2. 

Then  AB,  BC,  BF  are  all  in  one  plane. 
And  •••  AB  is  J.  to  BD  and  BE, 

.'.  AB  is±  to  the  plane  in  which  BD  and  BE  arc,  XI.  4. 
and  .*.  AB  is±to  BF,  a  st:  line  in  that  plane.        XL  Def.  2. 
Thus  z  ABi  is  a  rt.  z  , 

and  z  ABC  is  a  rt.  z  ;  Hyp. 

.'.iABC=iABF, 
the  less  =  the  greater,  which  is  impossible. 

.'.  BC  is  not  without  the  plane,  in  which  BD,  BE  are, 
and  .'.  BC,  BD,  BE  are  in  one  and  the  same  plane. 


Q.  E.  D. 
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Proposition  VI.    Theorem. 

If  tico  straight  lines  be  at  right  angles  to  the  same  plane,  they 
must  be  parallel  to  one  another. 


Let  the  st.  lines  AB,  CD  be  J.  to  the  same  plane.  ^ 
Then  tnust  AB  be  \\  to  CD. 

Let  AB,  CD  meet  the  ph\ne  in  the  pts.  B,  D. 

Ooin  BD,  and  draw  DE±  to  BD,  in  the  same  piano.     I.  11 

Make  DE  =  AB,  and  join  BE,  AE,  AD. 
Then  •.•  AB  is±  to  the  plane, 

.-.  AB  is±  to  BD  and  BE,  XL  Def.  2. 

and  .'.  each  of  the  z  s  ABD,  ABE  is  a  rt.  z  . 
So  also,  each  of  the  z's  CDB,  CDE  is  a  it.  z  . 

Then,  in  AS  ^^A  ^'^^', 
•••  AB  =  ED,  and  BD  is  common,  and  rt.  z  ABD=vt.  z  EDB. 

.'.DA  =  BE,  l.i. 

Agam,  in  as  ABE,  EDA, 

','  AB  =  ED,  and  BE  =  DA,  and  AE  is  common, 

.:  L  ABE  =  I  EDA.  L  c. 

But  z  ABE  is  a  rt.  z  ; 

<  •>  /.  EDA  is  a  rt.  z  ^ 
and  .*.  ED  is  ±  to  AD. 

Thus  ED  isxto  BD,  AD,  CD,  at  the  pt.  where  they  meet, 
and  .•.  BD,  AD,  CD  are  all  in  one  plane.         XI.  5. 
But  AB  is  in  the  plane,  in  which  BD  and  AD  are  ;    XIj  1. 
and  .*.  AB,  BD,  CD  are  all  in  one  plane. 
Then  *.•  each  of  the  z  s  ABD,  CDB  is  a  rt.  z  , 

.-.^^  is  II  to  CD.  L28, 
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Proposition  VII.    Theorem. 

If  two  atralffht  lines  be  paralhl,  the  straiyht  line  dfaivnfrnm 
any  point  in  the  one  to  an  ij  point  in  the  other,  is  in  the  same 
plane  with  the  parallels. 


Let  AB  and  CD  be  parallel  straight  lines. 
Take  any4)ts.  E,  F  in  AB  and  CD. 

Then  must  the  st.  line  joining  E  and  F  he  in  the  same  plane  as 

AB,  CD. 

If  not,  let  it  be  without  the  plane,  as  EGF. 

In  the  plane  ABCD,  in  which  the  parallels  are, 
draw  the  st.  line  EHF  from  E  to  F. 

Then  the  two  st.  lines  EGF,  ElIF  enclose  a  space, 
which  is  impossible.  I.  Post.  5. 

.*.  the  St.  line  joining  E  and  F  cannot  be  out  of  the  plane, 
in  which  the  parallels  AB^  CD  are. 

^.  it  is  in  that  plane. 

Q.  E.  D. 

Note. — We  have  proved  this  Proposition  as  Oor.  iv.  to 
Prop.  I. 
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Proposition  VIII.    Theorem.  /  i 

If  two  8tra{(iht  lines  be  parallel,  and  one  of  them  he  at  right 
avfjlcs  to  a  plane,  the  other  must  be  at  right  angles  to  the  same 
plane. 


1 1 
^1 


Let  AB,  CD  be  two  ||  st.  lines, 
and  let  one  of  then ,  ^  i5,  be  ±  to  a  plane. 

Then  must  CD  be  i  to  the  same  plane. 

Let  AB,  CD  meet  the  plane  in  the  pts.  B,  D  ;  and  join  BD; 
then  AB,  BD,  CD  are  all  in  one  plane.  XI.  7. 

In  the  plane,  to  which  AB  ia  ±,  draw  DE A.  to  BD, 

make  DE=AB,  and  join  BE,  AE,  AD. 
Then  •.'  AB  is  ±  to  the  plane, 

.*.  each  of  the  z  s  ABD,  ABEhfi  rt.  i  ;     XI.  Def.  2. 
and  *.•  BD  meets  the  II  st.  lines  AB,  CD, 

,\  L  8  ABD,  CDB  together  =  two  rfc.  z  s,  I.  29. 

and  .*.  L  CDB  is  a  rt.  L  ,  and  CD  is  ±  to  BD, 
Then  in  the  AS  Ji]D,  ^D7?, 

;•  AB=ED,  and  BD  is  common,  and  rt.  z  -4^D=rt.  z  EDB. 

.'.  AD=EB.  I.  4. 

Then  in  ^a  ABE,  EDA, 

•.•  AB=ED,  and  AE  is  common,  and  EB=AD.         , 
.-.  z  ABE  =  z  EDA  ;  I.  a 

and  .'.  z  EDA  is  a  rt.  z  . 

Hence  Ei)  is  ±  to  D^,  and  it  is  also  x  to  BD,  by  constr., 

.*.  ED  is  X  to  the  plane  in  which  DA,  BD  are,   XL  4. 

aud  .*,  ^i>  is  x  to  il(7,  which  is  in  that  plane.    XI.  D*'^  % 
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Ileiuc  (7)  is  i.  to  />/;. 
Now  i  'f)  \h  X  to  j>n. 

.'.  i  'IJ  Is  i.  to  tlio  plane  pnssiiirj  thron<jrli  IjE,1>B.     X  [.  i. 
.*.  CD  is  J.  to  the  plane  to  which  AU  is  x . 

Q.  K.  D. 


PnorosiTioN  IX.    Theorkm. 

Two  utralijht  li'ms^  inhich  air  each  nf  them  jmralld  to  the,  snwa 
straight  line,  and  not  in  the  name,  jjlaae  vnth  it,  are  parallel  to 
one  another,  v 


JZ 


—it' 


«: 


Let  AB,  CD  be  each  of  them  |1  to  EF, 
and  not  in  the  same  plane  with  it. 
Then  must  ABhc\\  to  CD. 
In  EF  take  any  pt.  G. 

From  G  draw,  in  the  plane  ABEF,  Gil  ±  to  EF, 
and,  in  the  plane  CDEF,  GK  x  to  EF, 
Then  •.•  EF  is  x  to  GiZ*and  GK, 

.'.  EF  is  X  to  the  plane  JIGK ; 
and  -.'  EFiB  \\  to  AB, 

.:  AB  is  X  to  the  plane  HGK. 
So  also  CD  is  x  to  the  plane  HGK. 
,\ABis  11  to  CD. 


\ 


\ 


I.  il. 
XI.  4. 

XL  8. 
XL  8. 
XL(). 
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I  to  the  sawc, 
i  'paralld  to 


1.11. 

XL  4. 

XL  8. 
XL  8. 
XLC. 


Propositiox  X.     Tfikorkm. 

If  tiro  straight  Vines  mcethKj  one  another  he  parallel  to  two 
others,  that  meet  one  another,  anil  are  not  i.  the  name  j^lane  u'ith 
the  Jirst  twOy  the  Jirst  two  ami  the  other  tivo  must  contain  equal 
angles. 

n 


Let  the  two  st.  lines  AB,  BC,  meeting  at  B  in  the  plane  ABC, 
be  II  to  the  st.  lines  DE,  EF,  meeting  at  E  in  the  plane  DEF. 

The)i  must  i  ABC  =  L  DEF. 

Make  B A= ED,  RiidBC=EF,  1.3. 

and  join  AD,  BE,  CF,  AC,  DF. 
Then  '.•  AB  is  =  and  ||  to  DE, 

.'.  AD  is  =  and  ||  to  BE. 
So  also,  CF  is  =  and  ll  to  BE.     - 

.-.  ^Dis  =  andl|  to  Ci', 
and  .-.  AC  is  =  and  ||  to  DF  . 
Then  in  t,^  ABC,  DEF  ' 

•.•  AB  =  DE,  and  BC  =  EF,  and  AC==DF, 

,%  i  ABC  =  I  DEF.  L  c. 


I.  33. 

Ax.  1  and  XL  9. 
I.  33. 


V 


(i,  £.  D, 


22 


Q.  E.  D, 
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,  Proposition  XI.    Problem. 

To  draio  a  straight  line  'perpendicular  to  a  given  plane,  from 
a  given  point  without  it.  ,     >     .    •    . 


•\ 


Let  A  be  the  given  pt.  without  the  plane  BH. 

It  is  required  to  draw  from  A  a  st.  line  ±  to  the  plane  BH. 

In  the  phine,  draw  any  st.  line  BCj 

and  from  A  draw  ^D±  to  BC.  ■    I.  12. 

Then  if  ^D  be  ±  to  the  plane,  what  was  required  is  done. 
If  not,  from  D  draw,  in  the  plane  BH,  DF±  to  BC.      I.  1 1. 
and  from  A  draw  AF±  to  DB :  I.  12. 

AF  will  be  J-  to  the  plane  BH. 
Through  F,  draw  GH  \\  to  BC.  ^  "I.  31. 

Then  •.•  BC  isx  to  both  AD  and  DE, 

.'.  BC  isxto  the  plane  AFD  ;  XI.  4. 

/     md  GH  ia\\  to  BC, 

.'.  GH  is  ±  to  the  plane  AFD.  XI.  8. 

Hence  GH  is  ±  to  the  line  AF  in  that  plane  ;    XI.  Def.  2. 

and  .  •.  AF  is  ±  to  GH. 
Also,  AF  is  J.  to  DE,  by  construction ; 

.  *.  ^  J?'  is  ±  to  the  plane  passing  through  GH,  DE,  XI.  4. 
that  is,  ^ J?'  is  X  to  the  plane  BH. 
%hm  from  A  a  line  AF  is  drawn  x  to  the  plane  BH. 


^.S,?i 
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plane,  from 


7 


lane  BH. 

I.  12. 
i  is  done. 
5(7.      I.  11. 

I.  12. 

1.31. 

XL  4. 

XI.  8. 
XI.  Def.  2. 

,DE,  XI.  4 
leBH. 
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Proposition  XII.    Problem. 

To  erect  a  straight  line  at  right  angles  to  a  given  planCj  from 
a  given  point  in  the  plane.  . 


1.31. 


Let  A  be  the  given  pt.  in  the  given  plane. 

It  is  required  to  erect  a  st.  line  from  A±to  the  plane. 

From  any  pt.  J5,  without  the  pUme,  draw  jBC'i.  to  it,  XI.  11 . 

and  from  A  draw  AI)  11  to  BC. 
Then  •.*  AD,  BC  are  two  H  st.  lines, 
of  which  BC  is  ±  to  the  given  plane, 
.•.  AD  is±to  the  plane, 
and  a  line  has  been  erected  from  J.  ±  to  the  plane. 


XI.  8. 


^B.  F. 


1  ; 


I   t 
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Proposition  XIII.    Theorem. 

« 

From  the  same  point  in  a  given  ])lane,  there  cannot  he  tivo 
draifjht  lines  at  rif/ht  angles  to  the  plane^  upon  the  same  side  of 
it ;  and  there  can  he  but  one  perpendicular  to  a  i^lane  from,  a 
•point  without  the  plane. 


B    ,C 


If  it  be  possible,  let  two  st.  lines  AB^  AC,  be  at  rt.  z  s  to 
a  given  plane,  from  the  same  pt.  A  in  the  plane,  and  upon  the 
same  side  of  it. 

Let  a  plane  pass  through  AB,  AC:  the  common  section 
of  this  with  the  given  plane,  is  a  st.  line,  passing  through 
A.  XL  2. 

Let  DAE  be  the  common  section  of  the  planes. 
Then  the  st.  lines  AB,  AC,  DAE  are  in  one  plane. 
And  •.'  CA  is  at  rt.  z  s  to  the  given  plane,  ,". 

.*.  CA  is  at  rt.  z  s  to  every  st.  line  that  meets  it  in 
that  plane,  XI.  Def.  2. 

and  DAE,  which  is  in  that  plane,  meets  it ; 

.  .iCAE'is  a  rt.  z  . 
So  also,  z  BAE  is  a  rt.  z  . 

.*.  z  CAE  =  z  BAE,  in  the  same  plane  ;  which  is  im- 
possible. 

Also,  from  a  pt.,  without  a  plane,  there  can  be  but  one 
perpendicular  to  that  plane  ;  for  if  there  could  be  two,  they 
would  be  parallel  to  one  another  ;  which  is  impossible.      XL  6. 
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Proposition  XIV.    Theorem. 

Planes,  to  which  the  same  straight  line  is  perpendicular,  are 
parallel  to  one  another. 


Let  the  st.  line  AI^ 


^jO  each  of  the  planes  CD,  EF, 


Then  must  CD  he  imralld  to  EF. 

If  not,  let  them  meet,  and  let  the  st.  line  GR  be  their  com-      .  1 
mon  section. 

In  GH  take  any  pt.  K,  and  join  AK,  BK. 

Then  •.•  ^5  is  ±  to  the  plane  ^i^, 

.-.  AB  is±  to  BK,  a  st.  line  in  that  plane,   XL  Def.  2. 

and  .-.  z  ABK  is  a  rt.  z  . 

So  also,  z  BAR  is  a  rt.  z  . 

Hence  two  z  s  of  the  a  A  BK  are  toffether  =  two  rt.  z  s  ; 
which  is  impossible.  I.  17. 

.'.  the  planes  CD,  EF  do  not  meet  when  producod, 
and  .-.  CD  is  1|  to  EF.  XL  Def.  7. 

Q.  £.  D. 


m 
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Proposition  XV.    Tiieouem. 

If  two  straight  lines,  meeting  one  another,  he  parjaUel  to  two 
other  straight  lines,  which  mat  one  another,  hut  are  not  in  the 
same  2)1  ane  with  the  first  two  ;  the  j^tlane,  which 'passes  thro^igh 
these,  must  he  }\iralld  to  the  ijlane  passing  through  the  others. 


Let  AB,  BC,  two  st.  lines  meeting  one  another,  be  I|  'to  DE, 
EF,  which  meet  one  another,  but  are  not  in  the  same  plane 
with  AB,  BC. 

Then  must  the  pilane  AC  he  \\  to  the  plane  DF. 

From  B  draw  BG±  to  the  plane  DF,  mectinff  it  in  G.  XL  1 1. 
Through  G  draw  GH  ||  to  FD,  and  GK  II  to  FF.  I.  31. 

Then  •.•  BG  is  j.  to  the  plane  DF, 

.".  BG  is  ±  to  GH  and  GK,  lines  in  that  plane, 

XL  Def.  2. 
and  .*.  each  of  the  z  s  BGH,  BGK  is  a  rt.  z  . 
Again  *.•  BA  and  Gil  are  both  1|  to  EDy 
.'.  BA  is  II  to  GH, 
and  .•.  z  s  GBA,  BGH  together  =  two  rt.  L  s. 
But  z  BGH  is  a  rt.  z  . 
.*.  z  GBA  is  a  rt.  z  . 
Hence  GB  is  ±  to  BA  ; 

and  GB  is  j.  to  BC,  for  the  same  reason  ; 
•    .*.  GB'\%  ±  to  the  plane  AC.  \ 

Also,  G^J5  is  ±  to  the  plane  Di^ ; 

.*.  the  plane  AC  is  H  to  the  plane  DF. 


XLO. 
1.29. 


XI,  4. 
Coiistr. 
XL  14. 


Q.  E.  D. 
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Proposition  XVI.    Theorem. 

If  two  parallel  2'>lancs  he  cut  by  another  plane,  their  common 
sections  with  it  are  parallel. 


Let  the  parallel  planes  AB,  CD  be  cut  by  the  plane  EFHGf 
and  let  their  common  sections  with  it  be  EF,  GH. 
Then  7nust  EF  be  \\  to  GH. 

If  they  be  not  ll,  let  them  meet  in  K. 
Then  *.•  EF  is  in  the  plane  AB, 

.',  Ki&  a,  point  in  the  plane  AB. 
So  also,  X  is  a  point  in  the  plane  CD. 

.'.  the  planes  AB,  CD  meet,  if  produced. 
But  they  do  not  meet,  for  they  are  parallel. 

.*.  EF  find  GH  do  not  meet,  when  produced. 
And  EF,  GH  are  in  the  same  plane  EFGH. 

.-.  EF  is  11  to  GH.  i,  I.  Def.  26. 

♦-  ^  Q.  E.  D, 


XL  Def.  1. 
XI.  Def.  1. 


/S- 
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Proposition  XVII.    Theorem. 

■  -  ♦ 

If  two  straight  lines  he  cut  by  parallel  jilaneSy  theymmt  be 
nut  in  tite  satne  ratio,  " 


Let  the  st.  lines  AB,  CD  be  cut  by  the  II  planes 
GH,  KL,  MN  in  the  pts.  A,  E,  B ;  0,  F,  D. 

Then  must  AE  be  to  EB  as  CF  is  to  FD. 

Join  AC,  BD,  AD. 

Let  AD  meet  the  plane  KL  in  the  pt.  X;  and  join  EX,  XF. 

Then  '.•  the  jl  planes  KL,  MN,  are  cut  by  tlie  plane  EBDX, 

.'.  EX  is  II  to  BD.  XI.  16. 

And  •.•  the  |1  planes  GH,  KL,  are  cut  by  the  plane  AXFC, 

.-.  Xi^isllto^a 
Now  •.•  EX  is  11  to  BD,  a  side  of  A  ABD, 

.:  AE  is  to  EB  as  AX  is  to  XD  ; 
and  •.•  XF  is  ||  to  AC,  a  side  of  A  ADC, 

.'.  AX  is  to  XD  as  CF  is  to  FD. 
Hence  AE  is  to  EB  as  CF  is  to  FD. 


XL  16. 
VL2. 


> 


VL2. 
V.5. 


<|.  E.  D. 
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Proposition  XVIII.    Theorem. 

If  a  straight  line  be  at  right  angles  to  a  plane,  cmr]i  plane, 
ivhich passes  throu'jh  it,  must  he  at  right  angles  to  that  jilane. 


III 

III 


E       K 


Let  the  st.  line  AB  be  ±  to  the  phme  CK.  * 

Then  must  every  plane  passing  through  AB  he  i  to 

the  plane  CK. 

Let  any  plane  DE  pass  through  AB,  and  let  CE  be  the 
common  section  of  the  planes  DE  CK. 
.  Take  any  pt.  F  in  GE. 
In  the  plane  DE  draw  FG  ±  to  GE.  I.  11 . 

Then  *.•  ^-B  is  ±  to  the  plane  CiT. 

.'.  AB  is±  to  GE,  a  st.  line  in  that  plane  ;  XI.  Def.  2. 
and  .-.  z  ABF  is  a  rt.  z  . 
Now  z  GFB  is  a  rt.  z  ,  by  construction  : 

.'.  FGh  \\  to  AB.  128. 

And  AB  is  ±  to  the  plane  CK, 
.'.  FG  is±to  the  plane  GK.  XT.  8. 

Then  •.•  FG,  a  st.  line  in  the  plane  DE,  drawn  ±  to  CE, 
the  common  section  of  DE  and  CiC,  is  ±  to  CJS", 

.*.  the  plane  DE  is±  to  the  pkne  GK.         XI.  Def.  3. 
So  it  may  be  proved  that  all  planes,  which  pass  through  ABj^ 


are  ±  to  the  plane  GK. 


q.  £.  D, 


-  «k^*»^: 
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Proposition  XIX.    Theorem. 

7/  Um  planes,  which  cut  one  another,  he  each  of  them  perpcnr 
(iicular  to  a  third  plane,  their  common  section  must  be'perpen- 
dicular  to  the  same  plane. 


Let  the  t^o  plants  AB^  BC  he  each  ±  to  a  third  plane,  and 
let  BD  be  the  common  section  of  AB  and  BG. 

,  Tlien  must  BD  he  ±  to  the  third  plane. 

If  it  be  not,  draw,  in  the  plane  AB,  the  st.  line 
DE  ±  to  AD,  the  common  section  of  AB  with  the  third 
plane ;  I.  11. 

and  draw,  in  the  plane  BC,  the  st.  line  DF  jl  to  DC,  the 
common  section  of  J50  with  the  third  plane.  I.  11. 

Then  •.•  the  plane  AB  is±to  the  third  plane,         i 

and  DE  is  drawn  in  the  plane  AB±  to  the  common  section, 

-      .-.  D^  is  ±  to  the  third  plane.  XI.  Def.  3. 

So  also,  DF  is  ±  to  the  third  plane. 

Hence,  from  the  pt.  D,  two  st.  lines  are  drawn  J.  to  the  third 
plane,  and  on  the  same  side  of  it;  which  is  impossible.  XI.  13. 
.'.  no  other  line  but  BD  can  be±  to  the  third  plane  at  D ; 
•\  BD  is±  to  the  third  plane. 
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PROrOSITION   XX.      TlIEOIlEM.  ' 

If  a  solid  angle  he  contained  by  three  jtlanc  angles,  any  two  of 
them  must  he  together  greater  than  the  third. 


B  JS  C 

Let  the  solid  z  at  A  be  contained  by  the  three  plane  i  s 
BAC,  CAD,  DAB. 

Any  two  of  these  must  he  together  greater  than  the  third. 
If  the  I  s  BAC,  CAD,  DAB,  be  all  equal,  any  two  of  them 
are  together  greater  than  the  third. 

If  they  are  not  equal,  let  BAC  be  that  z. ,  which  is  not  less 
than  either  of  the  other  two,  and  is  greater  than  one  of  them, 
DAB. 

At  A,  in  the    plane    passing    through    AB,  AC,  make 
I  BAE  =  z  DAB,  I.  23. 

and  make  AE=AD,  and  through  E  draw  the  st.  line  BEC, 
cutting  AB,  AC,  in  the  pts.  B,  C ;  and  join  DB,  DC. 
Then  in  as  ABD,  ABE, 

'.'  AD  =  AE,  and  AB  is  comm(fn,  and  z  BAD  =  i  BAE^ 
.'.DB  =  BE.  1.4. 

Then-.'  DB,  DC  together  are  greater  than  BC,  I.  20. 

and  X>£=5^,  a  part  of  J50, 
.'.  i>(7  is  greater  than  J5J0.  ^ 

Then  in  as  ADC,  AEC,  ^        ' 

*.*  AD=AE,  and  ACis  common,  and  DC  greater  than  EC, 
.'.  L  DAC  is  greater  than  z  EAC.  «  I.  25. 

Also,  by  construction,  z  DAB  =  z  BAE, 

.-.  z  s  DAC,  DAB  together  are  greater  than  z  s  BAE, 
J5J^  (7  together  ; 

that  is,  z  s  DAC,  DAB  together  are  greater  than  z  BAC. 
Again,  z  BAC  is  not  less  than  either  of  the  z  s  DAC,  DA  3, 
and  .*.  z  BAC  with  either  of  them  is  greater  than  the  otner. 


w£.DU 


Q.  £.  a 
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PRorosiTioN  XXI.    Theorem. 

Ei'QY]}  Holid  angle  is  contaiued  by  plaiu  anfjlcsy  iCkich  are 
tofjetlier  less  than  four  right  aiiglen. 


First,  let  the  solid  z  at  A  be  conttiined  by  three  plane  z  s 
BAC,  CAD,  DAB. 

These  shall  be  together  less  titan  four  right  angles. 

Take,  in  each  of  the  st.  lines  AB,  AC,  AD,  any  points 
B,  C,  D,  and  join  BC,  CD,  DB. 

Then  *.'  the  solid  z  at  B  is  contained  by  the  three  plane 
\     A  a  CBA,  ABD,  DEC, 

.-.  z  s  CBA,  ABD  are  together  greater  than  z  DBC.  XI.  20. 
80  also,  z  s  EC  A,  AC3  are  together  greater  than  z  BCD, 
and  z  s  CDA,  ADB  are  together  greater  than  z  CDB. 

.'.  the  six  I  a  CBA,  ABD,  BCA,  ACD,  CDA,  ADB  are 
together  greater  than  the  three  z  s  DBC,  BCD,  CDB,  and 
are  .*.  together  greater  than  two  rt.  z  s. 

Again,  •.*  the  three  z  s  of  each  of  the  A  s  ABC,  ACD,  ADB 
are  togetjjer  equal  to  two  rt.  z  s,  I.  32. 

.-.  the  nine  z  s  CBA,  EAC,  ACB,  ACD,  CDA,  DAC,  ADB, 
DBA,  BAD  are  together  equal  to  six  rt.  z  s  ;  and  of  these 
the  six  zs  CBA,  ACE,  ACD,  CDA,  ADB,  DBA,  have 
been  proved  to  be  together  greater  than  two  rt.  z  s, 

and  .-.  the  tluree  z  s  BAC,  CAD,  DAB,  which  contain  the 
solid  I  at  A,  are  together  less  than  four  rt.  z  s.   ,  , , 
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Next,  let  the  solid  l  at  A  be  contiiiiio(l  l»y  any  nuinlior  of 
plane  l  s  HA  t\  CA  I),  DA  E,  JJA  F,  FA  li. 

These  must  be  toffi'thcr  hs.i  than  full}' rt.  A  s. 


e  plane  Z  s 

glcs. 

any  points 

three  plane 

5a   XI.  20. 

BCD, 
CDB. 
ADB  are 
CDB,  and 

iCD,  ADB 
I.  32. 
AC,  ADB, 

id  of  these 
)BA,  have 

:ontaiu  the 


Let  the  planes,  in  which  the  z  s  are,  be  cut  by  a  plane,  and 
let  the  common  sections  of  it  with  those  planes  be  BC,  CD, 
DEyEF,FB. 

Then  *.'  the  solid  z  at  jB  is  contained  by  the  three  plane 
z  s  CBA,  ABF,  FBC,  of  which  any  two  are  together  greater 
than  the  third,  XL  20. 

.*.  z  s  CBA,  ABF aro  together  greater  than  z  FBC. 

So  also,  the  two  plane  z  s  at  each  of  the  pts.  C,  D,  E,  F, 
which  are  at  the  bases  of  the  As  having  the  common  vertex  A, 
are  together  greater  than  the  third  z  at  the  same  pt.,  which 
is  one  of  the  z  s  of  the  polygon  BCDEF.  , 

.'.  all  the  z  s  at  the  bases  of  the  A  s  are  together  greater  than 
all  the  z  s  of  the  polygon. 

Now  all  the  z  s  of  the  as  together = twice  as  many  rt.  z  s 
as  there  are  as,  that  is,  as  there  are  sides  in  the  polygon 
BCDEF:  1.32. 

and  all  the  z  s  of  the  polygon,  together  with  four  rt.  z  s, 
together = twice  as  many  rt.  z  a  as  there  are  sides  in  the 
polygon.  I.  32.  Cor.  1 

.'.  all  the  z  s  of  the  as  together = all  the  z  s  of  the  polygon 
together  with  four  rt.  z  s. 

But  all  the  z  s  at  the  bases  of  the  A  s  have  been  proved  to  be 
together  greater  than  all  the  z  s  of  the  polygon  ; 

.*,  all  the  z  s  at  the  vertex  A  are  together  less  than  four  rt.  *.  s. 

.   .  Q.  £.  D. 
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Miscellaneous  Exercises  on  Book  XI. 

1.  If  two  straight  lines  in  one  plane,  be  equally  inclined  to 
another  plane,  they  will  be  equally  inclined  to  the  common 
section  of  the  two  planes. 

2.  Two  planes  intersect  at  right  angles  in  the  line  AB  ;  from 
a  point  C  in  this  line  are  drawn  CE  and  CF  in  one  of  the 
planes,  so  that  the  angle  ACE  is  equal  to  BCF.  Shew  that 
CE  and  CF  will  make  equal  angles  with  any  line  through  C  in 
the  other  plane. 

3.  ABC  is  a  triangle  ;  the  perpendiculars  from  ^,  B,  on  the 
opposite  sides,  meet  in  2>,  and  tlirough  D  is  drawn  a  straight 
line,  perpendicular  to  the  plane  of  the  triangle  ;  if  E  be  iiny 
point  in  this  line,  shew  that  EA,  BC  ;  EB,  CA  ;  and  EC,  A II ; 
are  respectively  perpendicular  to  each  other. 

4.  A  number  of  phuies  have  a  common  lino  of  intersection: 
■what  is  the  locus  of  the  feet  of  perpendicuhirs  on  them  from  a 
given  pomt  ? 

6.  Two  perpendiculars  are  let  fall  from  any  point  on  two 
given  planes  :  shew  that  tlie  angle  between  the  perpendiculars 
will  be  equal  to  the  angle  of  inclination  of  the  planes  to  one 
another. 

6.  If  perpendiculars  AFy  A'F',  be  drawn  to  a  plane  from 
two  points  Ay  A',  above  it,  and  a  plane  be  drawn  through  A 
perpendicular  to  A  A',  its  line  of  intersection  with  the  given 
plane  is  perpendicular  to  FF', 

7.  Prove  that  equal  straight  lines  drawn  from  a  given  point 
to  a  plane  are  equally  inclined  to  the  plane. 

8.  Prove  that  the  inclination  of  a  plane  to  a  plane  is  eqiwil 
to  lice  angle  between  the  perpendiculars  to  the  two  planes. 

9.  From  a  point  above  a  plane  two  straight  lines  are  drawn, 
the  one  at  right  angles  to  the  plane,  the  other  at  right  angles 
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to  a  given  line  in  that  plane  :  shew  that  the  straight  line  join- 
ing the  feet  of  the  perpendiculars  is  at  right  angles  to  the  given 
line. 

10.  In  how  many  ways  may  a  solid  angle  be  formed  with 
equilateral  triangles  and  squares  ? 

11.  Two  planes  are  inclined  to  each  other  at  a  given  angle. 
Cut  them  by  a  third  plane,  so  that  its  intersections  with  the 
given  planes  shall  be  perpendicular  to  each  other. 

12.  ABf  ACy  ADf  are  three  given  straight  lines,  at  right 
angles  to  one  another.  AE  is  drawn  perpendicular  to  CD,  and 
BE  is  joined.     Shew  that  BE  is  perpendicular  to  CD. 

13.  Two  walls  meet  at  any  angle.  Shew  how  to  draw  on 
their  surfaces  the  shortest  line  joining  a  point  on  one  to  a  point 
on  the  other. 

14.  Straight  lines  are  drawn  from  two  points  to  meet  each 
other  in  a  given  plane.  Find  when  their  sum  is  the  least 
possible. 

16.  If  two  parallel  planes  be  cut  by  a  third  plane  in  the 
straight  lines  AB,  ah,  and  by  a  fourth  plane  in  the  straight 
lines  AC,  ac  respectively,  the  angle  BAC  will  be  equal  to  the 
angle  hoc.  « 

16.  If  four  points  be  so  situated,  that  the  distance  between 
each  pair  is  equal  to  the  distance  between  the  other  pai"  prove 
that  the  angles  subtended  at  any  one  point  by  each  »;<  u-  of  the 
others  are  together  equal  to  two  right  angles. 

17.  Give  a  geometrical  construction  for  drawing  a  straight 
line,  which  shall  be  equally  inclined  to  three  straight  lines, 
meeting  at  a  point. 

18.  A  triangular  pyramid  stands  on  an  equilateral  base.  The 
angles  at  its  vertex  are  right  angles.  The  square  on  the  per- 
pendicular from  the  vertex  on  the  base  is  one-third  of  the. 
square  on  either  of  the  edges.  ,^ 
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19.  If  one  of  the  plane  angles,  forming  a  solid  angle,  be  a 
right  angle,  and  the  sum  of  the  other  two  be  equal  to  two  right 
angles,  and  a  plane  be  drawn,  cutting  oflF  equal  lengths  from 
the  two  edges,  containing  the  right  angle,  the  sum  of  the 
squares  on  t^e  three  straight  lines,  subtending  the  plane 
angles,  will  be  double  of  the  squares  on  the  three  edges,  con- 
taining them. 

20.  If  P  be  a  point  in  a  plane,  which  meets  the  containing 
edges  of  a  solid  angle  in  -4,  J5,  C,  and  0  be  the  angular  point, 
shew  that  the  angles  FOA^  FOB,  FOG  are  together  greater 
than  half  the  angles  AOB,  BOC,  COA,  together. 


BOOK    XIL 


LEMMA. 


ri 


If  from  the  greater  of  two  unequal  magnitudes  oj  the  same 
kind  there  be  taken  more  than  its  halfj  and  from  the  remaind^^r 
more  than  its  half  and  so  on,  there  must  at  length  remain  a 
magnitude  less  than  the  smaller  of  the  proposed  magnitudes. 

Let  A  and  B  be  two  unequal  magnitudes  of  the  same  kind, 
of  which  A  is  the  greater. 

Then  if  from  A  there  he  taken  more  than  its  half,  and  from 
the  remainder  more  than  its  half,  and  so  on  ;  tJiere  must  at 
length  remain  a  magnitude  less  than  B, 

Take  a  multiple  of  B,  as  mB,  greater  than  A  ;  and  divide  -4, 
by  the  process  indicated,  taking  from  it  a  magnitude  greater 
than  its  half,  and  from  the  remainder  a  magnitude  greater  than 
its  half,  and  carry  this  process  on  till  there  are  m  divisions, 
and  call  the  parts  successively  taken  away 

0,  D,  E,  F :...z 

Now  mB—B,  B,  B repeated  m  times, 

and  A  is  greater  than  the  sum  of  C,D,E,.,.Z m  in  number. 

Then  Z,  the  last  remainder,  must  be  less  than  B. 
For  if  not,  since  each  of  the  preceding  reaiainders  is  greater 
than  Z,  each  of  them  would  be  greater  than  i>\  and  the  sum  of 

GyD Z  would  therefore  be  greater  than  mB  ;  that  is,  A 

would  be  greater  than  mB,  which  is  contrary  to  the  hypothesis. 
•*.  Z  is  less  than  B. 


Q.  K.  D. 


Ki 
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Proposition  I.    Theorem. 

Similar  polygons  inscribed  in  circles  are  to  one  another  as  the 
squares  on  the  diameters  of  the  circles'. 


Let  ABODE,  FGHKL  be  similar  polygons  inscribed  in  two 
©s,  and  let  BM  and  GN  be  diameters  of  the  ©s.  ^  , 

Then  must  polygon  ABODE  be  to  polygon  FGHKL 
as  sq.  on  BM  is  to  sq.  on  GN.  ' 

Join  AM,  BE]  FN,  GL.  -^ 

Then  A  BAE  is  equiangular  to  A  GFL.  VI.  21. 

.-.  L  AEB  =  z  FLG. 
But  L  AMB=  L  AEB,  in  the  same  segment,  III,  21. 

and  L  FNG  —  l  FLG,  in  the  same  segment, 

.-.  lAMB=^iFNG. 
also,  z  BAM=  l  GFN,  each  being  a  rt.  z  ,         ,.    III.  31. 
.'.  A  ABM'\&  equiangular  to  A  FGN,  - 

.-.  AB  is  to  BM  as  EG  is  to  GxS',  VI.  4. 

and  .-.  AB  is  to  EG  as  BM  is  to  GN.  V.  15. 

.*.  the  duplicate  ratio  of  AB  to  i^(T= the  duplicate  ratio 
oi  BM  to  GN  V.  21. 

But  polygon  ABODE  has  to  polygon  FGHKL  the  dupli- 
cate ratio  of  AB  to  EG.  VI.  21., 
And  sq.  on  BM  has  to  sq.  on  GN  the  duplicate  ratio  of 
BM  to  GN.                                                                VL21. 
•'•  polygon  ABODE  is  to  polygon  FGHKL  assq.on  BM 
is  to  sq.  on  QN,  V.  5. 
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Proposition  II.    Theorem. 
Circles  are  to  one  another  as  the  squares  on  thdr  diameters. 


h 


Let  ABCD,  EFGH  be  two  ©s,  and  2?D,  FE  their 
diameters  : 

Then  must  ©  ABCD  be  to  ©  EFGH  as  sq.  on  BD 
is  to  sq.  on  FH. 

For,  if  not,  sq.  on  BD  must  be  to  sq.  or  ^riT  an  ©  ABCD 
is  to  some  space  either  less  than  ©  EFGh    jr  greater  th;in  it. 

First,  if  possible,  let  it  be  as  ©  ABC  J  is  to  a  space  /S  less 
than  ©  EFGH. 

In  ©  ^i^(?i2"  describe  the  square  EECH.  IV.  6. 

This  pquare  is  greater  than  half  cf  the  ©  EFGH. 

For  ■  ae  sq.  EFGH  is  half  of  tlie  square,  which  can  be 
formed  oy  drawing  straight  lines  to  touch  the  circle  at  the 
points  jE7,  F,  G,  H  ;  and  the  square  thus  formed  is  gicatci  th^u 
the  0 ; 

.-.  sq.  EFGH  is  greater  than  half  of  the  ®, 
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Bisect  the  arcs  EF,  FG,  GH,  HE  at  the  pts.  K,  L,  M,  N, 
and  join  EKy  KF,  FL,  LG,  GM,  MB,  EN,  NE. 

Then  each  of  the  As  EKFy  FLG,  GMH,  HNE,  is  greater 
than  half  of  the  segment  of  the  circle  in  which  it  stands. 

For  A  EKF  =  half  of  the  O,  formed  by  drawing  a  st.  line 
to  touch  the  ©  at  K,  and  parallel  st.  lines  through  E  and  F ; 
and  the  O  thus  formed  is  greater  than  the  segment  FEK ; 

.*.  A  EKF  is  greater  tlian  half  of  the  segment  FEK,  and 
similarly  for  the  other  A  s. 

.*.  sum  of  all  these  triangles  is  greater  than  half  of  the  sum 
of  the  segments  of  the  © ,  in  which  they  stand. 

Next,  bisect  EK,  KF,  etc.,  and  form  as  as  before. 

Then  the  sum  of  these  A  s  is  greater  than  half  of  the  sum  of 
the  segments  of  the  ® ,  in  which  they  stand. 

If  this  process  be  contin^iad,  and  the  A  s  be  supposed  to  be 
taken  away,  there  will  at  length  remain  segments  of  ©  s,  which 
are  together  less  than  the  excess  of  the  ©  EFGH  above  the 
space  S,  by  the  Lemma. 

Let  segments  EK,  KF,  FL,  LG,  GM,  MB,  BN,  NE  be 
those  which  remain,  and  which  are  together  less  than  the 
excess  of  the  ©  of  the  above  ^. 

Then  the  rest  of  the  ®,  i.e.  the  polygon  EKFLGMEN,  is 
greater  than  8.  ,, 

Li  ©  ABCD  inscribe  the  polygon  AXBOCPDU  similar  to 
the  polygon  EKFLGMBN. 

The  polygon  AXBOCPDR  is  to  polygon  EKFLGMBN  as 
sq.  on  BD  is  to  sq.  on  FB,  XIL  1. 

that  is,  as  ©  ABCD  is  to  the  space  5.  Hyp.  and  V.  6. 

But  the  polygon  AXBOCPDB  is  less  than  ©  ABCD, 

.'.  the  polygon  EKFLGMBN  is  less  than  the  space  S  j  V.  14. 
but  it  is  also  greater,  which  is  impossible  ;  ^^       . 

.*.  sq.  on  BD  is  not  to  sq.  on  FB  a&®ABCD  is  to  any  space 
less  than  ©  EFGB. 

In  the  same  way  it  may  be  shown  that      ■ 
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'  sq.  on  FH  is  not  to  sq.  on  BD  as  ©  EFGH  is  to  any  space 
less  than  ©  ABCD. 

Nor  is  sq.  on  BD  to  sq.  on  FTI  as  0  ABCD  is  to  any  space 
greater  than  ©  EFGH. 


For,  if  possible,  let  it  be  as  ©  ABCD  is  to  a  space  T,  greater 
iUxi.QEFGH. 

Then,  inversel}'',  sq.  on  FH  is  to  sq.  on  BD  as  space  T  is 
to  ©  ABCD. 

But  as  space  jT  is  to  ©  ABCD  so  is  ©  EFGH  to  some 
space,  which  must  be  less  than  ©  ABCD,  because  space  T  is 
greater  than  ©  EFGH.  V.  14. 

.*.  sq.  on  FH  is  to  sq.  on  BD  as  ©  EFGH  is  to  some  space 
less  than  ©  ABCD  ;  which  has  been  shewn  to  be  impossible. 

.-.  sq.  on  BD  is  not  to  sq.  on  FH  as  ©  ABCD  is  to  any 
space  greater  than  ©  EFGH. 

And  it  has  been  shown  that 

sq.  on  BD  is  not  to  sq.  on  FH  as  ©  ABCD  is  to  any 
space  less  than  ©  EFGH.  ' 

.'.  sq.  on  BD  is  to  sq.  on  FH  as  ©  ABCD  is  to  ©  EFGH, 

(^  £.  o. 
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'Fallen  07i\EucUd  (Boohs  VI.,  XI.,  and  XII.)  set  in  (lie 
Camhridye  Mathematical  Tripos. 

1849.  VI.  4.  Apply  this  proposition  to  prove  that  the  rect- 

angle, contained  by  the  segments  of  any 
chord,  passing  through  a  given  point  within 
a  circle,  is  constant. 

XI.  11.  Prove  that   equal  right  lines,  dra\Mi  from  a 
given  point  to  a  given  plane,  are  equally 
'  inclined  to  the  plane.  i 

1850.  VI.  10.  AB  is  a  diameter,  and  P  any  point  in  the  cir- 

cumference of  a  circle ;  AP  and  BF  are 
joined  and  produced,  if  necessary  ;  if  from 
any  point  0  of  -4  B  a  perpendicular  be  drawn 
to  AB,  meeting  AP  and  BP  in  points  D 
and  E  respectively,  and  the  circumference  of 
the  circle  in  a  point  F,  shew  that  CD  is  a 
third  proportional  to  CE  and  CF. 

1861.  VI.  3.  If  A,  B,  C  be  three  points  in  a  straight  line, 

and  D  a  point,  at  which  AB  and  BC  subtend 
equal  angles,  show  that  the  locus  of  the 
point  D  is  a  circle. 

XI.  8.  From  a  point  E  draw  EC,  ED  perpendicular 
to  two  planes  CAB,  DAB,  which  intersect 
in  AB,  and  from  D  draw  DF  perpendicular 
to  the  plane  CAB,  meeting  it  in  P:  shew 

^  that  the  line,  joining  the  points  C  and  F, 

produced  if  necessary,  is  perpendicular  to 
AB. 

1862.  vt  2.  If  two  triangles  be  on  equal  bases,  and  between 

the  same  parallels,  any  line,  parallel  to  their 
bases,  will  cut  off  equal  areas  from  the  two 
wiangies. 
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1852.     XI.  11.  ABCD  is    a  regular  tetrahedron,  and,  from 

'  the  vertex  A,  a  perpendicular  is  drawn  to 

the  base  BCD,  meeting  it  in  0:  shew  tlint 

three  times  the  square  on  -40  is  equal  to  twice 

the  square  on  AB. 

1853*  vi.  6.  If  the  vertical  angle  (7,  of  a  triangle  ABC,  be 
bisected  by  a  line,  which  meets  the  base  in 
D,  and  is  produced  to  a  point  E,  such  that 
the  rectangle,  contained  by  CD  and  CE,  is 
equal  to  the  rectangle,  contained  hy  AC  and 
CB :  shew  that  if  the  base  and  vertical  angle 
be  given,  the  position  of  E  is  invariable. 

Zi.  21.  If  BCD  be  the  common  base  of  two  pyramids, 
whose  vertices  A  and  A'  lie  in  a  plane  pass- 
ing through  BC,  and  if  the  two  lines  AB,  AC, 
be  respectively  perpendicular  to  the  faces 
BA'D,  CA'D,  prove  that  one  of  the  angles  at 
A,  together  with  the  angles  at  A\  make  up 
four  right  angles. 

1854.  VI,  16.  EA,  EA'  are  diameters  of  two  circles,  touching 
each  other  externally  at  E ;  a  chord  AB  of 
the  former  circle,  when  produced,  touches  the 
latter  at  0',  while  a  chord  A'B'  of  the  latter 
touches  the  former  at  C :  prove  that  the  rect- 
angle, contained  by  AB  and  A'B',  is  four 
times  as  great  as  that  contained  by  BC  and 
B'G. 

XI.  20.  Within  the  area  of  a  given  triangle  is  described 
a  triangle,  the  sides  of  which  are  parallel  to 
those  of  the  given  one :  prove  that  the  sum 
of  the  angles,  subtended  by  the  sides  of  the 
interior  triangle,  at  any  point,  not  in  the  plane 
of  the  triangles,  is  less  than  the  sum  of  the 
angles,  subtended  at  the  same  point  by  the 
sides  of  the  exterior  triangle. 

X856,  VI.  2.  A  tangent  to  a  circle,  at  the  point  A ,  intersects 
two  parallel  tangents  in  B^  0,  the  points  of 


544 


EUCLTjys  ELEMENTS.  [Books  VI.  XI.  andXn. 


contact  of  which  with  the  circle  are  X),  E^ 
respectively  :  shew  that  if  BE ^  CD,  intersect 
in  Ff  AF  is  parallel  to  the  tangents  7?D,  CE. 

1856.  XI.  16.  From  the  extremities  of  the  two  parallel  straij^ht 
lines  AB,  CD,  parallel  lines  Aa,  Bh,  Cc,  Del, 
are  drawn,  meeting  a  plane  in  a,  b,c,d:  prove 
that  AB  ia  to  CD  as  ab  is  to  cd,  taking  the 
case,  in  which  A,  B,  C,  D  are  on  the  same 
side  of  the  plane. 

1856.  VI.  Def.  1.  Enunciate  the  propositions,  which  prove 

that  in  the  case*  of  triangles  the  conditions  of 
similarity  are  not  independent. 

XL  11.  Shew  that  the  perpendicular,  dropped  from  the 
vertex  of  a  regular  tetrahedron  upon  the 
opposite  base,  is  treble  of  that  dropped  from 
its  own  foot  upon  any  of  the  other  bases. 

1857.  VI.  19.  Any  two  straight  lines,  BB',  CC,  drawn  parallel 

to  the  base  DD\  of  a  triangle  ADD',  cut 
AD  in  B,  C,  and  AD^  in  B',  C ;  BC,  B'G, 
are  joined,  prove  that  the  area  ABC  or 
AB'C  varies  as  the  rectangle,  contained  by 
BB\CC,, 

XI.  16.  A  triangular  pyramid  stands  on  an  equilateral 
base,  and  the  angles  at  the  vertex  are  riglit 
angles :  shew  that  the  sum  of  the  perpendi- 
culars on  the  face^i,  from  any  point  of  the 
base,  is  constant. 

1358.  VI.  15.  Find  a  point  in  the  side  of  a  triangle,  from 
which  two  lines,  drawn  one  to  the  opposite 
angle,  and  the  other  parallel  to  the  base,  shall 
cut  off,  towards  the  vertex  and  towards  the 
base,  equal  triangles.  .  <      ^ 

XI.  11.  Two  planes  intersect :  shew  that  the  loci  of  the 

points,  from  which   perpendiculars  on  the 

planes  are  equal  to  a  given  straight  line,  are 

^  fitraifjht  lines  \  and  that  four  |)lane3  may  be 
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drawn,  each  passing  thro«<gh  two  of  these 
linos,  such  that  the  perpendiculars,  from  any 
point  in  the  line  of  intersection  of  the  given 
planes,  upon  any  one  of  the  four  planes,  shall 
be  equal  to  the  given  line. 

VI.  31.  Show  that,  on  a  given  straight  line,  there  may 
bo  described  as  many  polygons  of  dift'erent 
magnitudes,  similar  to  a  given  polygon,  as 
there  are  sides  of  different  lengths  in  the 
polygon. 

Zl.  20.  Three  straight  lines,  not  in  the  same  plane, 
intersect  in  a  point,  and  through  their  point 
of  intersection  another  straight  line  is  drawn 
•within  the  solid  angle  formed  by  them :  prove 
that  the  angles,  which  this  straight  line  makes 
with  the  first  three,  are  together  less  than  the 
sum,  but  greater  than  half  the  sum  of  the 
angles  which  the  first  three  make  with  each 
other. 

"71.  A.  If  the  two  sides,  containing  the  angle,  through 
which  the  bisecting  line  is  drawn,  be  equal, 
interpret  the  result  of  the  proposition. 
Prove  from  this  proposition  and  the  preceding, 
that  the  straight  lines,  bisecting  one  angle  of 
a  triangle  internally,  and  the  other  two  ex- 
ternally, pass  through  the  same  point. 

XI.  17.  If  three  straight  lines,  which  do  not  all  lie  in 
one  plane,  be  cut  in  the  same  ratio  by  three 
planes,  two  of  which  are  parallel,  shew  that 
the  third  will  be  parallel  to  the  other  two,  if 
its  intersections  with  the  three  straight  lines 
are  not  all  in  one  straight  line. 

VI.  6.  From  the  angular  points  of  a  parallelogram 
ABCDf  perpendiculars  are  drawn  on  the 
diagonals,  meeting  them  in  Ey  F,  G,  U  re- 
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spectively  ;  prove  that  EFGTI  is  a  parallelo- 
.     gram  similar  to  ABCD. 

1861.  XI.  12.  Shew  that  the  sliortest  distance  between  two 

opposite  ccIljos  of  a  regular  tetrahedron  is 
equal  to  half  tlie  diagonal  of  the  square,  de- 
scribed on  an  edge. 

1862.  VI.  1.  Lines  are  drawn  from  two  of  the  angular  points 

of  a  triangle,  to  divide  the  opposite  sides  in 
a  given  ratio  ;  prove  that  the  line,  joining 
the  third  angular  point  with  the  point  of  in- 
tersection of  these  two  lines,  either  bisects 
the  opposite  side,  or  divides  it  in  a  ratio 
which  is  the  duplicate  of  the  given  ratio. 

XL  21.  If  four  points  be  so  situated  that  the  distance 
between  each  pair  is  equal  to  the  distance 
between  the  other  pair,  prove  that  the  angles 
subtended  at  any  one  of  these  points  by  each 
pair  of  the  others,  are  together  equal  to  two 
rifdit  angles. 

1863.  VI.  4.    The  internal  angles  at  the  base  of  a  triangle,  and 

the  external  angle  at  the  vertex,  are  bisected 
by  straight  lines  ;  prove  that  the  three  points, 
in  which  these  straight  lines  meet  the  oppo- 
site sides  respectively,  lie  on  one  straight 
line. 

XI.  17.  If  each  edge  of  a  tetrahedron  be  equal  to  the 
opposite  edge,  the  straight  line,  joining  the 
middle  points  of  any  two  opposite  edges, 
shall  be  at  right  angles  to  each  of  those 
edges. 

18C4.  VI.  23.  If  one  parallelogram  have  to  another  parallelo- 
gram the  ratio,  which  is  compounded  of  the 
ratios  of  their  sides,  the  parallelograms  shall 
be  equiangular. 

3^f  12.  On  a  given  equilateral  triangle  describe  * 
regular  tetrahedron, 
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1866.  71.  19.  The  opposite  sides,  BA^  CD  of  a  quadrilateral 
ABCDy  which  can  be  inscibed  in  a  circle, 
meet,  when  produced,  in  ^;  i^  is  the  point 
of  intersection  of  tlie  diagonals,  and  EF 
meets  ^D  in  G  i  prove  that  the  recta n;^le 
EA,  AB  is  to  the  rectangle  ED,  DC aa  AG 
is  to  GD. 

XI.  16.  In   the  triangular   p;  lamid   ABCD,  AD  is  at 

right  angles  to  C7>,  and  AC  to  BD :  prove 
that  AD  is  at  rii^ht  angles  to  BC. 

1866.  VI.  4.  ABC  is  an  isosceles  triangle  ;  AE  is  the  perpen- 

dicular from  A  on  the  base  BC ;  D  is  any 
point  in  AE  ;  and  CD  produced  meets  tlie 
side  AB  at  F :  shew  ♦hat  the  ratio  of  AD  to 
D^  is  double  of  the  ratio  of  ^2*^  to  FB. 

XII.  1.  Give  an  outline  of  Euclid's  demonstration  that 

circles  are  to  one  another  as  the  squares  on 
their  diameters. 

1867.  VI.  A.  Each  acute  angle  of  a  right-angled  triangle  and 

its  corresponding  exterior  angle  are  bisected 
by  straight  lines  meeting  the  opposite  sides  ; 
prove  that'  the  rectangle,  contained  by  the 
portions  of  those  sides  intercepted  between 
the  bisecting  lines  is  four  times  the  square  on 
the  hypotenuse. 

Xlf  21.  Two  pyramids  are  described,  the  one  standing 
•  on  a  square  as  a  base,  the  other  on  a  regular 

octagon,  the  vertex  of  each  being  equally 
distant  from  the  angular  points  of  its  base  ; 
if  this  distance  be  the  same  for  each  pyramid, 
and  the  perimeters  of  the  bases  be  equal, 
prove  that  the  plane  angles,  containing  the 
solid  angle  at  the  vertex  of  the  former,  are 
together  greater  than  the  plane  angles,  con- 
taining  the  solid  angle  at  the  vertex  of  the 
latter. 

1868.  VI.  2L  Without  assuming  any  subsequent  proposition, 
prove  chat  the  equiangular  triangles  in  either 
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of  tlic  fi;,'ui'C3  of  tliis  proposition,  are  to  each 
otlier  in  the  duplicate  ratio  of  the  sides  oppu- 
.   *  site  to  the  equal  uii<^le3. 

1868.  XI.  11.  Of  the  least  an^rles,  which  a  given  lino  in  one 

»  phine  makes  with  any  line  in  another  plane, 

^  the  greatest  for  didVrcnt  positions   of  the 

given  line  is  that  which  measures  the  inclina- 
tion of  the  two  planes. 

1869.  XI.  20.  If  0  be  a  point,  within  a  tetrahedron  ABCD^ 

prove  that  the  three  angles  of  the  solid  angle, 
subtended  by  BCD  at  0,  are  together  greater 

than  the  three  angles  of  the  solid  angle  at  A. 

. » 

1870.  VI.  16.  Two  straight  lines  are  given  in  position,  and  a 

third  straight  line  is  drawn  so  as  to  cut  off 
a  triangle  equal  to  a  given  triangle  ;  through 
the  middle  point  of  this  third  side  is  drawn 
a  straight  line  in  a  given  direction,  termin- 
ated by  the  two  given  straight  lines :  prove 
that  the  rectangle  under  the  segments  of  the 
intercepted  part  is  constant. 

"■  XI.  7.  In  a  tetrahedron  each  edge  is  perpendicular  to 
the  direction  of  the  opposite  edge  ;  prove 
that  the  straight  line  joining  the  centre  of 
the  sphere,  circumscribing  the  tetrahedron, 
to  the  middle  point  of  any  edge,  is  equal  and 
parallel  to  the  straight  line  joining  the  centre 
.  of  perpendiculars  to  the  middle  point  of  the 

(  opposite  edge. 

1371.  VI.  2.  ABG  is  a  triangle,  and  lines  AO,  BO,  CO  cut 
the  opposite  sides  in  D,  B,  F ;  if  BF  cut  BC 
in  G,  prove  that  BD  is  to  DC  as  BG  is  to 
GC. 

xi.  11.  The  perpendiculars  from  the  angular  points  of 

,  a  tetrahedron  on  th^  opposite  faces  meet  in  a 

point :  prove  that  the  necessary  and  sufficient 

oondition  for  this  is  that  the  sums  of  the 

squares  on  pairs  on  opposite  edgeu  be  equaL 


Booko  VT.  XI.  und  XII.]  SENATE-HOUSE  RTDE^S. 


349 


[.and  XXI 

•e  to  each 
ides  oppo- 

110  in  ono 
her  plane, 
lis  of  the 
ho  inclina- 

on  ABCD, 
jolid  angle, 
her  greater 
angle  at  A. 

tion,  and  a 
t8  to  cut  off 
e ;  through 
de  is  drawn 
ion,  termin- 
ines:  prove 
lents  of  the 


\iS7^  VI.  2.  Draw  through  a  point  a  straight  line,  so  that  the 
part  of  it  intercepted  between  a  given  straight 
line  and  a  given  circle  may  bo  divided  at  tlio 
given  point  in  a  given  ratio.  Between  what 
limits  muut  the  ratio  lio  in  order  that  a 
sohition  may  be  possible  ? 

'i.'..  20.  If  the  opposite  edges  of  a  tetrahedron  bo  equal 
two  and  two,  prove  that  the  faces  are  acute- 
angled  triangles.  Prove  also  that  a  tetra- 
liedron  can  be  formed  of  any  four  equal  and 
6millar  Aoute-uugled  trko^^lcs. 
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EXAMINATION  PAPERS  IN  EUCLID 

SET   TO   CANDIDATES  TOR 

First  and  Second  Glass  Provincial  Certificates, 

AND  TO  STUDENTS  MATRICULATING  IN  THE 

UNIVERSITY   OF   TORONTO. 


SECOND  CLASS  PROVINCIAL  CERTIFICATES,  1871. 

TIME — TWO    noURB  AND  A  HALF. 

1.  K  two  *riangle8  liaye  two  sides  of  tho  ono  equal  to  two  sides 

of  the  other,  each  to  each,  and  have  likewise  their 
bases  equal,  tho  angle  which  is  contained  by  the  two 
-     sides  of  the  one  shall  be  equal  to  the  angle  contained 
by  the  two  sides,  equal  to  them,  of  the  other. 

2.  Triangles  upon  tho  same  base,  and  between  the  same  par- 

allels, are  equal  to  one  another. 

3.  If  the  square  described  upon  one  of  the  sides  of  a  triangle 

be  equal  to  the  squares  described  upon  the  other  two 
sides  of  it,  tho  angle  contained  by  these  two  sides  is  a 
right  augle. 

4.  If  a  straight  lino  be  divided  into  two  equal,  and  also  into 

two  unequal,  parts,  the  squares  on  the  two  unequal 
«         parts  are  together  double  of  tho  square  on  half  the 
line,  and  of  the  square  on  the  line  between  the  points 
of  section. 

5.  If  a  straight  line  be  divided  into  any  two  parts,  tho  rec- 

tangles contained  by  tho  whole  and  each  of  the  parts 

are  together  equal  to  tho  square  on  the  whole  line. 
3.     Bisect  a  parallelogram  by  a  straight  iiuc  drawn  from  a  point 

in  one  of  its  sides. 
7.    Let  A  B  G  be  a  triangle,  and  lot  B  D  be  a  straight  line 

drawn  to  I),  a  point  in  A  C  between  A  and  C,  then,  if 
'     A  B  bo  greater  than  A  C,  the  excess  of  A  B  above  A  0 

is  less  than  that  of  !>  1)  aliove  D  C. 
'?.     In  a  triangle  A  B  C,  A  D  beiug  drawn  perpendicular  totho 

stniight  line  13  D  which  bi  ;ects  the  angle  B,  show  thut 

a  line  drawn  from  D  paralkl  to  B  C  will  bisect  A  0. 
Note. — The  percentage  of  marks  recjuisite,  in  order  that  a 
candidate  may  be  ranked  of  a  partieular  grade,  will  bo  taken 
oD  the  value  of  the  abo^'c  paper,  omitting  question  8. 
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SECOND  CLASS  PROVINCIAL  CERTIFICATES,  1872. 

TIME — 2|   HOURS. 
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2. 


3. 


\.  Define  a  straight  line,  &  plane  rectilineal  angle,  a  right  angle, 
a  Gnomon.    Enunciate  Euclid's  Postulates. 

If  from  the  ends  of  the  side  of  a  triangle  there  be  drawn 
two  straight  lines  to  a  point  within  the  triangle,  these 
shall  be  less  than  the  other  two  sides  of  the  triangle, 
but  shall  contain  a  greater  angle. 

If  two  triangles  have  two  angles  of  the  one  equal  to  angle? 
of  the  other,  each  to  each,  and  one  side  equal  to  one 
side,  namely,  either  the  sides  adjacent  to  the  equal 
angles,  or  sides  which  are  opposite  to  equal  angles  in 
each ;  then  shall  the  other  sides  be  equal,  each  to 
each  ;  and  also  the  third  angle  of  the  one  equal  to  the 
third  angle  of  the  other.  (Take  the  case  in  which  the 
assumed  equal  sides  are  those  opposite  to  equal  angles.) 

4.  In  every  triangle,  the  squiire  on  the  side  subtending  an 

acute  angle  is  less  than  the  sides  containing  that 
angle,  by  twice  the  rectangle  contained  by  either  of 
these  sides,  and  the  straight  li^.o  intercepted  between 
the  perpendicular  let  fall  on  it  from  the  opposite 
angle,  and  acute  angle.  {Take  the  case  where  the  per- 
pendicular falls  within  the  triangle.) 

5.  If  a  straight  line  be  divided  into  any  two  parts,  the  squares 

on  the  whole  lino,  and  one  of  the  parts,  are  equal  to 
twice  the  rectangle  contained  by  the  whole  and  that 
part,  together  with  the  square  on  the  other  part. 

6.  Prove  that,  if  a  straight  line  AD  be  drawn  from  A,  one  of 

the  angles  of  a  triangle  ABC,  to  D,  the  middle  point 
of  the  opposite  side  DC,  BA  X  AC  is  greater  than  2 
AD. 

7.  Let  the  equilateral  triangle  ABC,  and  triangle  ADB,  in 

which  the  angle  ABD  is  a  right  angle,  be  on  the  same 
base  AB,  and  between  the  same  parallels  AB  and  CD. 
Prove  that  4  AD2  =r  7  AB^ 
8  From  D,  a  point  in  AB,  a  side  of  the  triangle  ABC,  it  ia 
required  to  draw  a  straight  line  DE,  cutting  BC  in  E, 
and  AC  produced  in  F,  so  that  DE  may  be  equal  to 
EF. 


SECOND  CLASS  PBOVINCIAL  CEETIFICATES,  1978. 

TIME— TWO   HOURS  AND  A  HALF. 

Note. — Candidates  who  take  only  Book  I,  will  confine  theni- 
pelves  to  the  first  eight  questions  ;  those  who  take  Books  I  au^ 
n,  will  omit  the  first  two  questions. 
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lonfine  theni- 
Books  I  and 


1.    If  tTvf)  angles  of  a  trianplo  bo  equal  to  one  another,  the 
sides  also  which  suljtend,  or  are  opposite  to,  the  equal 


2, 
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8. 


10. 


angles,  shall  bo  equal  to  one  unothor. 
If  one  side  of  a  triangle  be  produced,  the  exterior  angle 

Eliall  be  greater  than  either  of  the  interior  opposite 

angles. 
The  opposite  side,   and  angles  of  a  ])arallelogrura,  aro 

equal  to  one  another. 
The  comi)lements  of  the  parallelograms,  wliich  are  about 

the  diameter  of  any  parallelogram,  aro  equal  to  one 

another. 
To  describe  a  square  on  a  given  straight  line. 
Lot  A  B  C  D  I'e  a   quadrilateral   figure  whoso   opposite 

angles  ABC  and  ADC   aro   right   angles.      Prove 

that,  if  A  B  be  equal  to  A  D,  C  B  and  C  D  shall  also 

bo  equal  to  one  another. 
If  A  B  C  D  bo  a  quadrilateral  figure,  having  the  side  A  B 

parallel  to  the  side  C  D,  the  straight  lino  which  joins 

the  middle  points   of  A  B  and  I)  0  shall  divide  the 

quadrilateral  into  two  equal  parts. 
The  straight  line,  which  joins  tho  middle  points  of  two 

sides  of  a  triangle,  is  parallel  to  the  base. 
If  a  straight  line  bo   divided   into   any  two  parts,  the 

square  on  the  whole  line  is  equal  to  the  squares  on  tho 

two  parts,  together  with  twice  the  rectangle  contained 

by  the  parts. 
In  an  obtuse  angled  triangle,  is  the  sum  of  the  sides  con- 
taining tho  obtuse   angle  greater    or  less  than  tho 

square  of  the   side  opposite    to   the    obtuse   angle  ? 

And,  by  how  much  ?    Prove  the  proposition. 


HECOND  CLASS  PROVINCIAL  CERTIFICATES,  1874. 

TIME—  TWO  HOURS  AND  THREB-QUABTERS. 

Note.— Candidates  who  talio  only  Book  I.  will'confine  them- 
«elves  to  the  first  7  questions.  Those  who  take  Booka  I.  and 
II.  will  omit  questions  1,  2,  and  3. 

1.  When  is  one  straight  line  said  to  be  perpendicular  to  au- 

othpr. 

To  draw  a  straight  lino  perpendicular  to  a  given 
Btraight  line  of  an  unlimited  length,  from  a  given 
point  without  it. 

2.  If  one  side  of  a  triangle  be  produced,  the  exterior  angle 

shall  be  greater  than  either  of  the  interior  opposite 
angles. 
8     Tf  two  triangles  have  two  angles  of  the  one  equal  to  two 
angles  of  the  other,  each    to    each  ;  and    one    sidft 
©v^ual  to  one  side,  namely,  sides  which  are  opposite  '.q 
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10. 
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equal  angles  in  each ;  then  shall  the  other  sidea  be 
equal,  each  ti  euc;li. 

What  aro  jy rail d  straight  lines  t 

If  a  straiglit  line,  falling  on  two  other  straight  lines, 
make  tbo  alternate  angles  equal  to  one  another,  the 
two  Htraight  lines  Bhall  bo  parallel  to  one  another. 
Iiat  is  a  parallelogram  ? 
raralloiograms  on  equal  bases,  and  between  the  same 
parallels,  are  equal  to  one  an<)th(  r. 

If  two  isosceles  triangles  be  on  llio  same  base,  and  on  the 
Bame  side  of  it,  the  straight  lino  which  joins  their 
vertices,  will,  if  produced,  cut  the  base  at  right  angles. 

Let  ABC  bo  a  triangle,  in  which  the  angle  ABC  is  a  right 
angle.  From  AC  cut  off  AD  equal  to  AB,  and  join 
13D.  Prove  that  the  angle  BAC  is  equal  to  twice  the 
angle  CBD. 
If  a  straight  line  be  divided  into  two  equal  parts  and  also 
into  two  unequal  parts,  the  rectangle  contained  by 
the  unequal  parts,  together  with  the  square  on  the  line 
between  the  points  of  section,  is  equal  to,  See.    (5,  II.) 

In  every  triangle,  the  square  on  the  side  subtending  an 
acute  angle  is  less  than  the  squares  on  the  sides  con- 
taining that  angle,  by  &c.  (13,11).  (It  will  be  suf- 
ficent  to  take  the  case  in  which  the  perpendicular  falls 
within  the  triangle.) 

To  describe  a  square  that  shall  be  equal  to  a  given  recti- 
lineal figure. 

The  square  on  any  straight  line  drawn  from  the  vertex  of 
an  isosceles  triangle  to  the  base  is  less  than  the 
Bquare  on  a  side  of  a  triangle  by  a  rectangle  contained 
by  the  segments  of  the  base. 


SECOND  CLASS  PROVINCIAL  CEBTIFICATES,  1875. 

TIME — TWO  nOUrvS  AND  ^HREE-QUARTERS. 

Note. — Those  students  who  take  only  Book  I.  will  confine 
themselves  to  the  first  seven  questions.  Those  who  take 
Books  I.  and  II.  will  omit  the  questions  marked  with  an 
asterisk  (*),  namely,  (1)  and  (2). 

*1,     If  one  side  of  a  triangle  be  produced,  the  exterior  angle 
is  greater  than  either  of  the  interior  opposite  angles. 

*2.  If  two  triangles  have  two  angles  of  the  one  equal  to  two 
angles  of  the  other,  each  to  each,  and  one  side  equal 
to  on?  «ide,  namely,  the  sides  opposite  to  equal  angles, 
then  shall  the  other  sides  be  equal,  each  to  each. 
3.  If  a  straight  Ime  falling  on  two  other  straight  lines  make 
the  alternate  angles  equal  to  each  other,  tliese  two 
Btraight  lines  shall  be  parallel. 
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ll  a  straight  line  fall  upon  two  parallel  stralglit  lines,  ii 
makes  the  two  interior  angles  upon  the  same  side 
together  equal  to  two  right  angles. 

Assuming  Proposition  XXXII,  deduce  the  corollary : 
"  all  the  exterior  angles  of  any  rectilineal  figure, 
made  by  producing  the  sides  successively  in  the  same 
direction,  are  together  equal  to  four  right  angles." 

If  a  straight  line,  drawn  paraiJol  to  the  base  of  a  triangle, 
bisect  one  of  the  sides,  it  shall  bisect  the  other  also. 

Let  ABO  and  ADC  be  two  triangles  on  the  same  base  AG 
and  between  the  same  parallels  AC  and  BD.  Prove, 
that,  if  the  sides  AB  and  BC  be  equal  to  one  another, 
their  sum  is  less  tlian  the  sum  of  the  sides  A  \)  and 
DC. 

If  a  straight  line  be  divided  into  any  two  parts,  tlio  rect- 
angles  contained  by  the  whole  and  each  of  the  partu 
are  together  equal  to  the  square  on  the  whole  line. 

If  a  straight  line  be  bisected  and  produced  to  any  point, 
the  rectangles  contained  by  the  whole  line  thus  })ro- 
duced,  and  the  part  of  it  produced,  together  with, 
etc.,  (6,  H). 

Divide  a  straight  line  into  two  parts.  Guch  that  the  sum 
of  tHeir  squares  may  be  the  least  uoasible. 


FlilST  CLASS  PKOVINCIAL  CERTIFICATES,  1871. 


TIME. — THREE  HOURS. 


t. 


8. 


To  describe  a  square  that  shaV  be  equal  to  a  given  recti- 
lineal figure. 

A  segment  of  a  circle  being  giTen,  to  describe  the  circle  of 
which  it  is  the  segrL.ent. 

If  the  vertical  angle  of  a  triangle  be  divided  into  two 
equal  angles  by  a  straight  line  which  also  cuts  the 
base,  the  segments  of  the  base  shall  have  the  same 
ratio  which,  the  other  sides  of  the  triangle  have  to  one 
another. 
1.  In  a  right-angled  triangle,  if  a  perpendicular  be  drawn 
from  the  right  angle  to  the  base,  the  triaiigles  on  each 
side  of  it  are  similar  to  the  whole  triangle  and  to  one 
another. 

If  four  straight  lines  be  proportionals,  the  similar  rectilineal 
figui'es  similarly  described  upon  them  shall  also  be 
proportionals. 

Draw  a  straight  lino  so  as  to  touch  two  given  circles. 

Lot  A  B  G  be  a  triangle,  and  from  B  and  (J,  the  extremi- 
ties of  the  base  B  C.  let  line  B  F  aud  I'  E  bo  drawn  to 
F  aiid  E,  tho  rr^'ddle  points  of  A  C  and  A  B  rospeci 
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{▼ely,  then,  if  B  F  =  C  E,  A  B  and  A  C  shall  bo  oqmO 
to  one  anothftr. 
6.    Describe  an  equilateral  triangle  equal  to  a  given  triangle. 


riRST  CLASS  rilOVINClAL  CERTIFIC'\1'E3,  1872. 

TIME — TWO  AND  A  HALF  HOUIIS. 

If  a  straight  line  toiicli  a  circle,  and  from  the  point  of  con^ 
tact  a  straight  liu;  bo  drawn  (aftting  tho  circle,  tha 
angles  whioli  ihis  line  nia1<c3  with  the  line  touching 
t))c  cii'cly  shall  l)e  oi]'iiil  to  the  angles  which  are  in  the 
altoriiato  segments  uf  the  circle. 

To  au.'.rihe  a  circle  in  a  given  triangle. 

Fqnai  vriiuigies  which  Lave  one  angle  of  the  one  equal  to 
'-"^  angle  of  the  other,  have  their  sides  about  the 
jq.ial  o'..;.;los  reciprocally  proportional. 

oimiiar  tri  «nglcs  arc  to  one  another  in  the  duplicate  ratio 
of  iLelv  liomologous  sidus. 

In  anv  jig>'tnr.gled  triarigle,  any  rectilineal  figure  describej 
(iji  the  udu  subtending  the  right  angle  is  equal  to  the 
similar  and  simihuly  described  figures  on  the  sides 
centaining  the  right  angle,  • 

Two  circles  cut  each  other,  and  through  the  points  of  sec- 
tion are  drawn  two  parallel  lines,  terminated  by  the 
circumferences.     Prove  that  these  lines  are  equal. 

Let  A  C  and  IJ  D,  the  diagoiials  of  a  quadrilateral  figure 
A  B  C  D,  intcsect  in  E.  Then,  if  A  B  be  parallel  to 
C  D,  the  circles  desciibed  about  the  triangles  A  B  Fi 
and  C  D  E  shall  touch  one  another. 

Divide  a  triangle  into  two  equal  parts  by  a  straight  line  «t 
right  angles  to  one  of  the  sides. 


FIRST  CLASS  PROVINCIAL  CillTIFICATES,  1873. 

TIME — THREE  nOUKS. 

The  angle  in  a  semicircle  is  a   i  ^bt  angle. 

A  segment  of  a  circle  being  j;'ven,  describv   the  circle  ^f 

which  it  is  a  segment. 
Give  Euclid's  definition  of  proportion ;  and  pro 're,  by  taking 

equi-nmltiples  according  to  tl  e  definition,  tbat  2,  3,  9, 

13,  are  not  proportionals. 
Similar  triangles  are  to  one  another  in  tho  duplicate  ratio 

of  their  homologous  sides. 
To  find  a  mean  proportional  between  two  given  straight 

lines. 
Tiurough  C,  the  vertex  of  a  triangle  A  C  B,  which  has  the 

bides  A  C  and  0  B  equal  tu  one  another,  a  line  C  D 
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is  drawn  parallel  to  A  B ;  and  straight  h'ncs,  A  D, 
T)  3,  are  drawn  from  A  and  B  to  any  point  D  in  C  D. 
i'rovo  that  the  angle  A  C  D  is  greater  than  the  angle 
ADB. 

A  B  C  D  is  a  quadrilateral  fi'^avo  inscribed  in  a  circle. 
From  A  and  B,  perpendiculars  A  E,  B  F  are  lot  full 
on  C  D  (produced  if  necchisary) ;  and  from  C  and  J), 
perpendiculars  C  G,  D  H,  are  let  fall  on  li  A  (produced 
if  necessary).  Prove  that  the  rectangles  A  E,  B  F  and 
C  Gr,  D  H,  are  equal  to  one  another. 

A  B  C  D  is  a  quadrihileral  figure;  inscriiicd  in  a  circle.  The 
straight  line  D  E  drawn  through  I)  parallel  to  A  B, 
cuts  the  side  B  0-in  E  ;  and  the  Ktri!i;j;ht  line  A  K  pro- 
duced meets  D  C  produced  in  F.  I'rove,  that  if  tlie 
rectangle  T?  A,  A  D  bo  equ;il  to  the  r».'etangltj  E  (■,  C  F, 
the  triangle  A  1)  F  shall  bo  equal  to  the  qui  iiilateral 
A  B  0  D. 


FIRST  CLASS  rROVINCIAL  CERTIFICATES,  1874. 

TIME — THREE  HOUIia. 

1.  In  equal  circles,  equal  straight  lines  out  off  equal  circum- 

ferences, l^^e  greater,  equal  to  the  greater,  and  the  less 
to  the  less. 

2.  To  describe  a  circle  about  a  given  equilateral  and  eqrJangu- 

lar     3ntagon. 

3.  To  tind  a  moan  f.roportional  between  two  given  straight 

lines. 

!i.     What  is  meant  )  y  '".iiplicnte  ratio  ?     Write  down  two  whole 
numbers,  which  arc  'n  the  du])licatt- ratio  of  ^  to  J. 
What  are  similar  rectilineal  figures? 

Similar  triangles  .tre  to  one  auotlier  in  the  duplicate  ratio 
of  their  homologous  sides. 

5,  In  any  rght  angle.,  i.iangle,  any  rectilineal  f;gure  described 
on  the  bj.do  subtending  the  right  angle  is  equal  to  the 
fiiuiilar  and  similarly  described  figures  on  the  sidea 
C01^taining  *^^he  right  angle. 

0  To  describe  a  triangle,  of  which  th^  base,  the  vertical  angle, 
anfl  tl^e  sum  of  the  two  sides  are  given. 

1.  From  A  the  voxtex  oi  a  triangle  ABC,  ia  which  each  of  the 
angles  ABC  and  ACB  is  less  than  right  angle,  AD  is 
let  fall  iteipendicular  on  the  base  BC.  Produce  BG  to 
Fi,  makmg  CE  equal  t  j  AD  ;  and  lot  F  be  a  point  iu 
AG,  Buoh  that  the  triangle  BFE  is  equal  to  )he  tri- 
angle ABO.  Prove  that  F  is  one  of  the  angular 
points  of  a  square  inscribed  in  the  triangle  ABC, 
with  one  of  its  sides  on  BO. 
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Let  E  be  the  point  of  intorficctiou  of  the  diagonals  of  a 
qunclrilatLnil  figure  AC(,'l),  of  which  any  two  oppoKito 
fiii,';l';s  aro  together  eqn;J  to  two  rii';lit  anj^le.s.  Pro- 
dnco  ]\C  to  G,  making  ('(i  equal  to  EA  ;  nud  produco 
j\D  to  T'\  makiuf,'  DF  equal  to  BR.  Prove  that  if  EG 
niul  EF  be  joii.ed,  tho  triangles  EDF  an'd  ECG  art 
equal  to  one  another. 


FinST  CLASS  PROVINCIAL  CEIITIFICATES,  1875. 

TIME— TUREE  nOCIlS. 

If  two  triangles  havo  two  angles  of  tho  one  eqnal  to  two 
anglea  of  tho  other,  each  to  each,  and  one  side  equal 
to  one  side,  namely,  the  sides  adjacent  to  the  equal 
angles  in  each,  then  shall  tho  otlier  sides  be  equaJ 
each  to  each. 

From  a  given  circle  to  cut  off  a  segment,  which  shall  con- 
tain an  angle  equal  to  a  given  rectilineal  anglo. 

If  tho  aiiglo  of  a  triangle  bo  divided  into  two  equal  anglea 
by  a  straight  lino  which  also  cuts  tho  base,  the 
segments  of  the  base  shall  have  tho  same  ratio  which 
the  other  sides  of  the  triangles  have  to  one  another. 

The  sides  about  the  equal  angles  equi-angular  triangles  are 
proportionals ;  and  those  which  are  opposite  to  the 
equal  angles  are  homologous  sides. 

If  the  similar  rectilineal  figures  similarly  described  upon 
four  straight  lines  be  proportionals,  those  straight 
lines  shall  be  proportionals. 

Any  rectangle  is  lialf  the  rectangle  contained  by  tho 
diameters  of  the  squares  on  its  adjacent  sides. 

Through  a  given  point  within  a  given  circle,  to  draw  a 
straight  line  such  that  one  of  the  parts  of  it  intercept- 
ed between  that  point  and  the  circumfcreuce  shall  bo 
d^  able  of  the  otlier. 

If,  from  any  point  in  a  circular  arc,  perpendiculars  be  let 
fall  on  its  bounding  radii,  the  distance  of  their  feet  ia 
iuvariable. 


1. 


2. 


MATEICULATION,  1871. 

State  tho  points  of  agreement  and  disagreement  of  tho 

circle,   square   and  rhombus,  with    one  another  as 

appearing  from  their  definitions. 
Any  two  sides  of  a  triangle  are  together  greater  than  the 

third  side. 
Show  that  the  sum  of  the  excesses  of  each  pair  of  side* 

above  the  third  side  is  equal  to  tho  sum  of  Uio  tis*  • 

BidoH  of  tho  triqufrlo. 
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It. 


8.  II  tho  pqnnre  dopcvibod  upon  one  of  tlio  sides  of  a  triaugla 
be  equal  to  tho  square  doscribtul  on  the  other  two 
Bidos  of  it,  the  angle  contained  by  these  two  sides  is  a 

ri^dit  angle. 
Ii'  an  isoscokis  tvinngle  if  tho  squnrc  on  the  base  bo  equal 
to  tlirne  titnos  llio  nquaro  on  either  side  Iho  vertical 
angle  is  two-tliiids  of  two  ii<',]it  angles. 

i  If  a  straight  h'ue  bo  divided  into  any  two  parts  tin 
square  on  llio  whole  line  is  equal  to  tho  square  on  tho 
two  parts,  together  with  twice  the  rectangle  contained 
by  tlio  parts. 
Is  there  any  difference  between  the  principle  of  this  propo- 
sition and  tho  statement  {a  -\-  h)^  =  a^  -j-  2ah  -\-  h^  . 
Of  all  the  .squares  that  can  be  inscribed  within  an- 
other the  least  is  that  formed  by  joining  the  bisec- 
tions of  the  side. 

6  If  a  straight  line  be  divided  into  two  equal  and  also  into 
two  unequal  parts,  the  squares  on  the  two  unequal 
parts  are  tog(!tlier  double  of  tho  square  on  half  tho 
line  and  of  the  square  on  the  lino  between  the  points 
of  section. 
Does  the  statement  respecting  the  equality  of  the  square 
held  for  any  other  division  of  the  line. 

6.  Equal  straight  lines  in  a  circle  are  equally  distant  from 

the  centre ;  and  conversely,  those  which  are  equally 
distant  from  the  centre  are  equal  to  ono  another. 
Tho  lines  joining  the  extremities  of  two  equal  straight 
lines  in  a  circle  towards  the  same  parts  are  parallel  to 
each  other. 

7.  What  is  meant  by  tho  Anglo  in  a  segment  of  a  circle  ? 

Define  similar  segments  of  circles. 
Upon  the  same  straight  line  and  upon  the  same  side  of  it, 
there  cannot  be  two  similar  segments  of  circles  not 
coinciding  with  one  another. 

8.  In  equal  circles  the,  angles  which  stand  upon  equal  ores, 

are  equal  to  one  another  whether  they  be  at  the  cen- 
tres or  circumferences. 

If  two  equal  circles  so  intersect  each  other  that  the  tan- 
gents at  one  of  their  points  of  intersection  are  inclined 
to  each  other  at  an  angle  of  60*  shew  that 

Radius  of  circle  :  line  joining  their  centres  :  :  1  :  v^gT" 

9.  From  a  given  circle  to  cut  off  a  segment  that  shall  contain 

an  angle  equal  to  a  given  rectilineal  angle. 
In  a  given  circle  inscribe  a  triangle  which  shall  have  a 
given  vertical  angle,  and  v.'hose  area  shall  be  equal  to 
a  given  triangle  ;  and  shew  with  what  hmitalion  this 
oan  be  done. 


t. 


Al>PKKt)IX. 


10.  When  Is   a  circle  Buid  to  Lo  iiiBcribeil  in   a  rootilino* 

fi^'iiro. 
To  iuscribo  a  circle  in  ii  given  triiin.iWp. 

11.  Ins(.'rib(!  an  ('({uilateral  and  ciiuian^ular  poutagon  in  a 

{<ivcn  fii<;U'. 
Sliuw  Low  to  tliviilc  a  ri-!it  niv/^lo  inlu  fiflCv.'U  <'(iual  jiartH 


MATJilClJ[K\Tl0N,  1372. 

ii'!:\'M;;^. 

1.  From  a  rIvcmi  j>(>inL  to  draw  abinii;;lit  lino  equal  to  a  giv(Sa 

strai;.;ht  lino. 
Explain  what  different  con.striiotions  thwro   are   in   tbiti 
proposition. 

2.  ir  a  side  of  a  t)ian;,'lG  bo  produced,  the  exterior  an^lo  ia 

e(iual  to  the  two  intoiior  and  oi)j)().;jto  an.ijles;  and  tho 

three  interior  angles  of  every  tiiangle  are   togetlur 

equal  to  two  riglit  angles. 
Find  the  number  of  dogiees  in  one  of  the  exterior  antloa 

of  a  regular  luplaj^on. 
i.    Triangles  upon  the  same  or  e(inal  bases  and  between  the 

same  parallels  are  eipial  U-  ouo  uiuAlu'r, 
By  means  of  tbeae  propositions  prove  that  a  line  drawn 

parallel  to  the  base  of  a  trian;^lo  and  cutting  off  ono. 

fourth  from  o)ie  of  its  sides,  will  also  cut  oil  a  fourth 

part  from  the  other  pido. 

4.  If  a  straight  lino  be  divided  into  two  equal  and  also  into 

two  unequal  part.s,  the  squares  on  the  two  un(!qual 
parts  are  together  doublo  of  the  square  on  half  tho 
l:'no,  and  of  tho  square  on  the  line  b(.'tween  the  points 
of  section. 
If  a  chord  bo  drawn  parallel  to  the  diameter  of  a  circle 
and  from  any  point  in  the  diameter  linos  be  drawn  to 
its  extremities,  the  sum  of  their  squares  will  be  equal 
to  the  sum  of  the  squares  of  the  segments  of  the  diam- 
eter. 

5.  To  divide  a  given  straight  line  into  two  parts,  so  that  the 

rectangle  contained  by  the  whole  and  one  of  the  parts 
shall  be  equal  to  the  square  on  the  other  part. 

Solve  the  problem  algebraically.  Interpret  and  construct 
geometrically  the  second  root  so  obtained. 

Divide  a  given  line  so  that  one  segment  may  bo  a  geomet- 
ric mean  between  the  whole  and  the  other. 

6.  In  evej-y  triangle,  the  square  on  the  side  subtending  either 

of  the  acute  angles,  is  less  than  the  squares  on  the 
sides  containing  tnat  angle,  by  twice  the  rectangle 
Qoutained  by  either  of  these  sides,  and  tho  straight 
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lino  intoroepted  between  tho  acute  angle  and  the  per- 
pendicular let  fall  upon  it  from  the  opposite  angle. 
In  a  trian^jlo  AliC,  if  A  D  ho  drawn  to  the;  hisectiou  of  BC, 
the  dificreuce  holweeu  tho  S(iuaro  on  UC  and  twice  tlu* 
Rcjuaic  on  AC  is  douhlo  of  tho  difference  letweea  xu 
square  on  AL),  ;iiul  Iwico  th«.!  S(iuure  on    Wj 

7.  If  a  striii;,'ht  line  tinich  a  circle,  tho  strui^in*    'ln#    irawn 

from  tho  centre  to  tho  point  of  contact  nati  be  per- 
pendicular to  the  liiin  touching  tiio  circle. 

The  locus  of  iiitci-cctions  of  nil  paiM  of  t.uigonts  to  a 
circle  which  coutuiu  af^ivon  unglu  ia  a  circle. 

What  is  tho  uiugnitudo  of  this  an^Mo,  in  order  that  the 
circle  may  bo  doulde  tho  oiij^iuiil  ? 

8.  The  opposite  angles  of  any  quadrilateral  fif:;uro  inscribe  1 

iu  a  circle  arc  together  cijuiil  to  two  ri;;ht  anj-jles. 
"What  relation  must  exist  bel\vc«^n  tho  siilos  of  a  (juudrila- 
teral  in  ordur  tiiat  a  circle  may  ho  iusicribcd  in  it? 
Bhow  that  your  relation  is  sulliciont. 

Q»  If  from  any  point  without  a  circle  two  straight  lines  bo 
drawn,  one  of  which  cuts  tho  circle,  iuid  tho  other 
touches  it ;  the  rectangle  contained  by  tho  whole  line 
which  cuts  the  circle,  and  tho  part  of  it  without  tho 
circle,  shall  be  equal  to  the  square  on  the  line  which 
touches  it. 

Show  that  this  proposition  is  an  extension  of  III,  .S5. 
From  a  a,iv<'ii  point  without  a  circle  show  how  to  draw 

(wh(>n  possible)  a  line  that  will  be  divided  by  that 

circle  in  Medial  section. 

10.  Inscpibo  a  circle  in  a  given  triangle. 

"When  is  one  rectilineal  ligure  said  to  bo  insoribcd  in  an- 
other. 

11.  In  a  right-angled  triangle,  if  tho  perpendicular  bo  drawn 

from  the  right  angle  to  the  base  ;  the  triangle  on  each 
side  of  it  are  similar  to  tho  whole  triangle  and  to  one 
another. 
■^  Crnstruct  geometrically  the  roots  of  the  equation  x{(i — a?) 
=1^2  and  give  the  geometric  interpi'otation  of  tho  case 
of  equal  aud  impossible  root'*  that  tho  problem  may 
present. 

12.  To  describe  a  rectilineal  figure  which  shall  be  similar  to 

one  given  rectilineal  figure  aud  equal  to  another  given 
rectiliueal  ligure. 

MATIUCULATION,   1873. 

HONORS. 

1.  If  a  straight  line  falls  upon  two  parallel  straight  lines,  it 
makes  the  alternate  angles  equal  to  one  another,  and 
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the  exterior  angle  equal  to  the  interior  and  opposite 
npon  the  same  side,  and  also  the  two  interior  angles 
upon  the  same  side  together  equal  to  two  right  angles. 
Vary  the  order  of  proof  in  this  proposition  by  proving  the 
last  statement  first. 

2.  If  a  Btrai^llt  Hue  falling  upon  two  other  straifjht  lines, 
makes  the  interior  angles  upmi  the  same  sido  together 
eqi'al  to  two  right  angles,  the  two  straight  lines  shall 
1)0  parallel  to  one  another. 
Can  this  bo  inferred  iinnioiliiittly  from  the  121h  axiom  f 
Give  the  reasons  for  your  answer. 

Any  two  sides  of  a  triangle  are  together  groator  than  the 

third  side. 
A  straight  lino  is  the  shortest  distance  between  two  given 

points. 
In  any  right  angled  triangle,  the  square  which  is  described 

upon  the  side  subtending  the  right  angle,  is  equal  to 

tlio  squares  described  upon  the  sides  which  contain 

the  right  angle. 
Any  two  parallelograms  being  described  on  two  sides  ol 

any  triangle,  to  describe  on  the  third  side  a  parallelo- 
gram equal  to  their  sum. 
6.    To  describe  a  square  that  shall  equal  a  given  rectilineal 

figure. 
To  divide  a  given  straight  line  into  two  parts  such  that 

their  rectangle  is  equal  to  a  given  rectilineal  figure. 
What  limitation  must  there  be  to  the  magnitude  of  the 

given  figure  ? 

6.  If  a  straight  line  drawn  through  the  centre  of  a  circle  bi- 

sect a  straight  lino  in  it  which  does  not  pass  through 
the  centre,  it  shall  out  it  at  right  angles ;  and,  if  it 
cut  it  at  right  angles,  it  shall  biseet  it. 
Describe  three  circles  of  given  radii  which  shall  touch 
each  other  externallj'  two  and  two. 

7.  In  the  above  show  that  the  common  tangents  meet  in  our? 

point,  with  which  as  centre,  a  circle  may  be  described 
passing  through  the  three  points  of  contact. 
What  proposition  of  Euclid  does  this  ccirespoud  to  ? 

8.  If  straight  lines  within  a  circle  intersect  in  one  point  the 

rectangle  under  the  segments  is  constant. 
V^  '.at  limitation  must  bo  made  to  render  the  converse 
true  ?    I'rovo  the  converse  when  true. 

9.  The  opposite  angles  of  any  quadrilateral  figure  inscribed 

in  a  circle  are  together  equal  to  two  right  angles. 
Deduce — The  angle  in  a  semicircle  is  a  right  angle. 
(Prop.  31  Bk.  III.) 
10.    To  describe  au  isosceles  triangle  having  each  of  the  anglea 
at  the  base  double  of  the  thhd  uugie. 
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A  tangent  to  a  circle  is  drawn  at  an  angular  point  of  an 
inscribed  regular  pentagon,  and  a  side  produced 
through  that  puiut,  show  that  a  strai<^ht  line  miikiug 
equal  iuten;ei)trf  on  tho  tangent  and  tlie  side  produoL-d, 
is  parallel  to  tlio  tauguut  at  one  of  the  adjacent  augu< 
lur  points. 

To  describe  a  circle  about  a  given  equilateral  pentagon. 

With  an  angular  point  of  the  nguliir  pentagon  as  centre, 
and  a  side  as  radius,  doscribu  a  second  circle  ;  .show 
that  the  tangent  to  the  iirst  circle  at  a  point  of  inter- 
section of  the  circles  meets  tho  common  diameter  at  a 
point  witliout  the  second  circle. 

lu  tho  above  show  that  the  di.^tance  from  tho  above -point 
to  the  centre  of  the  Iirst  circle  is  greater  than  tho 
diameter  of  tho  second  circle. 
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Nos.  1  and  3  to  be  omitted  for  Senior  Matriculation  ; 

12  and  13  to  be  omitted  for  Junior  Matriculation. 

Parallelograms  upon  tho  same  base  and  between  the 
same  parallels  are  equal  to  ono  another. 

From  the  centre  O  of  a  circle  the  radii  OA,  OB  are 
drawn,  the  tangents  at  A  and  U  meet  in  C;  if  OC  be 
bisected  in  D  and  DE  be  drawn  perpendicular  to  OD 
meeting  OB  in  E,  then  AE  will  bisect  the  figure 
OBCA. 

In  every  triangle  the  square  on  tho  side  subtendiag  any  of 
tho  acute  angles  is  less  than  the  squares  on  the  sidet 
containing  tliat  angle  by  twice  the  rectangle  contained 
by  either  of  these  sides,  and  tlie  straight  line  inter 
ceptcd  betwein  the  perpendicular  let  fall  upon  it  froi« 
the  opposite  angle  and  tho  acute  angle. 

Construct  a  square  that  .^hall  be  equal  to  the  ditTerorjico 
between  the  suiii  of  the  squares  on  two  given  straight 
liue-s  and  tho  rectangle  under  these  lines. 

Through  a  given  point  to  draw  a  straight  line  parallel  to 
a  given  straight  line. 

From  a  given  point  in  the  circumference  of  a  circle  to 
draw  a  chord,  when  possible,  that  shall  be  bisected  by 
a  given  chord. 

Find  the  sum  of  (1)  all  tho  interior  angles  of  any  recti- 
lineal  figure  ;  (2)  all  the  exterior  angles. 

AB,  CD  the  alternate  sides  of  a  regular  polygon  are  pro- 
duced to  meet  in  E,  if  AC,  OE  meet  in  F,  0  being  the 
centre  of  the  polygou,  show  that  AF.FC—OF.F^ 
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5.  To  divide  a  given  Btraigbt  line  into  two  parts,  so  Umt  the 

*  rectangle  contained  by  the  whole  and  one  of  the  paru 
shall  be  equal  tu  the  square  on  the  other  part. 
If  Ali  bo  bisected  in  C  and  prodiiccJ  to  a  jioiiit  7),  sncli 
that  AC.t'DAD.DLi,  then  Al)  is  iliviaud  in  C' iu  tho 
manner  required  l)y  the  proposition. 

6.  If  from  any  point  without  a  circle  two  straiglit  lines  bo 

drawn,  one  of  which  cuts  tbe  circle  and  the  other 
touches  it,  the  n  ctangle  contnincd  by  the  wliole  lino 
that  cuts  the  circle  antl  the  juirt  of  it  without  the  circle 
shall  be  equal  t.)  the  square  on  the  line  that  touches  it. 
Any  number  of  circU'S  puss  ihrouyh  two  given  points  A 
and  B  ;  shew  that  with  any  given  point  C  in  All  i)ro- 
duced,  as  centre,  a  circlo  may  be  describi  d  cutting  the 
other  circles  at  right  angles,  and  lind  its  radius. 

7.  To  draw  a  straight  line  from  a  given  point  either  without 

or  in  the  circumference  which  shall  touch  a  given 
circle. 
Find  the  point  in  the  line  joining  the  centres  of  two  circles 
of  dilTerent  radii,  such  that  if  a  perpendicular  be 
drawn  through  it,  the  tangents  to  the  circles  from  any 
point  in  this  p(;rpendicular  nniy  be  equal. 

8.  The  angle  at  the  centre  of  a  circle  is  double  of  the  anglo 

at  the  circunifereiico  upon  the  sanui  bas,',that  is,  uj)u:i 
the  same  part  of  the  circumference. 
'  If  a  circle  Ite  described  touching  one  of  the  equal  sides  of 
an  isosceles  triangle  at  the  vert(!X  and  having  the 
otlior  side  as  choiJ,  the  arc  lying  betwe«ni  the  vertex 
and  base  is  one-half  the  arc  suhtendotl  by  the  chord. 

9.  If  a  straight  line  touch  a  given  circle  and  from  the  point 
f  of  contact  a  straight  line  may  bo  drawn  cutting  the 

circle,  the  angles  made  by  this  line  with  the  line 
touching  the  circle  shall  be  equfxl  to  the  angles  which 
are  in  the  alternate  segments  of  tlie  circle. 

10.  To  inscribe  an  equilateral  and  equiangular  pentagon  iu  a 

given  circle. 
If  two  diagonals  of  a  regular  pentagon  intersect  and  a 
circle  be  described  about  the  triangle  of  which  tho 
greater  segments  are  two  sides,  two  sides  of  the  pen- 
tagon which  terminate  ut  the  other  extremities  of 
tliese  segments  are  tangents  to  the  circle  ut  these 
l)oints. 

11.  To  descrilic  a  circle  about  a  given  sipiaro. 

I'ind    tlio    relation    between    the    are.i'^    of    tho    circles 
descrihi  .1  about  and  inscribcul  in  a  given  square. 

12.  If  a  straight  line  be  parallel  to  the  base  of  a  triangle  it 

will  cut  the  sivios,  or  the  sides  produced,  prniioni»)n- 
ally,  and  if  the  sides,  or  the  sides  produced,  be  cat 
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'       proportionally,  tbo  strnlRht  lino  which  joins  tbo  points 

of  sectiim  shall  be  parallel  to  the  base. 
To  find  a  mean  proportional  botwecn  two  given  straight 

lines. 


JUNIOR  AND  SENIOR  MATRICULATION,  1876. 
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Junior  Matriculants  will  omit  questions  16  and  16,  and 
Senior  Matriculants  questioiis  12  and  13. 

1.  Define  tho  terms  axiom,  postulate,  scholium,  corollory. 

2.  If  two  triangles  havo  two  sides  of  tho  ono  equal  to  two 

sides  of  tho  other,  each  to  each,  but  tho  angle  con- 
tained by  the  two  sides  of  tho  ono  greater  than  the 
angle  contained  by  tho  two  sides  equal  to  them,  of  the 
other,  the  base  of  that  which  lias  tho  greater  angle 
shall  be  greater  than  the  base  of  the  other. 

3.  If  a  side  of  any  triangle  bo  produced,   tho  exterior  angle 

is  equal  to  the  two  interior  and  opposite  angles ;  and 
tho  three  interior  angles  of  every  triangle  are  together 
equal  to  two  right  angles. 

4.  Triangles  on  equal  bases  and  between  the  same  parallels 

are  equal  to  one  another. 

5.  If  the  square  described  on  ono  of  the  sides  of  a  trianglo 

be  equal  to  the  squares  described  on  the  other  two 
sides  of  it,  the  angle  contained  by  those  two  sides  is  a 
right  angle. 

6.  If  the  diagonals  of  a  quadrilateral  bisect  each  other,  it  is 

a  parallelogram :  if  the  bisecting  lines  are  equal  it  is 
rectangular ;  if  the  lines  bisect  at  right  angles  it  is 
equilateral. 

7.  If  a  straight  line  be  divided  into  two  equal,  and  also  into 

two  unequal  parts,  the  squares  on  the  two  unequal 
parts  are  together  double  of  the  square  on  half  the 
line  and  of  the  square  on  the  line  between  tho  points 
of  section. 

8  Divide  a  straight  line  into  two  parts,  so  that  the  rectangle 
contained  by  the  whole  and  one  of  the  parts  may  be 
equal  to  the  square  on  the  other  part. 

9-  In  the  Algebraic  solution  of  the  preceding  problem,  we 
obtain  a  quadratic  equation  which  gives  two  values  of 
the  unknown  quantity.  Enunciate  tho  Geometrical 
proposition  which  corresponds  to  the  other  root. 
LO.  The  sum  of  tho  squares  on  the  diagonals  of  a  parallelo- 
gram is  equal  to  the  sum  of  the  squares  on  the  sides. 

11.  The  opposite  angles  of  a  quadrilateral  inscribed  in  a  circle 

are  together  equal  to  two  right  angles. 

12.  Tue  straight  lilies  bisecting  the  sides  of  a  triangle  at  right 

angles  meet  in  a  noiut. 
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Constraot  a  triangle,  having  given  the  middle  points  of  sides. 

Describe  a  circlo  about  a  given  equilateral  and  equiangu- 
lar pcnlaiion. 

Fioin  a  ^:iven  straight  lino  to  cut  off  any  part  required. 

Similar  triangles  are  to  ono  another  in  the  duplicate  ratio 
of  their  homologous  sides. 

TIME — 3    HOURS. 

1.  Describe  an  equilateral  triangle  upon  a  given  finite  straight 

line. 
By  a  method  similar  to  that  used  In  this  problem,  describe 
on  a  given  finite  straight  line  an  isosceles  triangle,  the 
sides  of  which  shall  be  each  equal  to  twice  the  base. 

2.  If  a  straight  lino  fall   on   two  parallel  straight  hues,  it 

makes  the  alternate  angles  equal  to  one  another,  and 
the  exterior  angle  equal  to  the  interior  and  opposite 
angle  on  the  same  side ;  and  also  the  two  interior 
angles  on  the  same  side  together  equal  to  two  right 
angles. 
What  objections  have  been  urged  against  the  doctrine  of 
^  parallel  straight  linos  as  it  is  laid  down  by  Euclid  T 

Where  does  the  dilliculty  originate  and  what  has  been 
suggested  to  remove  it  ? 

8.  lu  any  right  angled  triangle,  the  squares  described  on  the 
sides  containing  the  right  angle  are  together  equal  to 
-  the  square  of  the  side  •subtending  the  right  angle. 
Show,  by  describing  a  square  on  the  outer  side  of  one  side, 
and  on  the  inner  side  of  the  other,  that  the  two 
squares  thus  described  will  cut  into  three  pieces,  so  as 
exactly  to  make  up  the  square  of  the  hypotenuse. 

4.  Divide  algebraically  a  given  line  (a)  into  two  parts,  such 
that  the  rectangle  contained  by  the  whole  and  one 
part  may  be  equal  to  the  square  of  the  other.  Deduce 
Euclid^s  construction  from  one  solution  and  explain 
the  other. 

6.  If  two  straight  lines  within  a  circle  cut  one  another,  the 
rectangle  contained  by  the  segments  of  one  of  them 
is  equal  to  the  rectangle  contained  by  the  segments 
of  the  other. 
If,  through  a  point  within  a  circle,  two  equal  straight  lines 
be  drawn  to  the  circumference^  and  produced,  they 
will  be  at  the  same  distance  from  the  centre. 

6.  Explain  and  illustrate  the  fifth  and  seventh  definitions  in 

the  fifth  book  of  Euclid,  and  shew  that  a  magnitude  has 
a  greater  ratio  to  the  less  of  two  unequal  magnitudes 
than  it  has  to  the  greater. 

7.  With  the  four  lines  contain  a-|-&»  a-\-c,  a — h,  a — c  units 

respectively,  construct  a  quadrilateral  capable  of  Lav- 
ing a  circle  iQBorit)ed  ir  *^  V 
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Prove  that  no  parallelogram  can  be  inscribed  in  a  circle 
except  a  rectangle  ;  and  that  no  parallelogram  can  be 
described  alft'ut  a  circle  excopt  a  rhomb. 
ft-  Rindlar  triangles  are  to  one  another  in  tho  duplicate  ratio 
of  their  h(nu(>log()ns  pides.  How  does  it  appear  from 
Euclitl  that  tlio  diipliciito  ratio  of  two  magiiitmles  is 
the  Bamo  as  that  of  their  squares? 


FIRST  CLASi:*  rUOVINCIAL  ^CERTIFICATES,  JULY,  1876 

TIME — TnnEE   .n:oDRB. 

N.  B. — Algebraic  sy:nholJ  must  7iot  he  used. 

I.  (a)  The  straight  line  drawn  at  right  angles  to  the  diameter 
of  a  circle  from  the  oxtreir,iy  of  it,  falls  without  the 
circle ;  and  no  straight  lino  can  be  drawn  from  the 
extremity,  between  thai;  straight  line  and  the  circum- 
ference, 60  as  not  to  cut  the  circle.  (Ill  16.) 
(h)  Draw  a  common  tangent  to  two  given  circles.  IIov 
many  can  be  drawn  ?     [AjwUonius.) 

7  (a)  The  opposite  nugles  of  any  quadrilateral  figure  in 
acribed  in  a  circle  are  together  equal  to  two  right 
angles.  (Ill  22.) 
(6)  If  straight  lines  bo  drawn  from  any  point  on  the  cir- 
cumference of  a  circle  perpendicular  to  the  sides  of  an 
inscribed  triangle,  their  feet  are  in  the  same  straight 
line.     {M.  F.  Jricohi.) 

B  (a)  If  the  chord  of  a  circle  bo  divided  into  two  segments 
by  a  point  in  the  chord  or  in  tho  chord  produced,  the 
rectangle  contained  by  those  segments  will  be  equal  ifo 
the  difTerence  of  the  squares  on  tlic  radius  and  on  the 
line  joining  the  given  point  within  the  centre  of  the 
circle.  What  propositions  in  Euclid  follow  immediate- 
ly from  this  ? 
(6)  Describe  a  circle  which  shall  pass  through  a  given 
point  and  touch  two  straight  lines  given  in  position. 
{AiwUonius.) 

4.     (a)  To  describe   an  isosceles  triangle,  having  each  of  the 
angles  at  the  base  double  of  the  third  angle.     (IV  10.) 
(b)  Construct  a  triangle  having  each  of  the   angles   at  the 
base  equal  to  seven  times  the  third  angle. 

5  (a)  If  tho  vertical  angle  of  a  triangle  be  bisected  by  a 
straight  line  which  also  cuts  tho  base,  the  segments  of 
the  base  have  tho  same  ratio  which  the  other  sides  of 
the  triangle  have  to  one  another  ;  and,  if  the  segments 
of  the  base  have  tho  same  ratio  which  the  other  sides 
of  tho  triangle  have  to  one  another,  the  straight  line 
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drawu   from   llio  vortex   to   tlio   point  of   action  Hliall 
bisect  the  vertical  antjle.     (VI.,  3.) 
(h)    'Iho   point-^   in   wliieli   tlio   bisectors    of    tho    external 
aii^'len  of  11  trianf^lo  meet  tljo  opposite  Hides,  Ho  iu  a 
8tnii<3'ht  line. 
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yV. — Alfjebraic  si/mholH  must  not  be  used.     Candidates 
take  Book  11  will  omit  Questions  1,  2  and  3,  uiurked*^, 
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I.  Tliu  nnglos  at  tho  base  of  an  isosceles  trianglo  aro 
oqflnl  to  ono  auothcr  ;  and  if  tho  equal  sides  be 
produced,  the  augks  on  the  other  side  of  tho  base 
shall  bo  equal  to  ono  auof  -r. 

Where  docs  Euclid  requiro  tho  second  part  of  thia 
theorum? 
*2.  If  two  triangles  have  two  sides  of  Iho  one  equal  to 
two  sides  of  tho  otiier,  each  to  eaQb,  but  tho 
angle  coutained  by  two  sides  of  one  of  them 
greater  than  the  angle  contained  by  the  two  sides 
equal  to  them  of  tho  other,  the  base  of  that  which 
has  tho  greater  angle  shall  bo  greater  than  tho 
base  of  the  other. 

Why  the  restriction  •«  Of  the  two  sides  DE,  DF,  let 
DE  bo  the  side  which  is  not  greater  than  the 
other"? 
*3.  If  two  triangles  have  two  angles  of  tho  one  equal  to 
two  angles  of  the  other,  each  to  each,  and  have 
also  the  sides  adjacent  to  tho  equal  angles  in  each, 
equal  to  one  another,  then  shall  the  other  side  bo 
equal,  each  to  each  ;  and  also  tho  third  angle  of 
the  one  to  tho  third  angle  of  the  other.  (Prove 
by  superposition.) 

What  propositions  in  Book  I  are  thus  proved  ? 
i..  If  a  straight  line  fall  i^pon  two  parallel  straight 
lines,  it  makes  the  a'  'inate  angles  equal  to  ono 
another,  and  tho  exterj  r  angle  equal  to  the  inte- 
rior and  opposite  angle  on  the  same  side;  and 
also  the  two  interior  angles  on  tho  same  side 
together  equal  to  two  right  angles. 

What  objection  may  bo  taken  to  tho  twelfth  axiom  ? 

What  is. its  converse  ? 
6.    In  any  right-angled  triangle,  the  square  which  ia 
described  on  the  side  subtending  the  right  angle 
is  equal  to  tho  squares  described  on  the  sided 
which  contain  the  right  angle. 

Prove  also  by  dissection  and  superposition. 

Draw  through  a  given  point  between  two  straight 
lines  not  parallel  a  straight  line  which  shall  be 
bisected  in  that  point. 

The  perpendiculars  from  the  angles  cf  a  triangle  QQ 
^e  opposite  sides  meet  in  a  ]poiuV 


IX.  APPENDIX. 

30  8.  Given  the  lengths  of  the  lines  drawn  from  the 
angles  of  a  triangle  to  the  points  of  bisection  of 
the  opponito  sides,  construct  the  triangle. 

20  9.  If  a  straight  lino  be  divided  into  two  parts,  the 
square  on  the  ^holo  line  is  equal  to  the  squares 
on  the  parts,  to;,'otlier  with  twice  the  rectangle 
contained  by  the  parts. 

80  10.  lu  every  triangle,  the  square  on  the  side  subtending 
an  acute  angle  is  less  than  the  squares  on  the 
sides  containing  that  angle  by  twice  the  rectanglo 
contained  by  either  of  these  sides,  and  the  straight 
line  intercepted  between  the  perpendicular  let  fall 
60  it  from  the  ouposite  angle,  audth«>  ueuto  augl«. 
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